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This fully updated second edition of The Physics of Phonons remains the most comprehensive 
theoretical discussion devoted to the study of phonons, a major area of condensed matter phys- 
ics. 


It contains exciting new sections on phonon-related properties of solid surfaces, atomically thin 
materials (such as graphene and monolayer transition metal chalcogenides), in addition to nano- 
structures and nanocomposites, thermoelectric nanomaterials, and topological nanomaterials, 
with an entirely new chapter dedicated to topological nanophononics and chiralphononics. Al- 
though primarily theoretical in approach, the author refers to experimental results wherever 
possible, ensuring an ideal book for both experimental and theoretical researchers. 


The author begins with an introduction to crystal symmetry and continues with a discussion of 
lattice dynamics in the harmonic approximation, including the traditional phenomenological 
approach and the more recent ab initio approach, detailed for the first time in this book. A dis- 
cussion of anharmonicity is followed by the theory of lattice thermal conductivity, presented at a 
level far beyond that available in any other book. The chapter on phonon interactions is likewise 
more comprehensive than any similar discussion elsewhere. The sections on phonons in su- 
perlattices, impure and mixed crystals, quasicrystals, phonon spectroscopy, Kapitza resistance, 
and quantum evaporation also contain material appearing in book form for the first time. The 
book is complemented by numerous diagrams that aid understanding and is comprehensively 
referenced for further study. With its unprecedented wide coverage of the field, The Physics of 
Phonons is an indispensable guide for advanced undergraduates, postgraduates, and research- 
ers working in condensed matter physics and materials science. 


Features 


e Fully updated throughout, with exciting new coverage on graphene, nanostructures and 
nanocomposites, thermoelectric nanomaterials, and topological nanomaterials. 


e Authored by an authority on phonons. 


e Interdisciplinary, with broad applications through condensed matter physics, nanoscience, 
and materials science. 
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Preface (Second Edition) 


Significant advances have been made in developing concepts, techniques and applications of the 
physics of phonons since the publication of the first edition of this book in early 1990. In this 
edition I have attempted to include some aspects of new developments in theoretical and computa- 
tional studies of phonon physics. These include topics, among others, such as (1) lattice dynamics 
within the harmonic approximation using the density functional perturbation theory (DFPT), (2) 
anharmonic phonon interactions (three-phonon and four-phonon processes) using fully ab initio 
treatments and a semi-ab intio treatment, (3) ab initio treatment of phonon-electron interaction, (4) 
nanophononics, (5) topological phonons, (6) topological nanophononics, (7) topological phonon 
chirality and (8) anisotropic effective medium theory for lattice thermal conductivity of nanocom- 
posites. 

Chapter-wise, the main additional material in edition 2 is as follows. Chapter 2 deals with lat- 
tice dynamics of two-dimensional mesh and provides a discussion on empirical many-body inter- 
atomic potential. Chapter 3 has been substantialy rewritten, detailing different approaches for ab 
initio treatment of lattice dynamics at harmonic level. Chapter 4 presents semi-ab initio and ab ini- 
tio formalisms for cubic and quartic anharmonicity. The semi-ab initio approach has allowed for 
the presentation of explicit expressions for cubic and quartic anharmonic potential terms. Chapter 
6 describes methods of evaluation of phonon-phonon and phonon-electron interaction rates using 
ab inito and semi-ab initio treatments. A simplified treatment of phonon relaxation arising from 
phonon-spin interaction has been added. Chapter 7 presents a spectrum of three-phonon relaxation 
rates and provides a description of thermal conductivity calculation using different levels of relax- 
ation time theory (e.g. single-mode, Callaway, iterative) and different schemes for Brillouin zone 
integration (e.g. Debye’s isotropic continuum scheme, special wave-vector scheme using phonon 
eigensolutions from ab initio methods). Chapter 8 discusses ab intio results for phonons on semi- 
condcutor surfaces and for mono-layer thin 2D systems. Chapter 9 presents theory and results for 
thermal transport in periodically structured nanocomposite. This is done at two levels. For ultrathin 
nanocomposites (periodcity typically less than 10 nm) the theories described in chapters 3-7 have 
been used. A fully anisotropic effective medium theory (incorporating anisotropy of each of insert, 
host and insert-host parts) has been developed and applied for calculation of thermal conductivity of 
nanocomposites with periodicy larger than the lower end of the spectrum for phonon mean free path 
(typically larger than 10 nm). Modern developments of the topics of topological nanophononics and 
topological phonon chirality have been presented in chapter 10. Three new appendices have been 
added, and a few minor corrections and additions have also been made throughout the book. On the 
whole, more than 35% new material has been added to edition 1 to prepare edition 2. 

Several national and international colleagues have indicated that they would like me to produce 
a second edition of this book. Also, my family members (wife Kusum, daughter Jyoti, son Deepak, 
daughter-in-law Marina and granddaughter Elizabeth) have been encouraging me to undertake this 
project. I must say that the work on this edition would not have progressed smoothly during the 
present COVID-19 pandemic period had it not been for the huge support from my wife Kusum. For 
this, I am very grateful to her. 

I thank Mrs Rebecca Hodges-Davies, Commissioning Editor for Physics, CRC Press, Taylor & 
Francis Group, for inviting and supporting me to prepare this edition of the book. I also thank her 
team members and the desk editor for their help with the technical side of the publication. 

It is pleasing that since the publication of the first edition I have been receiving encouraging 
emails and letters from graduate students and academics from different countries. Also, several good 
and encouraging reviews of the first edition were published in 1990s. Similarly, there have been 
helpful reviews of the proposal for the inclusion of additional topics in the second edition. I thank 
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all the reviewers of the first edition and the proposed second edition of the book and hope that my 
effort in preparing this edition will meet readers’ expectations. In particular, I hope that this edition 
will prove useful to undergraduates, postgraduates, postdoctoral fellows, experienced researchers 
as well as academics interested in condensed matter physics, material science and computational 
condensed matter physics. 

Several postgraduates, postdoctoral fellows and collaborators, particularly Professor Hiiseyin 
Tiitiincii, Dr Steve Hepplestone and Dr Iorwerth Thomas, have contributed to my knowledge of 
the subject matter added to this edition. I am truly thankful to all those. I especially thank Dr Ior- 
weth Thomas for his collaboration in the past decade on thermal transport and for providing useful 
feedback on a few chapters added to this edition. I would also like to thank Dr S. Raj Vatsya of NRC 
Canada for useful discussions in 2006 on properties of linear operators, in particular the anharmonic 
phonon collison operator used in this book. Any misconceptions and mistakes in this edition are fail- 
ings on my part, and I would welcome suggestions for improvement from readers. It is important to 
add that many important works and citations are inadvertently missing in this limited-sized book, 
for which I express my sincere apology. I also apologise for inadvertently using a few symbols 
to represent more than one variable or physical quantity, but hope that this does not cause much 
inconvenience to readers. 

Gyaneshwar Srivastava, D. Sc. 

Professor of Theoretical Condensed Matter Physics 
School of Physics, University of Exeter 

Exeter, UK 

February 2022 
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Preface (First Edition) 


This book is an outcome of my research interest and teaching at the undergraduate and postgradu- 
ate levels. I hope that it will be useful to final-year undergraduates, postgraduates and researchers 
who seek to study the physics of phonons beyond the level presented in most textbooks currently 
available on the subject. 

I have covered three basic topics of phonon physics in non-metallic solids and liquid helium: (i) 
vibrational properties, (ii) phonon interactions and (iii) thermal properties. A brief description of 
the various chapters is as follows. 

Chapter | presents a brief discussion of the elements of crystal symmetry. Chapter 2 describes 
the semiclassical concepts of lattice dynamics of a linear chain and of three-dimensional crystals. 
Calculations of the density of normal modes, specific heat and velocity of elastic waves in crystals 
are also discussed. In chapter 3 the ab initio treatment of lattice dynamics in the harmonic approx- 
imation is presented at three different levels of sophistication. Chapter 4 introduces the second- 
quantised notation and derives expressions for the phonon Hamiltonian up to the third-order anhar- 
monic term for both a crystalline solid and an elastic continuum. Chapter 5 describes the theory 
of lattice thermal conductivity based on three different methods: (i) relaxation-time approaches, 
(ii) complementary variational approaches and (iii) linear-response approaches. The kinetic the- 
ory expression for phonon conductivity, based on the single-mode relaxation-time result, is shown 
to arise from the diagonal part of the anharmonic phonon collision operator. It is also shown that 
the classical work of Callaway on thermal conductivity can be understood in terms of an effec- 
tive phonon relaxation time which includes a contribution from the off-diagonal three-phonon N- 
processes operator. Furthermore, Callaway’s scheme for an effective phonon relaxation time is 
extended to include the effect of the off-diagonal part of the three-phonon U-processes operator. 
The theory of complementary variational principles derives a sequence of lower bounds and a se- 
quence of upper bounds, both converging monotonically towards the exact thermal conductivity. 
This follows among others the work of Arthurs, Benin and the present author. The Green—Kubo 
linear response expression for thermal conductivity is evaluated by using two different approaches: 
the double-time Green’s function method and the Zwanzig—Mori projection operator method. Al- 
though these two approaches are only used here to evaluate the heat current—heat current correlation 
function, it is hoped that the details of the schemes given in this section will prove useful when 
applying the linear-response method to other relevant problems. Chapter 6 discusses phonon scat- 
tering mechanisms in insulators and doped semiconductors. Results for phonon relaxation times and 
matrix elements of the phonon scattering operator are derived by using the linear-response and time- 
dependent first- and second-order perturbation theories, as appropriate. Particular attention has been 
paid to three-phonon processes involving both acoustic and optical phonons. A brief discussion of 
the theory of phonon—photon interaction, leading to infrared absorption and Raman scattering pro- 
cesses, is also presented. 

Chapter 7 presents numerical results, and their comparison with experiment, for phonon relax- 
ation rates and thermal conductivity of insulators and semiconductors. The theory of phonons on 
surfaces and in superlattices, using both the continuum model and the crystal model, is presented in 
chapter 8. This chapter also discusses the interaction of phonons with a two-dimensional gas. Chap- 
ter 9 describes the theory of Elliot and Dawber for localised vibrational modes in semiconductors, 
and the modified-random-element-isodisplacement model for long-wavelength optical phonons in 
mixed crystals. Also, this chapter discusses infrared results for localised modes in single crystals and 
Raman scattering results for mode behaviour in mixed crystals. Chapter 10 discusses the physics 
of phonons in quasicrystals and in amorphous solids. The concept of quasicrystals, their structure 
and phonon dispersion in the Fibonacci monatomic linear chain is discussed. Recent views on the 
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nature of vibrational excitations in amorphous solids, namely, phonons, tunnelling states and frac- 
tons, and their contribution to the specific heat and thermal conductivity are discussed. Chapter 11 
attempts to describe some of the modern phonon spectroscopic techniques for generating and de- 
tecting phonons in crystalline semiconductors and in liquid helium. Finally, chapter 12 provides a 
brief discussion on phonons and rotons in superfluid helium, interaction between these excitations, 
Kapitza resistance and quantum evaporation. 

Each chapter includes references to many original works and reviews which can be consulted 
to give the reader in-depth knowledge. The list of references is not meant to be exhaustive and I 
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1 Elements of Crystal 
symmetry 


In this chapter an introduction to crystal symmetry is presented. Some of the results will be required 
for the rest of the book. The discussion is intended to be brief, and the reader is recommended to 
consult further literature for more details. References used in preparing the presentation in this book 
are, among others, Heine (1960), Bhagavantam (1966), Morgan (1969), Mariot (1972), Boardman 
et al (1973), Callaway (1974), Joshi (1982), Burns (1985) and Kittel (1986). 


1.1. DIRECT LATTICE 


A lattice is defined as an infinite regular array of points in which all points have identical surround- 
ings. As a point is a mere realisation, a lattice is just a mathematical construction. From a chosen 
point, the position vector of another point of a three-dimensional lattice is given by a translation 
vector 

T =na, +n2a2 +7343, (1.1) 


where 11,72 and n3 are any integers, and a),a and a3 are three independent primitive translation 
vectors. The parallelepiped formed by a;,a2 and a3, which contains one lattice point, is called a 
primitive unit cell. As all points have identical surroundings, the whole space can be generated by 
suitable translations of the primitive unit cell. Therefore, the essential features of a lattice can be 
extracted from its primitive unit cell. 

A cell or parallelepiped which contains more than one lattice point is called a non-primitive unit 
cell. 

A primitive unit cell in the shape of a parallelepiped defined by a; ,az and a3 has a volume equal 
to the Wigner—Seitz cell, or proximity cell, which is constructed as follows. Choose a lattice point and 
draw lines joining all neighbouring points. Construct perpendicular planes bisecting these planes. 
The smallest volume thus enclosed is the Wigner—Seitz cell. 

A total of 14 distinct types of three-dimensional lattices can be realised. These are known as the 
14 Bravais lattices. For convenience, these are grouped into seven lattice systems according to their 
unit cell lengths and interaxial angles. The seven systems, with the number of their lattices given 
in parentheses, are triclinic (1), monoclinic (2), orthorhombic (4), tetragonal (2), cubic (3), trigonal 
(1) and hexagonal (1). 

Here we will only consider one of the seven systems, namely, the cubic system, which is char- 
acterised by a, = a2 = a3 and @ -@) = @) -@3 = @3-a, = 0. The three different lattice types of 
this system are simple cubic (sc), face-centred cubic (Fcc) and body-centred cubic (Bcc). These are 
shown in figure 1.1, where the cube is known as the conventional cell and a is called the cubic lattice 
constant. 


SC 


The primitive unit cell for the sc lattice is its conventional cell. The primitive translational vectors 
are 


a, = a(1,0,0) 
a= a(0, 1,0) 
a3 = a(0,0,1), (1.2) 
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e\, 
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Figure 1.1 The cubic lattices: (a) sc, (b) FCC and (c) BCC. The cell shown is the conventional cell and a 
represents the cubic lattice constant. The primitive translation vectors a; ,a2 and a3 are also shown. 


where 
(m1,m2,m3) = mk + mop + mz, (1.3) 


and ¥,§,Z are unit vectors along the x,y and z directions in the cartesian system. The volume of the 
primitive cell, and hence volume per lattice point, is Q = |ay « (az x a3)| =a?. 


FCC 


The primitive unit cell for the Fcc lattice is defined by the three primitive translation vectors 


a 
qQ = pete 
aQ = gan 
as = S(1,1,0). (1.4) 


The volume of the unit cell is Q = lay - (a x a3)| =a? /4. 


BCC 


The primitive unit cell for the Bcc lattice is defined by the three primitive translation vectors 


a 
= -(-1,1,1 
a 9 a) ) 
a= == 1 1) 
a 
ax = S(11,-1). (1.5) 


The volume of the cell is Q = |a - (ay x a3)| =a? /2. 


1.2. RECIPROCAL LATTICE 


The mathematical construction of a three-dimensional direct space lattice can be translated into 
an equivalent three-dimensional reciprocal space lattice. Such a mapping is achieved by using the 
relationship 

exp(iG-T) = 1. (1.6) 


Corresponding to a direct translation vector T, this relationship defines a reciprocal translation 
vector G. The points generated by the vectors G form the reciprocal lattice. As direct lattice vectors 
T have the dimensions of [length], the reciprocal lattice vectors G have the dimensions of [1/length]. 
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The reciprocal lattice is an essential concept for the study of crystalline solids and their diffraction 
properties. The space generated by reciprocal lattice points is called the reciprocal space (various 
other names are also commonly used, e.g. G-space, g-space, Fourier space, or momentum space). 
The reciprocal lattice can be constructed, in conformity with the relationship in equation (1.6), 
both geometrically and mathematically. Geometrically, the reciprocal lattice is constructed as fol- 
lows. Consider the lattice as a network of interpenetrating planes. Choose a lattice point as the origin 
and consider drawing normals to all possible planes in the direct lattice. If d is the distance of a plane 
from the origin, then represent this plane by a point at a distance 1/d on its normal. A collection of 
all such points produces the reciprocal lattice. Mathematically, the reciprocal lattice is defined by a 
set of vectors G: 
G =m bi +mob2 4+ m3b3, (1.7) 


where m,,mz and m3 are any integers and b;,b2 and b3 are the primitive translation vectors of the 
reciprocal lattice which are defined in terms of the primitive translation vectors a;,az and a3 of the 
direct lattice as follows: 


20 
10 
by = ae 
10 
by = © (a1 X43); (1.8) 


where Q = |a, - (az x a3)| is the volume of the primitive unit cell of the direct lattice. It can be easily 
shown that G-T = 22N, where N is an integer, so that equation (1.6) is verified. The volume of the 
parallelepiped defined by b1,b2 and b3 is Q,; = |bi - (bz x b3)| = (277)? /Q. It can be easily verified 
that a reciprocal lattice vector Gry; = hb; + kb2 + 1b3 is perpendicular to a plane in the direct lattice 
with Miller indices (hk/). 


SC 


Using equations (1.2) and (1.8), the primitive translation vectors of the reciprocal lattice of the sc 
lattice are 


2 
by = = (1,0,0) 
2 
b2 = = (0,1,0) 
2: 
a = (0,0,1). (1.9) 


The volume of the parallelepiped defined by b;,by and b3 is Q,; = (27/a)>. 


FCC 


The primitive translation vectors of the reciprocal lattice of the Fcc direct space lattice are, using 
equations (1.4) and (1.8), 


2 
by = 2a) 
on 
by = ah 
—_— = (1,1,-1). (1.10) 


The volume of the parallelepiped defined by b;,b2 and b3 is Q,; = 4(22/a)?. 
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BCC 
The primitive translation vectors of the reciprocal lattice of the Bcc direct space lattice are 
20 
bh, = —(0,1,1 
1 £ ( eae) ) 
Tu 
bo = —(1,0,1 
2 £ ( VY) ) 
u 
bs = —(I1,1,0). (1.11) 
a 


The volume of the primitive cell of the reciprocal lattice is Q,; = 2(27/a)?. 


Notice that the reciprocal lattice of the Fcc direct space lattice is Bcc, and vice versa. The recip- 
rocal lattice of the sc direct space lattice remains sc. It can be verified that the reciprocal lattice of 
the reciprocal lattice is the original direct space lattice. 


1.3. THE BRILLOUIN ZONE 


It is customary in solid-state physics to choose the primitive unit cell of the reciprocal lattice as 
its central Wigner—Seitz cell, and not the parallelepiped defined by the primitive translation vectors 
b,,b2 and b3. The central Wigner—Seitz cell of a reciprocal lattice is known as its first Brillouin zone 
(or simply the Brillouin zone). The Wigner—Seitz cells of a reciprocal lattice outer to the central 
Wigner—Seitz cell generate the second Brillouin zone, third Brillouin zone, etc. For example, the 
second Brillouin zone is the volume enclosed between the central and the next outer Wigner-Seitz 
cells, and so on. Each Brillouin zone has the volume equal to Qg7 = Q,; =|b1 - (bo x b3)|. 

One of the most significant features of the Brillouin zone concept is that, for specular reflection 
from a set of parallel planes perpendicular to a reciprocal lattice vector G, an elastic scattering 
qd’ =4q+Aq (\q'| = |q|) can be expressed as 


Aq = G 
or ¢ = (q-G) 
or G’-2q-G = 0 
A 1 
or qG = -<|Gl. (1.12) 


2 
In other words, the projection of g along a shortest reciprocal lattice vector G lies on the Brillouin 
zone face. This relation provides an alternative definition of the Bragg reflection, or diffraction, 
condition 2d),;sin@ = nd for a wave of wavelength A = 22/q propagating at an angle 0 with 
respect to a set of parallel planes whose interplanar spacing is given by dj; = 27 /Gpx;, and where 
n is an integer. 


SC 


A general reciprocal lattice vector of the sc lattice is 


G 


mM +m2b2+m3b3 
10 
= ~(m1,m2,m3), (1.13) 


where m; are any integers. 

The shortest Gs are +(27/a)%,+(2/a)§,+(2m/a)%. Therefore, there are six perpendicular bi- 
sector planes at distances, from the origin, +(#/a)%,+(2/a)f§,+(a/a)%. These planes enclose a 
cube of volume (27/a)>, which is the first Brillouin zone shown in figure 1.2(a). 


Elements of Crystal Symmetry 5 


(6) 


\«—— 4n/a —>| |<——- 4n/a ——> | 


Figure 1.2 The Brillouin zone for cubic lattices: (a) Sc, (b) FCC and (c) BCC. The irreducible part of the zone 
is also shown. (The shape of the Brillouin zone of the BCC lattice is identical to the shape of the Jones zone for 
the diamond/zincblende structure crystals (see section 1.8). 


BCC 


A general reciprocal lattice vector of the Fcc lattice is 


G = ca 


1 
= — (im + ma + m3,m) — mz + m3,m + m2 — m3), (1.14) 


where m; are any integers. 

The shortest Gs are the eight vectors (27/a)(+1,+1,+1). The next shortest Gs are the six vec- 
tors +(27/a)(2,0,0),+(22/a)(0,2,0),+(2a/a)(0,0,2). The Brillouin zone enclosed by the bisec- 
tor planes perpendicular to these 14 vectors is a truncated octahedron, shown in figure 1.2(b). 


e 


BCC 


A general reciprocal lattice vector of the Bcc lattice is 


20 
G = ~~ (m2 + m3,m3 +m1,m +m2), (1.15) 


where m; are any integers. 

The shortest Gs are the 12 vectors (27/a)(0, 1), (2%/a)(+£1,0,+1), (24/a)(+1,+1,0). 
The Brillouin zone defined by the bisector planes perpendicular to these planes is a regular 12-faced 
figure, a rhombic dodecahedron, as shown in figure 1.2(c). 


ay 


ar 


1.4 CRYSTAL STRUCTURE 


A crystal, or crystalline solid, is a regular three-dimensional arrangement of atoms. The concept of 
a lattice is useful in describing the arrangement of atoms in a crystal. For this purpose, we identify a 
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(a) (6) (c) (d) 


Figure 1.3. Some examples of crystal structure with cubic lattices: (a) CsCl structure with sc lattice, (b) NaCl 
structure with FCC lattice, (c) zincblende structure with FCC lattice, (d) diamond structure with FCC lattice. a 
denotes the cubic lattice constant. 


to every lattice point. Thus a crystal has the repeat motif of its underlying lattice. A crystal structure 
is defined by the details of its lattice and basis: 


crystal structure = lattice + basis 


i.e. by the details of the parallelepiped of the primitive unit cell of its lattice and the distribution of 
atoms inside the unit cell. 


Examples of crystal structures 


We will consider a few examples of crystal structures based on the cubic lattice system. 


Crystal structure with the sc lattice 

The most common crystal structure with the sc lattice is the CsCl structure. In this structure, the 
basis consists of two atoms (one molecule of CsCl) with Cs at (0,0,0) and Cl at a(1/2,1/2,1/2) 
(or vice versa), where a is the cubic lattice constant. This structure is shown in figure 1.3(a). The 
number of nearest neighbours of each atom (the coordination number) of this structure is 8. 


Crystal structures with the Fcc lattice 
We consider four structures with the Fcc lattice. 


The NaCl (or rocksalt) structure In this structure, which is also known as the alkali halide or rocksalt 
structure, each point of the Fcc lattice is assigned a basis of one unit of NaCl: Na (group I atom) at 
(0,0,0) and Cl (group VII atom) at a(1/2,1/2,1/2) (or vice versa), as shown in figure 1.3(b). The 
coordination number of this structure is 6. 


The CaF) structure 
In this structure, the basis consists of Ca at (0,0,0) and 2F at ta(1/4, 1/4, 1/4). 


The zincblende (sphalerite, or cubic ZnS) structure This is another type of crystal structure with 
the Fcc lattice. As shown in figure 1.3(c), the basis consists of one atom at (0,0,0) and another at 
a(1/4,1/4, 1/4). Semiconductors composed of atoms from group III and group V of the periodic 
table (known as IHI—V semiconductors) and many II-VI semiconductors crystallise in the zincblende 
structure. Each atom in this structure is tetrahedrally bonded to four atoms of the other type. 


The diamond (or adamantine) structure The zincblende structure turns into the diamond crystal 
structure when the two basis atoms are identical. This crystal structure, therefore, is characterised 
by a centre-of-inversion at the midpoint between the two basis atoms. Crystals of group IV elements 
such as C (diamond), Si, Ge and @-Sn (grey tin) exhibit the diamond structure. In this structure, each 
atom is tetrahedrally bonded to four neighbours (of the same type of course), as shown in figure 
1.3(d). 
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The diamond and zincblende structures are relatively open as the coordination number is only 4. 

Many IV-IV, IN-—V and II-VI compounds can also be crystallised with the wurtzite structure 
(based on the hexagonal lattice), maintaining tetrahedral bonding. Some examples are SiC, GaN, 
ZnS, CdS, CdSe and ZnO. 


Examples of crystal structures with the Bcc lattice 

An example of a crystal structure with the Bcc lattice is provided by alkali halide metals such as Na 
and K. In this case, the basis consists of just one alkali atom, so that the structure of both the lattice 
and the crystal is the same: Bcc. Another example is the SiF, crystal which also has the Bcc lattice. 


1.5 POINT GROUPS 


Apart from its lattice translational symmetry, a crystal also shows two other types of symmetries: 
point group and space group symmetries. 

An operation carried out about an axis passing through a point in space which brings the crystal 
structure into itself while leaving the point fixed is called a point symmetry operation. The collection 
of all point symmetry operations of a crystal forms a group which is called the point symmetry group 
(or simply point group). An allowed point symmetry operation can be one of the following types: 

(i) rotation about an n-fold axis: rotations through (27/n), with only n=2,3,4, or 6 are possible; 

(ii) reflection: reflection in a plane, called a mirror plane; 

(iii) inversion: an inversion through a point such that every point r is brought into —r; 

(iv) rotation-reflection: rotation through (27 /n) followed by a reflection in a plane perpendicular 
to the rotation axis; 

(v) rotation—inversion: rotation through (27/n) followed by an inversion about a point lying on 
the rotation axis. 

Operations of type (i) are called proper rotations, while operations of types (ii)—-(v) are called 
improper rotations. Thus a point group is a group of allowed proper and improper rotations of a 
lattice or crystal. 

The total number of distinct point groups, corresponding to the seven lattice systems, is 32. These 
are generally known as the 32 crystallographic point groups. The total number of point groups for 
the cubic system is 5. Of particular interest to our discussion in this book are the diamond and 
zincblende cubic structures. The point group of the diamond structure is the full octahedral group 
Op (or m3m) with 48 operations. The point group of the zincblende structure is the tetrahedral group 
Ty (or m3m) with 24 operations; as discussed earlier, the zincblende structure lacks the inversion 
symmetry present in the diamond structure. (Here we have used two commonly used notations: 
e.g. O; is the Schoenflies notation (Schoenflies 1923) and m3m is the International (or Hermann— 
Mauguin) notation (Hermann 1930, Mauguin 1931).) 


1.6 SPACE GROUPS 


An operation about an axis passing through a point in space which leaves a crystal invariant, but 
which may involve moving the point within the primitive unit cell, is called a space symmetry oper- 
ation. Such an operation can be represented by O= {Z& |t}, where Z represents a point symmetry 
operation and ¢ is a fractional translation associated with &, 


t=t(@) =uja, +upa2 + 343, (1.16) 


with |u;| <1. The collection of all space symmetry operations of a crystal forms a group which is 
called the space symmetry group (or simply space group). The group of operations {Z | 0}, called 
the point group of the space group, corresponds to one of the 32 crystallographic point groups. 
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Symmetry operations involving fractional translations are as follows. 

(1) Screw axes: a screw axis operation is identified as a rotation followed by a fractional transla- 
tion parallel to the rotation axis. 

(ii) Glide planes: a glide plane operation is a fractional translation followed by a reflection in a 
plane containing the translation vector. 

A space group operator {& | t} corresponds to a coordinate transformation of the form 


r= Zr+t, (1.17) 


where & can be represented by a 3 x 3 real orthogonal matrix in cartesian coordinates. 

There are two types of space groups: symmorphic (or simple) and non-symmorphic. A symmor- 
phic space group involves symmetry operations which do not involve any fractional translations. 
A non-symmorphic space group is specified by at least one operation which involves a fractional 
translation. There are a total of 230 (non magnetic) space groups, out of which 73 are symmorphic. 

The space group of the diamond structure is the non-symmorphic group OF (or Fd3m), involving 
48 operations. The space group of the zincblende structure is the symmorphic group Tt? (or F43m), 
involving 24 operations. The operations of these space groups are listed in Table 1.1. 

It should be mentioned that the fractional translations of a space group are dependent on the 
choice of origin. This is shown in Table 1.1 for two different choices of origin in the diamond and 
zincblende structure crystals. In particular, it can be noticed that the space group of the zincblende 
structure changes from symmorphic to non-symmorphic (i.e. non-zero fractional translations are 
introduced) when the origin is changed from one of the basis atoms to the midpoint between the 
two basis atoms. 


1.7 SYMMETRY OF THE BRILLOUIN ZONE 


If Z is an operation in the point group of a lattice, then #~! is also an operation of the same point 
group. Also, R7'T is a lattice translation if T is, so that 


&#'T-G=2nN, (1.18) 


where N is some integer. As & represents an orthogonal transformation, ic. 2’ = Z—!, we can 
express 


T-2G = \VTBjG; 


= &'T.G=2aN, (1.19) 


so that ZG must be a reciprocal lattice vector if G is. Therefore, it can be concluded that a reciprocal 
lattice has the same point group as its direct lattice. As a consequence of this result, it follows that 
the reciprocal lattice belongs to the same system as the direct lattice, although not necessarily the 
same type. 


Although a primitive unit cell in the form of the parallelepiped defined by the vectors a1,a2 
and a3 does not automatically display the point symmetry of its lattice, the symmetrical unit cell 
in the form of the Wigner—Seitz cell does. Therefore, the Brillouin zone of a lattice displays the 
point symmetry of the reciprocal lattice and hence the direct lattice. This means that, apart from 
the translational symmetry f(q+G) = f(q), a function or property in the reciprocal space will also 
obey the point group symmetry of the direct lattice when q lies inside the Brillouin zone. Thus if the 
number of point group operations is M, then unique values of f(q) exist only for g-values lying ina 
(1/M)th part of the Brillouin zone. Such a part of the Brillouin zone is called its irreducible part. 
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Table 1.1 


Space group operations of the diamond structure (O; group). The first 24 operations 


correspond to the zincblende structure (77 group). 
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Consider the diamond and zincblende structures. For both these structures, the Bravais lattice is 
Fcc, and the point group is the octahedral group O;, with 48 operations. (Note that this is same as the 
point group of the diamond crystal.) Thus the irreducible part of the Brillouin zone of these crystal 
structures has the volume Qg7/48. One such irreducible segment is defined by the relations 


20 
O<ar Scag SS 
’ a 
322 
x + y + Gz ru (1.20) 


This is the pentahedral TXULKW shown in figure 1.2(b) with five faces and six vertices at 


20 20 
20 11 2x7 f/1 11 
. = (1.3.5) L= "2 (5.5.5) 
2n (3 3 20 1 
K = = (59) w= (1,50). (1.21) 


The irreducible part of the Brillouin zone of the Bcc lattice is the tetrahedron THNP shown in 
figure 1.2(c) which has the volume Q,7 /48, and where 


2 2 
r = 6,00) H=— G00) 


a a 
2x (1 1 2x /11 1 
= SS P=—[-,-,-). 1.22 
- a (5.3.9) a (5-3-5) ee 
The irreducible part of the Brillouin zone for the sc lattice is the tetrahedron 1X MR of volume 
Qp7/48, shown in figure 1.2(a), with its vertices at 


Qn [1 
0,0,0) 2 


2x (11 2x7 /11 1 
M = mai naan R= a ae 1.2 
a (5-3-9) a G55) 22) 


20 
r= — 
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1.8 JONES ZONE 


The first Brillouin zone, which is mathematically defined from the translational symmetry of the 
lattice, can accommodate in one energy band up to two valence electrons per primitive cell of the 
crystal. The usual concept of Brillouin zone boundaries is that they act as Bragg reflection planes for 
waves travelling inside the crystal. However, for a crystal with more than two valence electrons per 
primitive unit cell, the highest occupied electron energy surface (the Fermi surface) extends beyond 
the boundaries of the first Brillouin zone and, within the nearly-free-electron model, no splitting 
of the electron levels at the boundaries of the zone is expected. In other words, the boundaries of 
the first Brillouin zone do not act as Bragg reflection planes. In such a case, it is therefore useful 
to construct a larger zone, known as the Jones zone, with a volume just sufficient to accommodate 
all the valence electrons in the primitive unit cell. The faces of such a zone act as Bragg reflection 
planes, leading to discontinuities in electron energy levels. 

For the diamond and zincblende structures, the Jones zone is constructed by the planes bi- 
secting the 12 reciprocal lattice vectors of type (220): (2m/a)( 1,0), (2x/a)(0,+1,+1), 
(22/a)(+1,0,+1). The shape of this zone is identical to the first Brillouin zone of the cc lattice 
(shown in figure 1.2(c)): a rhombic dodecahedron. 

We will use the concept of the Jones zone of the diamond structure in section 3.3.2.3. 


ee 


eer 
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1.9 SURFACE BRILLOUIN ZONE 


Surfaces of solids are the subject of a great deal of interest to physicists and chemists. The im- 
portance of studying semiconductor surfaces lies in their technological usage. To study electronic, 
optical or vibrational properties of a solid surface, it is essential to develop the concepts of surface 
periodicity and surface Brillouin zone. 

Mathematically, we may construct the surface Brillouin zone by identifying the periodicity in the 
surface plane and introducing an artificial periodicity in the direction perpendicular to the surface. 
For example, for the case of the ideal zincblende (110) surface whose unit mesh is shown in figure 
1.4(a), we choose 


a 
a) a 1,1 ,0) 
a = a(0,0,1 ) 
a; = c(1,1,0), (1.24) 


where a; and az are the primitive translation vectors in the surface plane, and the vector perpen- 
dicular to the surface a3 is constructed with c arbitrarily related to the lattice constant a. In this 
particular case, the basis vectors define a parallelepiped of dimensions (a/ V2) x ax cvV/2. As now 


xI 


(a) (b) 


30 Brillouin 
Zone 


20 Brillouin 
zone 


(c) 


Figure 1.4 (a) The (110) unit mesh for the zincblende structure. Smaller dots represent atoms in the sub- 
surface layer. (b) The corresponding surface Brillouin zone. The symmetry points are labelled and the irre- 
ducible segment is shown by the hatched area. (c) Projection of the zincblende bulk Brillouin zone onto the 
(110) surface Brillouin zone. The back projection of bulk symmetry points is represented by small capital 
letters and points not projected are labelled by larger capital letters. 
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we are dealing with a periodic system, the procedure described in section 1.2 can be used to con- 
struct the reciprocal lattice. The primitive translation vectors of the reciprocal lattice in the present 
example are 


20 20 

b — — = —@ 

1 a (az x a3) al” 
1 1 

b = — = —@ 

2 2 (a3 x a1) al 
1 1 

= Bee = — 4g 1.2 
b3 ai (a, X az) las) (1.25) 


where Q = |a, - (az x a3)| is used. It should be mentioned that the vector a3 is only introduced to 
facilitate the construction of the reciprocal lattice using the concept described in section 1.2. The 
surface reciprocal lattice is defined by setting the vector b3 to zero. Obviously the primitive unit cell 
of the reciprocal lattice of the surface is the area defined by Bb, and bo. 

A general vector of the surface reciprocal lattice is 


G; =m b,+m2b2 = {m,,mo}, (1.26) 


where mj; are any integers. For the present case, the first two sets of shortest Gs are simply +b, 
and +b>. Therefore, the corresponding surface Brillouin zone is the area determined by the bisector 
planes perpendicular to these vectors. figure 1.4(b) shows the surface Brillouin zone for the (110) 
surface of the zincblende structure. This surface Brillouin zone exhibits the C2, point group symme- 
try of the (110) surface. As this point group has four operations, the irreducible part of the surface 


Brillouin zone has a volume (;)th of the zone. This is the area 1X MX’ shown in figure 1.4(b), where 


r = {0,0} x’ = {0, at 
- 1 - 11 


with {m1,m2} defined in equation (1.26). 

Geometrically, the surface Brillouin zone can be obtained by projecting the bulk Brillouin zone 
along the direction perpendicular to the surface. Figure 1.4(c) shows the projection of the zincblende 
bulk Brillouin zone onto the (110) surface Brillouin zone. The following projections of the symme- 
try points of the bulk Brillouin zone onto the surface Brillouin zone can be identified: T, k, x > I; 
xO XL OX LwoM. 


The surface Brillouin zones for two different periodicities in the (111) plane of the diamond 
structure, together with their irreducible segments, are shown in figure 1.5. 


1.10 MATRIX REPRESENTATIONS OF POINT GROUPS 


The symmetry operations of a point group can be represented by square matrices (real or complex) 
which obey the multiplication table of the point group. The number of rows or columns in such a 
matrix is called the dimension of the representation. As can be realised, an infinite number of matrix 
representations of a point group is possible. However, for a given point group, there exists a set of 
fundamental representations, called inequivalent irreducible representations, from which all other 
representations can be obtained. Stated mathematically, if a representation for a point symmetry 
operation & could be expressed in the block form 


_(Di(Z) 0 
Da) =( 0 ae (1.28) 
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(a) (b) 


Figure 1.5 Brillouin zone for the (111) surface of the diamond/zincblende structure: (a) surface periodicity- 
1 x 1; (®) surface periodicity-2 x 1. 


then D(@) is said to be reducible. If Di(#@) are diagonal matrices so that their further reduction is 
not possible, then these are called irreducible representations. 

An important quantity for an irreducible representation is its character which is the trace of its 
matrix 


ti) =¥ DY (A). (1.29) 
L 
The characters of two different irreducible representations satisfy the orthogonality relation 


VHB) = hdij, (1.30) 


where / is the number of elements in the group. Another important relation is 


VP =h, (1.31) 


where /; is the dimensionality of the ith irreducible representation. Any two representations which 
have the same character are equivalent within a similarity transformation and are said to belong 
to the same class. Thus it follows that the number of inequivalent irreducible representations of a 
group is equal to the number of classes in the group. 

There are three widely used notations for matrix representations of point groups: Bethe’s no- 
tation T’;,M2,...,5 (Bethe 1929); the Bsw notation T°, 2,012, 15,025,... (Bouckaert et al 1936); 
and the Ewk notation A,B,E,T (Eyring et al 1940). In this book, we will use all these notations. To 
make the reader familiar with these notations, we list here the irreducible representations of the point 
groups Oj, Ty, Dg and C2,. The point group O;,(m3m) has 10 irreducible representations. In the ssw 
(EWK) notation, there are 4 one-dimensional irreducible representations: T' (Aig), "y/(A1u), P2(A2¢), 
T5:(A2,); 2 two-dimensional irreducible representations: "2 (Ex), 1» (E,,); and 4 three-dimensional 
irreducible representations: T'15/(Tig), Uis(Tiu)s U25'(T2g), 25(T2u). The point group Tj(43m) has 
five irreducible representations: in the (Bsw, EWK, Bethe) notation, these are ([),A1,I'1), ((2,A2,T2), 
((2,£,13), ((25,71,04) and ((15,%,14). In the Bethe (Ewx) notation, the five irreducible repre- 
sentations of the point group D2y (42m) are 1; (A), '2(A2), 3(B1), P4(B2) and l's(£). The four 
irreducible representations of the point group C2, in the Bethe (wx) notation are | (A1), [3(A2), 
I3(B,) and I'4(B2). In the above list, A; are one-dimensional representations with character +1, B; 
are one-dimensional representations with character —1, and the subscripts g and u represent the par- 
ity of the representation under inversion : g = gerade = even, u = ungerade = odd. The irreducible 
representations of other point groups can be found in many standard textbooks on group theory. 


14 The Physics of Phonons 


1.11. EFFECT OF SPACE GROUP OPERATIONS ON PLANE WAVES 


It was discussed earlier that the space group of a crystal is its full symmetry group. A space group 
operator is expressed as {& | t}, where & is either a proper or an improper rotation operator and t 
represents a fractional translation associated with @. (The group of lattice translation vectors, which 
has operations of the type {0|T}, is also a part of space group but we have excluded this from our 
discussion.) Using equation (1.17), it can be verified that the effect of two successive operations is 
given by 

{B |t(HB@|h={ZB|Btt+t}. (1.32) 


The identity element of the space group is {E | 0}. Furthermore, the inverse of the operator {&% | t} 
is 


{B#\t}"' ={@"|-Bth. (1.33) 
This can be verified by showing, with the help of equation (1.32), that 


{B& |t}{B |t}"! = {E | O}. (1.34) 


The effect of an operation O = {& | t} on a function or property of a crystal at a point in its unit 
cell is given as 


Of(r) = fB|t}-'r) (1.35) 
f(@'r-B"'t). (1.36) 


Let us consider f(r) as a plane wave exp(iq-r). Then 


Oexplig-r) = expliq: {#8} n) 
= expliq ee 1+- Bt) 
= exp(—ig-Z 't)exp(ig: Z 'r) 
- sole: t) exp(i¥q-r) 
= yexp(i¥q-r), (1.37) 


where we have used the orthogonal nature of the matrix representing @. Thus upon the application 
of a space group operation, a plane wave characterised by a wave vector q is transformed, to within 
a phase factor y = exp(—i%q -t), into another plane wave which is characterised by a wave vector 
q' = &q. The phase factor y is +1 for all operations of a symmorphic space group. In general, 
however, for the cubic system y takes values +1, or +i. 

All operations # which leave g invariant or carry it into an equivalent point, i.e. when 


q =2q=4+G (1.38) 


form a group C(q), which is called the group of the wave vector q. This group is a subgroup of the 
full space group of the crystal under consideration. The set of distinct q’ (taking g to new positions) 
generated by the application of all the group operations is called the ‘star’ of g. In general, the more 
symmetric the point g, the fewer the number of vectors in its star. The product of the order of the 
group of g and the number of vectors in its star equals the order of the full point group. 

The irreducible representations of the group C(q) can be used to obtain all the irreducible rep- 
resentations of the full space group. The reader is referred to the excellent review article by Koster 
(1957) for details on this topic. 


) Lattice Dynamics in the 
Harmonic Approximation — 
Semiclassical Treatment 


2.1 INTRODUCTION 


It is convenient to visualise an atom in a solid in terms of its ion core and valence electrons. The ion 
cores of a solid vibrate about their equilibrium positions and the (valence) electrons move about their 
(in some cases many more) ion cores. In a crystalline solid the description of the motion of all the 
ion cores and electrons can be simplified by taking advantage of its lattice translational periodicity 
f(r +T) = f(r) as discussed in Chapter |. This essentially reduces the problem to the dynamics of 
the atoms in the primitive unit cell, containing p ion cores (say) and the electrons associated with 
them. In general, a detailed description of even this ‘small’ system is a formidable task. In order to 
simplify the problem, we make two approximations. 


Adiabatic approximation 


As the ion cores are much heavier than the electrons, their motion can be treated separately. This is 
called the adiabatic approximation. As a consequence of this approximation (a) while dealing with 
the motion of the electrons, it is assumed that the ion cores are in their equilibrium positions and 
(b) the motion of the ions cores is determined in a potential field generated by the average motion 
of the electrons. It should be mentioned here that it is part (b) above which is one of the formidable 
ingredients for a first-principles study of lattice dynamics. We will discuss this point in some detail 
in chapter 3. 


Harmonic approximation 


Let us consider the total potential energy of a crystal in terms of interatomic potentials. While for 
simple metals and rare-gas solids interatomic potentials can be reasonably well expressed in terms 
of pair (or two-body) interactions, for strongly bonded crystals (such as covalently bonded semi- 
conductors) consideration of at least three-body interactions becomes very important. Multi-body 
interactions may, however, be simplified to contributions involving two-body sums (Biswas and 
Hamann 1987). For the present discussion, we therefore restrict ourselves to two-body interactions. 
Let us represent a two-body term as Y (R), where R is the interatomic separation between a pair of 
atoms. In general the shape of an interatomic potential Y (R) is complicated, as shown in figure 2.1. 
However, &% (R) can be expanded in a Taylor series in powers of a small displacement x = R — Ro 
around its minimum at Ro: 


Ou 1 (0°X 
U =U(Ro) 4 (Se) 5 (Spr) Pt (2.1) 


The first term is a constant and is unimportant for dynamical problems, and the second term pro- 
duces a force and must vanish in the equilibrium configuration. Therefore, the first important term 
in the above expansion is quadratic in the displacement x. The consideration of only the quadratic 
term in equation (2.1) is known as the harmonic approximation. In this picture an atom in a crys- 
tal can be described as a three-dimensional simple harmonic oscillator, and the term (07Y /AR*)o 
represents an interatomic force constant. 
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0 Ro R 


Figure 2.1 A typical two-body interatomic potential curve in a crystal. Ro is the equilibrium interatomic 
distance. The shape of Y near its minimum can be regarded as parabolic. 


2.1.1. THE PHONON AS AN EXCITATION IN A CRYSTAL 


In the classical picture within the harmonic approximation, the atoms (say, V in number) of a crystal 
are visualised as joined by harmonic springs and the crystal dynamics is analysed in terms of a 
linear combination of 3N normal modes of vibration. A normal mode of vibration is expressed as a 
travelling wave of the form A exp|i(g-r—@t)], where g shows the direction of wave propagation, @ 
is the circular frequency of the wave and A is the amplitude of vibration. The energies of the normal 
modes of a crystal are quantised: for the gth mode the energies are (ng + 5)ho(q),ng = 0,124.20 
(see chapter 4 for more details). The quantum of energy fi@(q) is associated with an elementary 
excitation called a phonon. Thus a phonon is a quantum of crystal vibrational energy. The concept 
of a phonon is similar to that of a photon which is a quantum of energy in an electromagnetic field. 
Clearly in the harmonic approximation, we have the physical picture of non-interacting phonons in 
a crystal. 

As the concept of a phonon originates from relative motion of the atoms, rather than the motion 
of their centre of mass, a phonon in a crystal does not carry a momentum. However, for practical 
purposes, we assign a momentum hg to a phonon in the gth mode. For this reason, a phonon is called 
a quasi-particle. 


2.1.2. STATEMENT OF THE PROBLEM OF LATTICE DYNAMICS 


The problem of lattice dynamics in the harmonic approximation is to find the normal modes of 
a crystal. In other words, we seek to calculate the energies (or frequencies) of the non-interacting 
phonons as a function of their wave vectors q. The relationship between @ and q, namely @ = @(q), 
is called phonon dispersion. 

In order to calculate the phonon dispersion in a crystal, we need to know the interatomic force 
constants. This can be done at two levels: the semiclassical and phenomenological level or the 
quantum mechanical and ab initio level. In this chapter we discuss the basic ingredients of the 
semiclassical treatment. In Chapter 3, we will describe an ab initio treatment. 


2.1.3. PHONON STATISTICS 


Phonons in a crystal are in thermal equilibrium with each other. The average number of phonons in 
the gth mode, quasi-particles of zero spin, in thermal equilibrium at temperature T is given by the 
Bose-Einstein distribution function 


_ 1 
"a = exp(h@(@)/keT) =I” a 
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where kg is Boltzmann’s constant. From this expression, it is clearly seen that at absolute zero there 
are no phonons in a crystal. At low temperatures i@ >> kpT, fi ~ exp(—h@/kpT) and there is 
an exponentially small probability for a phonon to be present. At high temperatures kgT >> ha, 
ii ~ kgT /ho and the number of phonons increases linearly with temperature. As the total number of 
phonons is not conserved, but is determined by the temperature, the distribution function in equation 
(2.2) corresponds to zero chemical potential. 


2.2 LATTICE DYNAMICS OF A LINEAR CHAIN 


To describe the problem of lattice dynamics in the harmonic approximation, we first consider a 
linear chain of atoms. We will extend the idea to two- and three-dimensional cases in sections 2.3 
and 2.4. 


2.2.1 MONATOMIC LINEAR CHAIN 


Consider a monatomic linear chain of an infinitely large number, N, of atoms separated a apart. 
For all the atoms to have an identical environment, let us assume that it is a closed chain so that 
the (NV + 1)th atom is the Ist atom. This is known as the periodic, cyclic, or Born—von Karman 
boundary condition and provides a mathematical scheme to avoid unimportant end effects on the 
dynamical problem of an infinitely long chain. Further, assume that only nearest-neighbour forces 
are significant. 

Suppose that at a particular time the nth atom in the chain has a displacement u,, from its equilib- 
rium (figure 2.2). Then from Newton’s second law and Hooke’s law the equation of motion of the 
nth atom is 
Cu, 

d2 = A[(Un+1 — Un) + (Un-1 —Un)]. (2.3) 
Here m is the mass of an atom and A is the nearest-neighbour force constant. 
We try a solution 


m 


Un = Aexpli(gx—at)] 
= Aexpli(qna— at)| (2.4) 


for x = na. Here A denotes the amplitude of the motion of the mth atom. Also, the direction of 
atomic motion, namely that of uy, is given by that of A. Note that we only have one allowed mode 
of vibration here — either longitudinal in which case atoms vibrate along the chain which is the line 
of wave propagation, or transverse in which case atoms vibrate perpendicular to the chain. For this 
reason, we have not represented u, or A as vectors. Further, in figure 2.2 and in the text we have 
only discussed the longitudinal case. With equation (2.4), equation (2.3) becomes the following 
dynamical equation (an eigenvalue equation): 


2A 
w’A = —(1—cosqa)A = DA. (2.5) 
m 
7 n-1 n n+) 

! | | \ ! 

m A | | 

| | bo 1 | 

+>! le —el i— =e! Me 
Un-1 Un Uns 


Figure 2.2. A monatomic linear chain showing displacements uy ,Un,Un+1 for the (n— 1)th, nth, (n+ 1)th 
atoms from equilibrium, respectively. 
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Figure 2.3. The phonon dispersion curve for the monatomic linear chain shown in figure 2.2. The Brillouin 
zone is the line segment between —7/a and 2/a. 


D is calleld the dynamical matrix and in this case is just a (1 x 1) matrix. For a non-trivial solution 


(A £0), equation (2.5) gives 
[A,. 
o=2 “nsinga/2|- (2.6) 


It is clearly seen from figure 2.3 that (i) the dispersion curve shows the translational symmetry in 
q space: @(¢+G,) = @(q), where G, = +2n7/a, (n = integer), is the magnitude of a reciprocal 
lattice vector corresponding to the chain, and (ii) @(q) is a symmetric function between g and —q. 

Using the periodic boundary condition uy +1 = uy, or u(x = 0) = u(x = Na) one can easily verify 
that there are N allowed values of q in the Brillouin zone of the linear chain. As each q-value 
represents a normal mode, we say that there are N distinct normal modes of the linear chain. 

It is interesting to define two types of phonon velocity. For a phonon characterised by frequency 
@ and wave vector q its phase velocity c, is defined by the relation @ = q-Ccpy. For a group of 
phonons having frequencies around @, a group velocity is defined by cg = V,@. For the case of a 
linear chain, we obtain 


_ sin (qa/2) 
cp =v (Se), (2.7) 
Cg =veos(qa/2), (2.8) 
with 
yom * = te, (2.9) 
m 2 
where 


[A 
Omax = 24/ — (2.10) 
m 


is the maximum frequency for the normal modes of the chain. Two points are noteworthy. 

(i) Cg + 0 when g = £277/a, i.e. when A = 2a. From equation (2.4) we note that for g = +7/a (i.e. 
at the Brillouin zone boundary) the phases of vibrations of two neighbouring atoms differ by 7, so 
that a lattice wave becomes a standing wave. This can also be interpreted in terms of the first-order 
Bragg reflection condition A = 2asin@. In the present example of longitudinal waves, the Bragg 
angle @ is 90°, so that A = 2a. Therefore, we can state that when a lattice wave with wavelength 
twice the interatomic distance, A = 2a, is incident normally to a Brillouin zone face, it is reflected 
back and hence becomes a standing wave. 
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Figure 2.4 A diatomic linear chain with alternating masses m and M (m < M). The unit cell has length 2a. 


(ii) In the long-wavelength limit (qa << 1) cp =cg =v, the sound velocity. In this limit, the 
chain looks like a continuum and the lattice wave becomes a sound wave (or acoustic wave) given 
by the equation of motion 

1du du 

Don oe: (2.11) 
This equation can be formally obtained from equation (2.3) by regarding u as a continuous function 
of x and expanding it in a Taylor series: 


Ou(x) 1 5 07u(x) 
ao eS 


Untt =U(x+a) ~u(x)+a (2.12) 


2.2.2. DIATOMIC LINEAR CHAIN 


The monatomic linear chain is the simplest system we can study and yet its dispersion curve pro- 
vides some fundamental knowledge of what should be expected for the normal modes of a simple 
(monatomic) crystal. The essential features of the lattice dynamics of crystals with a basis of more 
than one atom can be understood most simply by studying the dynamics of a diatomic linear chain, 
which can be viewed as a linear chain with a basis of two atoms. 

Consider an infinitely long chain of 2N atoms forming N unit cells, each of length 2a, as shown in 
figure 2.4. Assume it to be a closed chain so that the Born—von Karman periodic boundary condition 
is applicable. Let m and M (m < M) be the two masses of the basis, and let only nearest neighbour 
forces be significant. Further, for simplicity assume that the force constant is the same for both types 
of atoms. 

Then, as for the monatomic linear chain, the equations of motion for the two types of atom are 


uy 
m a = Alone) +Udn—1 — 2U2n]; (2.13) 
du! 
M al =  Altong2 + Yon — 2544]: (2.14) 
Let us try solutions 
U2, = Ayzexpli(2nga—ar)|, (2.15) 
Uri, = Agexp{i[(2n+1)ga—at]}. (2.16) 


With equations (2.15) and (2.16), equations (2.13) and (2.14) turn into the coupled eigenvalue equa- 
tions 


—@’mA; = AlAze!44 +Aze 14 — 2A)], (2.17) 
—@’MA, = AfAye 4 + Aye! — 2A)). (2.18) 


Equations (2.17) and (2.18) can be combined into the form 


2 
wA;=) DA;  i=1,2, (2.19) 
j=l 
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Figure 2.5 The phonon dispersion spectrum of the diatomic linear chain plotted in the first Brillouin zone. 
The acoustic branch extends from 0 to @, and the optical branch extends from @) to @3 = @mnax. The gap 
(@2 — @ ) in the spectrum is due to different atomic masses (m # M) in the unit cell. 


where D is a (2 x 2) dynamical matrix given by 
2A 2A 
= —cosqa 
p=( on™ moat } (2.20) 


Non-trivial solutions of equations (2.19) are given by solving the secular equation 
|Dij — 0° 8; =0, 21) 


where 6; ; 1s the Kronecker delta. The solutions are 


1 1 f.4\*% 2 
o=a(i+ 5) (-+3) - se (2.22) 
m M m. 


Also, from equation (2.17), 


tA 


A, _ 2Acosqa _ 2A—Ma@* 
A, 2A—@2m ~ 2Acosqa ’ 


Corresponding to the two signs in equation (2.22), there are two branches of the phonon dispersion 
curve of the diatomic linear chain. 

Let us examine the two solutions in the small-q (or long-wavelength) region (ga << 1). For the 
upper branch in figure 2.5 A; and Az have opposite signs, meaning that the two atoms in the unit 
cell move in opposite directions. If the two atoms had opposite charges on them, such a mode of 
vibration could be excited by an electric field of the appropriate frequency. In ionic crystals, this 
corresponds to the electric field associated with the infrared part of the visible light. For this reason, 
the upper branch is called the optical branch. For the lower branch A; /Az = 1, meaning that both 
atoms in the unit cell move in phase with each other. This is characteristic of a sound wave. Hence 
the lower branch is called the acoustic branch. 

For finite values of g (i.e. away from the zone centre), there is no simple distinction between 
the acoustic and optical branches. It is interesting to note that, at the zone boundary (q = 2/2a), the 
group velocity of both types of wave is zero. In other words, the waves become stationary at the 


(2.23) 


Lattice Dynamics in the Harmonic Approximation — Semiclassical Treatment 21 


-1/a -n/2a 0 n/2a n/a 


Figure 2.6 The special case of a diatomic linear chain. When m = M the optical branch is just extended over 
the acoustic branch. The portion AB of the curve is translated through a reciprocal lattice vector to take the 
portion A’B’, and the portion CB is similarly unfolded out to the portion C’B”. 


zone boundary. Also, from equation (2.23), 


A\ 2A —Ma@? 1 

> Dk eosaa =o as cos oo 0, (2.24) 
Aj 2Acos qa 

re = Samet (2.25) 


From equation (2.25), it is apparent that at @ = @) = (2A/ m)!/ > atoms with the heavier mass are 
stationary: Az = 0. Further, from equation (2.24), at @ = @ = (2A/M yl/ * atoms with the lighter 
mass are stationary: A; = 0. As expected, when m — M the dispersion spectrum of the diatomic 
chain becomes similar to that of the monatomic chain. The gap at g = 1/2a disappears and the top 
branch can be unfolded to cover the regions 2/2a to z/a and —1/2a to —1/a, as is shown in figure 
24. 


2.3. LATTICE DYNAMICS OF MONATOMIC TWO-DIMENSIONAL MESH 


We will consider two types of monatomic two-dimensional mesh: a square lattice and a hexagonal 
lattice. Atoms will be considered to interact with their nearest and next nearest neighbours for 
the square lattice and only with their nearest neighbours for the hexagonal lattice. The following 
concept will be useful in developing the lattice dynamics of such systems (see de Launay (1956) 
for further description). Consider interaction between atom 0 with displacement wp and an atom n 
with displacement u,. Let R, be the vector separating atom n from atom 0 and €, = R,/R,, be a unit 
vector parallel to R, (see figure 2.7). The central force experienced by atom 0 due to atom n is 


Fy, = An[€n+ (Un —U0)| En, (2.26) 
where A,, is the force constant between the two atoms. The equation of motion for atom 0 is then 
duo 
ar a LF (2.27) 
where the sum over 7 includes neighbours under consideration (nearest and/or next nearest). 


2.3.1 MONATOMIC SQUARE MESH 


Figure 2.8 shows a ball and spring model of a monatomic two-dimensional square lattice, with m 
as atomic mass, a nearest neighbour distance, A; the nearest neighbour force constant and A? the 


22 The Physics of Phonons 


Un nN 


0 


MG 


Figure 2.7 Schematic illustration of atomic positions and displacement vectors of two neighbouring atoms. 


y 


by 
r Bas 


a 
oe — 
2 UA 
6 4 8 


Figure 2.8 Ball and spring model of a two-dimensional monatomic square lattice. A; and Ag are the nearest 
neibhbour and next-nearest neighbour force constants, respectively. 


next nearest neighbour force constant. The unit cell is spanned by the primitive translation vectors 
a, and a2. The Brillouin zone for this system is the horizontal square centred the I’ point in figure 
1.2. Using equations (2.26) and (2.27), we can write down the equation of motion for atom 0 as 


ug zs 8 
ma = A 2 (tn — uo) + Ar Y (ttn — uo) (2.28) 
n= A= 


Following equation (2.4), we express the displacement vector of the nth atom at R,, as 
u, = Aexp(iR,-q — Ot) (2.29) 


where A is the amplitude vector and q is the phonon wave vector. Note that R, = (%n,yn), A = 
(Ax,Ay) and q = (qx,qgy) are two-dimensional vectors. Following figure 2.8 and Ro taken as the 
origin, for n > 0 the vectors R, and €, can readily be determined. As an example, we will show 
how to derive the expression for the force on atom labelled 0 by atom labelled 8. From figure 2.8, 
Rg =a(1,—1) and €g = (J51- 75) Using equation (2.26), 
Fg = Ag[€g-(ug—uo)|€s 
= Ao{exp(iq-Rs) —1}(€g-uo)€s 
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= Aof{exp(iq- Rs) n(3 *) (= Sy) x0 i@t). (2.30) 


With the total force on atom labelled 0 worked out and using equation (2.29), equation (2.28) 
can be expressed as the matrix eigenvalue equation 


Ag =) DopAg, o,B =x,y. (2.31) 
B 


For a chosen phonon vector q, non-trivial eigenvalues (i.e. phonon frequencies @(gs),s = 1,2) can 
be obtained by solving the secular equation 


|Djj — @°5;;| = 0, (2.32) 


where the elements of the two-dimensional dynamical matrix D are 


Dy = =iai(l — cos gxa) + A2(1 — cos q,acos qya)], 

Dyy 2Ao sing,asingya, 

Dye = Dey 

Dy = =iai(l — cos gya) + A2(1 — cos q,acos qya)]. (2.33) 


Eigenvector components A,(gs) and A,(qs) corresponding to an eigenvalue @(qs) can then be ob- 
tained from equation (2.31). 

It is important to compare and contrast the discussion in this section with that in sections 2.2.1 and 
2.2.2. For the monatomic one-dimensional case in section 2.2.1, we have a single acoustic phonon 
branch. For the monatomic two-dimensional case in this section, we have two acoustic phonon 
branches: these are labelled as the lower or transverse acoustic (TA) and the upper or longitudinal 
acoustic (LA). Strictly correct descriptions of the TA and LA branches require the eigenvector A to 
be respectively perpendicular and parallel to the phonon wavevector q. In contrast, for the diatomic 
one-dimensional case in section 2.2.2 we have two phonon branches: acoustic and optical. These 
concepts of phonon polarisations and branches will be extended further when discussing the three- 
dimensional case in section 2.4. 

The phonon dispersion curves along the A and & symmetry directions in the Brillouin zone are 
plotted in figure 2.9. It is instructive to discuss the solutions along these directions. 
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Figure 2.9 Phonon dispersion curves for a two-dimensional monatomic square lattice, with Ay = Aj /2 
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The A direction: We can choose gq, = q and qy = 0, making D,y = D,, = 0. The eigenvalues are 
then 


2 
w” (TA) = Ax(1—cosqa), (2.34) 
m 


2 
@7(LA) = — (Ai +Az)(1 —cosqa) (2.35) 
and the normalised eigenvectors e = A/A are 
e(TA) =(0,1) and e(LA) = (1,0). (2.36) 


The & direction: Along this line qx = qy = q/ V2. The eigenvalues are 
2 
@(TA) = —Aj,(1—cosqa/V2), (2.37) 
m 
2 
@(LA) = [Ai (1 —cosqa/v2) + Ao(1 — cos V2ga)] (2.38) 


and the normalised eigenvectors are 


e(TA) = = sg and e(LA) = (F s 


Note that at the [ and M points the directions of the eigenvectors become indeterminate and any 
pair of orthogonal unit vectors will suffice. 

When the next-nearest neighbour interaction is not taken into account (Az = 0), then only the 
LA branch exists along the A direction. In other words, the monatomic two-dimensional mesh then 
vibrates like two independent monatomic linear chains (one along the x-axis and the other along 
the y-axis). And along the 2 direction the two branches become degenerate, characterised by the 
nearest neighbour force constant A. 


i, (2.39) 


2.3.2. MONATOMIC HEXAGONAL CLOSE PACKED MESH 


As a second example of two-dimensional system, we consider the hexagonal close packed mesh of 
atomic mass m with only nearest neighbour interactions, as shown in figure 2.10. The unit cell for 
this hexagonal lattice may be taken as the parallelogram spanned by the primitive translation vectors 
a, =a(1,0) and ay =a(5, 43), where a is the interatomic distance. The corresponding primitive 
reciprocal translation vectors are bj = 2m (1,- A) and by = 27 = (Os A): The Brillouin zone for this 
hexagonal lattice is identical to that shown in Agate 1.5(a). The symmetry points can be chosen as 
M ={0,5}= (0 7g) and K = {3.5} = 23.79): 

With atom labelled 0 at the origin, the atomic position vector R,, and the unit vector €, = R,/Ry 
for each of the six neighbours interacting with force constant A can be easily worked out. Following 
the steps described in the previous sub-section, we can derive the following expressions for the 
elements of the two-dimensional dynamical matrix: 


A 3qy 
De = — (3 — 20S qa — cos ae cos ae 5 
m 2 2 
3A 3qy 
Dyy — v3 sin one sin V3qy ’ 
: m 2 2 
Dy, = Dyy, 


A ; 3 
Dy, = : (1 cos Ecos eee . (2.40) 
™ m 2 2 
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Figure 2.10 Ball and spring model of a two-dimensional monatomic square lattice. A is the next-nearest 
neighbour force constant. 
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Figure 2.11 Phonon dispersion curves for a two-dimensional monatomic hexagonal lattice. 


The phonon dispersion curves along the symmetry directions M—T and I — K are shown in 
figure 2.11. It is easy to see that the off-diagonal terms of the dynamical matrix, D,, and D),, vanish 


at the M and K points. The frequencies at the M point are @(TA) = ,/#4 and w(LA) = ,/ “4. The 


m 


A 


TA and LA modes become degenerate at the K point with frequency @ = 34/5, . 


2.4 LATTICE DYNAMICS OF THREE-DIMENSIONAL CRYSTALS —- PHENOMENO- 
LOGICAL MODELS 


The interatomic force constant method described for the one- and two-dimensional cases can be 
extended to calculate the normal modes of a general three-dimensional crystal. In this section we 
will first derive the equations of motion and discuss their solutions. Then we will present a brief 
discussion of various phenomenological models for interatomic force constants which have been 
used in lattice dynamical studies of semiconductors. A full derivation of the crystal Hamiltonian 
will be presented in section 4.2. 
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Consider a crystal with p atoms per unit cell, and let u(Jb) represent the displacement of the bth 
atom in the /th unit cell. Assume that the total potential energy ¥ of the crystal is a function of the 
instantaneous position of all atoms. Following equation (2.1), we now expand ¥ in a Taylor series 
in powers of the atomic displacements u(Ib): 


7 ov 1 yp ip! 
VY = + Daath all) +5 YY Gap bith )utcr(Ib) up (U'B") + 
= H+H+hw+..., (2.41) 
where % is the equilibrium value, and 
ay 


Pap (Ib;1'b') = 


—_ 2.42 
Aug (Ib )dug (I'b’) lo =) 
is an element of the harmonic force constant between the atoms located at (Ib) and (I'b’). As dis- 
cussed in section 2.1, the first term in equation (2.41) is unimportant for the dynamical problem 
and can be set to zero, and the second term vanishes in the equilibrium configuration, so that in the 
harmonic approximation we have 


i 
Vjarm = Vo = 7 Les (1b;1'b' )uce(Ib)up (1b). (2.43) 


The equations of motion now become a generalisation of equation (2.3) 


Mplig (Ib) = — Y° Bag (Ib: I'b' Jug (I'b'), (2.44) 
I'b'B 


where mp is the mass of the bth atom, @ = 1,2,3, and @ is the interatomic harmonic force constant 
matrix defined in equation (2.42). In fact, Pag (1b;1'b’) represents the negative of the linear force on 
atom (Ib) along the @ direction due to a unit displacement of atom (J'b’) along the B direction. 
The force constant matrix ® obeys two important symmetry relations. From the /attice transla- 
tional symmetry, we have 
Dap (Ib;I'b') = Dy (Ob; (' —1)b') (2.45) 


and the infinitesimal translational invariance of the crystal (i.e. when all the atoms are equally 
displaced, there is no force on any atom) leads to 


op (Ib;lb) =— Y Pag (Ib;I'0’). (2.46) 
'b' Alb 


The force constant Pyg (Ib;I'b') is called a ‘self-term’. Using the lattice translational symmetry, 
equation (2.29) can be expressed as 


Mplig (0b) = — Y° Byp (Ob;1'b')ug (1'b'). (2.47) 
I'b'B 


To solve equation (2.47), we try a solution of the form 


Ug (Ib) = 


i , (q:b) exp |i(q-x(L) — or)], (2.48) 


where x (J) is the equilibrium position vector of the /th unit cell and Ug(q;b) is independent of J. By 
substituting this into equation (2.47) we get 


0° Ua(9:b) = Y° Dap (bb'|q)Up (4:b') (2.49) 
b'B 
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a non-trivial solution of which is obtained by solving the following determinantal equation: 
|D ap (bb! |g) — © bap Spp'| = 0. (2.50) 


The expression for the dynamical matrix reads 


Dap (bb'\q) = ap (0b;1'b') exp (ig -x(U')). (2.51) 


1 
4/MpMp 7 


This definition of the dynamical matrix in Fourier space is known as the ‘D-type’ (cf Maradudin et 
al 1971). Equations (2.49) and (2.50) are the three-dimensional analogues of equations (2.19) and 
(2.21). 

If we consider the pairs (a,b) and (B ,b’) as indices then D is a 3p x 3p Hermitian matrix: 


Dip (bb'\q) = Dga(b'b\q). (2.52) 
Also, it follows from equation (2.51) that 


orp (Bb'|q) = Dap (bb'| — 4). (2.53) 


Equation (2.50) will produce 3p eigenvalues w*(qs), where s = 1,2,...,3p. Since D is Hermitian, 
its eigenvalues @*(qs) are real and we consider @(qs) as real to meet the condition of the stability 
of the crystal. From time reversal symmetry, it follows that 


@” (qs) = 7 (—qs) (2.54) 


and hence 
(qs) = @(-4s). (2.55) 
For each of the 3p eigenvalues @?(qs) corresponding to a given q, there exists an eigenvector 
e(b;qs), so that equation (2.49) can be rewritten as 


7 (qs)eq(b:qs) = b Pap (bb'|q)eg (b';qs). (2.56) 
b'B 
The components of e(b;qs) satisfy the following orthonormality and completeness relations: 
Y en (b:qs)ea(b:gs’) = Sy, (2.57) 
ba 
ye (b.gs)ea(bsgs) = Sup dzy- (2.58) 
AY 


The eigenvectors e(b;qs) can be complex only for crystals with more than one atom per unit cell. 
From equations (2.53) and (2.56), it can be noted that 


e* (b; qs) = ee(b:qs) (2.59) 


and it is usual to make the choice e! = 1 (Born and Huang 1954, Maradudin et al 1971). 
Sometimes it is convenient to express equation (2.48) in the form 


q(Ib) = om Luala:derpliq-x()— er) (2.60) 


where x(Ib) = x(L) +x(b) is the equilibrium position vector of the bth atom in the /th unit cell. The 
equations of motion in (2.47) then become 


@° (gs)ey (bs gs) = Y° Cup (bb'\q)e (b's 45), (2.61) 
b'B 
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where the eigenvector e’(b;qs) and the ‘C-type’ dynamical matrix are related to e(b;qs) and the 
‘D-type’ matrix by the relations 


e'(b:qs) = exp(—ig-x(b))e(b:qs), (2.62) 
Cup (bb'\q) = Frais Pap Obi) exp|-ig-(2(08) —x(06)) 
I 


= exp(—ig-x(b))Dop (bb'|q) exp (ig-x(b')). (2.63) 


The eigenvectors e’(b;qs) satisfy the orthonormality and closure relations similar to those given in 
equations (2.57) and (2.58) for e(b;qs). 

A complete solution of the eigenproblem in equation (2.56) or (2.61) is sought in terms of @ = 
(qs) (called the phonon dispersion relation for eigenvalues) and e = e;(q) (the dispersion relation 
for eigenvectors). The index s is a branch index. For a crystal with No unit cells and p atoms per unit 
cell s = 1,2,...,3p, so that there will be 3p phonon branches, each with No distinct g-vectors (or 
normal modes). Out of these there will be three acoustic branches such that @(q) + 0 as g > 0 and 
3p —3 optical branches such that @(q) + constant as gq + 0. Atomic vibrations corresponding to any 
of the branches, acoustic or optical, can either be longitudinal such that e || q or transverse such that 
e 1 q, or a mixture of longitudinal and transverse. In an isotropic crystal, and in an isotropic elastic 
continuum, it is always possible to construct three mutually independent polarisation modes for a 
given g: e || q and ey, | ey, 1g (with degenerate eigenvalues for the two transverse polarisations). 
In an anisotropic crystal a clear relationship between e and q does not exist, except when g is along 
a high symmetry direction. For example, in cubic crystals, the concept of pure longitudinal and 
transverse polarisation modes is only defined when q is along the symmetry directions [100], [110] 
and [111]. 

Consider two crystals : Ne (Fcc structure) and Si (diamond structure). As the underlying lattice 
in both cases is the same (Fcc), the Brillouin zone for both the structures is identical in shape (shown 
in figure 1.2). In both cases, we can speak of pure longitudinal and transverse phonon modes along 
the symmetry directions CX (or [100]), (K (or [110]) and VL (or [111]). In the case of Ne (one atom 
per unit cell), we only have acoustic branches which can be labelled LA (longitudinal acoustic), and 
TA, T2A (two transverse acoustic branches), so that the three values of the index s can be expressed 
as 5 =LA, T1A, T2A. In the case of Si (two atoms per unit cell), we have three acoustic branches (LA, 
T1A, T2A), and three optical branches (LO, T;0, T20), so that the index s now stands as s =LA, T1A, 
T2A; LO, T10, T20. Notice, from figures 2.12(a), 2.12(b), 2.15 and 2.16, that for crystals based on 
the Fcc lattice the transverse modes (in acoustic or optical branch) are degenerate along [100] and 
[111] but not along [110]. 

The subject of lattice dynamics of metals and ionic solids has been discussed in numerous arti- 
cles and books (see, e.g., Born and Huang 1954, Maradudin et al 1971, Joshi and Rajagopal 1968). 
We concentrate on a brief description of the theory of the lattice dynamics of semiconductors. The 
theoretical models which have been employed for constructing the dynamical matrix for tetrahe- 
drally bonded crystals with diamond and zincblende structures can be broadly classified in three 
catagories: (i) force constant models, (ii) the rigid ion model and (iii) dipole approximation models. 


2.4.1. MODELS OF INTERATOMIC FORCES 


Some of the phenomenological force models which have been employed for crystals with the dia- 
mond/zincblende structure are (a) Born model, (b) Born—von Karman model (c) valence force field 
model and (d) empirical many-body interatomic potential. Some of these have been compiled in a 
handbook by Torres and Stoneham (1985). 
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Figure 2.12 (a) Measured phonon dispersion in Ne (after Leake et al (1969); reproduced from Elliott and 
Gibson (1982)). (b) Measured phonon dispersion in Si (after Dolling (1963); reproduced from Elliott and 
Gibson (1982)). Note: 33.3563 cm~! = 1 THz = 4.1357 meV. 


2.4.1.1. The Born model 


Born (1914) proposed a model for the interatomic potential of diamond-type crystals with nearest- 
neighbour central and non-central force constants Og and Bz, respectively. The potential energy for 
an atom i is given by 


Hh = ZY (6 Bs)|(w(i) —u(j)) Fil? + 5 Bale) —W( i) 


J 


|’, (2.64) 
where j refers to the nearest-neighbours of the atom i, 7;; is a unit vector along the bond between i 
and j, u(i) is the displacement of atom i, and the summations are over the bonds to site i. 

This simple model is generally found to be inadequate for explaining the frequencies and disper- 


sion of TA phonons away from zone centre. This is primarily due to neglect of long-range interatomic 
interactions in this model. 


2.4.1.2 The Born-von Karman model 


In the Born—von Karman model (see Born and Huang 1954), the effective crystal potential energy 
is expressed as 


L 


v= sLELL Gp (i, Jue (dup (a). (2.65) 
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Table 2.1 


The Born-von Karman force constant matrices for diamond-type and zincblende-type 
crystals. 


Order of neighbour _—_- Force constant matrix: Force constant matrix: 
general model central model 


A B B A; A; Aj 
First neighbour B A B A; A, Aj 
BBA A; A, Aj 
Cc D CE 2 Aro O 

Second neighbour D Cc ) (‘: A2 q 
-E -E F 0 0 0 


where Pap (i,j) are the force constants between atoms i and j. In the general Born—von Karman 
model the number of independent force constants is reduced, for a given crystal structure, by noting 
that: 

(a) the order of differentiation in equation (2.27) is immaterial; 

(b) the potential energy Y is invariant under rigid translations and rotations of the crystal, and 

(c) the potential energy Y is invariant to all symmetry operations belonging to the space group 
of the crystal. 

When condition (a) is not used, the model is called an extended Born—von Karman model (Powell 
1970). In the central Born—von Karman model the interaction between two atoms i and j is purely 
central, of the form 


7 (2.66) 


5 |(u(i) — (3) Fr 


where ?;; is the unit vector along the distance of atoms i and j. 

The general and central force constant matrices for the diamond structure up to the sixth nearest 
neighbours have been worked out (Herman 1959). From table 2.1, it is clear that for interactions 
up to the second nearest-neighbours two (six) force constants are required for the central (general) 
Born—von Karman model. 

As described in section 1.4, in diamond structure there are two atoms per Fcc unit cell located 
at (0,0,0) and a(1/4,1/4,1/4), where a is the cubic lattice constant. High symmetry points and 
directions in the Fcc Brillouin zone are presented in section 1.7. Using the two first-neighbour gen- 
eral force constants A and B, and the three-dimensional extension of the procedures described in 
sections 2.2.2 and 2.3, Parrott (1969a) has set up the dynamical matrix and obtained analytical ex- 
pressions for the phonon eigenvalues and eigenvectors along the A line joining the I and X points in 
the Brillouin zone. We will not detail the steps but simply quote the expressions for the dispersion 
relations: 


4A a 4A a 
2 qx 2 q 
OA = —, bt — 608 4 V5 Lo = —(1+cos =), 
2 . 4A [(“aeeey? =" 
dt, ine m m : 


(2.67) 


2 4A 4Acos#*\2  /4Bsin Sf \ 21/2 
ee a ae 


m m m 


These results are plotted in figure 2.13. Both TA and TO branches are doubly degenerate, and the 
LA and LO modes become degenerate at X. Note, however, that the TO branch lies higher than 
the LO branch for finite g, values along this symmetry line. It can be judged as a limitation of this 
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Figure 2.13 Phonon dispersion curves for diamond structure materials using the two nearest-neighbour gen- 
eral force constants A and B (see table 2.1). Calculations were performed by setting B = 34/8. 


simple model, as in diamond structure materials the TO and LO branches cross each other along 
the A line (see, e.g. figure 2.6(b)). 


2.4.1.3. The valence force field model 


One can express the interatomic potential energy in terms of internal displacements, namely changes 
in bond lengths and bond angles. Since valence coordinates are involved, the potential is called the 
valence force potential. 

A general form of the rotationally invariant valence force potential for the unit cell in the di- 
amond/zincblende type structure is given as (Musgrave and Pople 1962, Martin 1970, Torres and 
Stoneham 1985) 


2 
aN (Arj;) y+ ¥(5 y kare (AGinj)” + y, rokrg ( Arni)(AGinj) 
n=1 


ij>i i,jZi 
We y kr. Ar nj) )(Arnj) y+ y rakie (A inj) (A8 jnk) 
i GAUKA J 
Ta >) rokee 6 (A@ ini) (Ax), (2.68) 
2S, k 


where 1 (=1,2) represents the two atoms in the unit cell, ro is the equilibrium bond length, rp; is 
the bond vector between atoms n and i, the sums over i and j include the first neighbour of atom 
n, Qin; 1s the angle between the bonds in and nj, and in the last term k represents a second nearest 
neighbour of the atom n. Notice that the above potential includes three-body interactions. 

Keating (1966) simplified the valence force field energy in equation (2.68) by retaining only the 
squares of the scalar variations A(rp;-rnj) about the atom n. The resulting potential energy per unit 
cell in the diamond/zincblende structure is Torres and Stoneham 1985) 


Vo= 5% Date rii)] 43h Br (=) y [A(rni Taj) 


i,j>i 


2 
+ bie ace Ye >. A( (ni: Fnj)A (Taj ‘Tnj)- (2.69) 
n=1 415 i,j>i 
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The parameters Ox, Bx and Ox are called the central, non-central, and stretch—stretch Keating force 
constants, respectively. The potential energy in equation (2.69) is an invariant function of bond 
lengths and bond angles. 

The Keating potential becomes equivalent to the full valence force potential in the limit of small 
displacements, and the two sets of parameters are related as follows: 


1 
ky = 30K+ 5 Px: 
2 
kg = are 
kyr eae 30, ’ 
ht K 
ko = 57g 
kog = kog =O, (2.70) 


where we have used force constants averaged over the two atoms, e.g., Bx = 5 (BE + Bz), etc. 


2.4.1.4 Empirical many-body interatomic potentials 


The valence force field model described in the previous subsection is reasonably good for describing 
elastic properties and phonon spectra of crystalline diamond/zincblende materials. In order to satis- 
factorily describe properties of materials made of the same elements in a wider configuration space 
requiring larger displacements from the ideal tetrahedral geometry (e.g. to describe other crystalline 
forms or the liquid phase), it becomes desirable to seek more general forms of interatomic potential. 
Stillinger and Weber (1985) and Tersoff (1988, 1989) developed empirical many-body interatomic 
potentials which are more general in nature and are found to be excellent choices for explaining 
properties of covalently bonded materials such as Si, Ge and C in different crystalline forms and in 
the liquid phase. 

Stillinger and Weber (1985) expressed the interatomic potential by using a combination of the 
pair (two-body, central) vz term and a triplet (three-body) v3 term that possesses full translational 
and rotational symmetry. The two-body term is expressed as 
ee fe exp[(r—a)!],r<a (2.71) 

O,r>a, 


where A, B, p and a are parameters with positive value. The three-body term is expressed as 
V3 (Fit j0k) = Ariz, Vik, Ojik) + A(T ji, 1 jn, jk) +A This kj, OK ;) (2.72) 


where 0, is the angle between r; and r; subtended at vertex i, etc. The function h is expressed as 


h(rij, Vik Dik) = Aexp Wri = ay + V(rik = a)" (cos Ojik + ay (2.73) 
where A and y are two further parameters. Note that the function / is considered only when both rj; 
and rj, are less than the cut-off a introduced earlier. 

Several improved versions of three-body potential have been attempted. Here we refer the reader 
to the work of Tersoff (1988, 1989). He relied upon the central idea that in real systems the bond 
order (i.e. the strength of each bond) depends upon the local environment. Including environment- 
dependent bond order explicitly, he expressed the interatomic potential in the following form 


Vij = felris) [fe (rij + bij fa (ris) (2.74) 
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where fr presents a repulsive pair potential, which includes the orthogonalization energy when 
atomic wave functions overlap, f4 represents an attractive pair potential associated with bonding, 
and fc is a smooth cutoff function to limit the range of the potential. The function b;; represents a 
measure of the bond order. For a multicomponent system, the functions fr, f,4 and fc are expressed 
as follows (Tersoff 1989): 


fr(rij) = Aiyexp(—Ajjris), (2.75) 

fa(rij) = —Bijexp(—Mijrij), (2.76) 
1, Vij < Rij 

fe(riy) = 44+ 4008["(rij —Rij)/(Sij -—Rij)], Rij < rij < Siz (2.77) 
0, rij > Sij 


where 


bip = Mit BCR) 1m, Ci = VY felrix)g (ijk), 


k#i,j 
g(Gije) = L+e7/d? —c?/|d? + (hj — cos 6;jx)", 
Aig = (Art Aj)/2, may = (e+ my)/2, Ay = (AAD), 
Bi = (BiB;)/?, Rij =(RiRj)/?, Si; = (SiS;)"/. (2.78) 


Here i, j and k label atoms, r;; is the length of the ij bond and @,;;, is the angle between bonds ij 
and ik. The parameter 7;; indicates weakness or strength of the heteropolar bond ij, so that yj; = 1. 
In total there are 11 parameters (A, B, A, LL, B, n, c, d, h, R and S) for a single species system, and 
two additional parameters (7;;) for a two-species system. 


2.4.2. THE RIGID ION MODEL 


The rigid ion model, originally developed for the study of lattice dynamics of ionic crystals such 
as alkali halides, involves central pair interactions between the ions which are regarded as point 
charges (Kellermann 1940). The application of this model to semiconductors, in particular partially 
ionic HI—V and II-VI compounds, has been made (Banerjee and Varshni 1969, Vetelino and Mitra 
1969) by assuming that the forces in the crystal arise from two contributions: (a) long range or 
Coulomb interactions between ‘effective’ charges +Z*e on the ions and (b) short-range central 
and non-central interactions, as described in the Born—von Karman model. Thus this model for 
zincblende crystals combines the essential features of an alkali halide with the diamond lattice. 
For a good fit of experimental phonon dispersion curves, a large number of adjustable parameters 
(usually 11) are needed (Kunc 1973-74). 


2.4.3 DIPOLE APPROXIMATION MODELS 


The Born—von Karman and the rigid ion models have been extended to two relatively more suc- 
cessful dipole models for diamond/zincblende type crystals: (a) shell model and (b) bond charge 
model. 


2.4.3.1. The shell model 


The shell model was developed by Dick and Overhauser (1958) for ionic crystals and by Cochran 
(1959a) for covalent crystals. Essentially, an atom is represented by a non-polarisable ion core with 
charge X (consisting of the nucleus and tightly bound electrons) and a shell of valence electrons 
with charge Y. The displacement of the shell relative to the core produces a dipole. An ion core 
and its shell are regarded as point charges when dealing with the Coulombic interaction with other 
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Figure 2.14 The concept of the bond charge model for a tetrahedrally bonded covalent solid. 


ion cores and shells. In the simplest shell model, a minimum of five independent parameters are 
needed to describe core—core, core-shell and shell-shell forces extending only to nearest neigh- 
bours. However, for a successful explanation of phonon dispersion in many diamond/zincblende 
type semiconductors it is necessary to use a 14-parameter model (Waugh and Dolling 1963). An 
extension of the shell model is the deformable shell model or breathing shell model, proposed by 
Schréder (1966) and Kress (1972). 


2.4.3.2 The bond charge model 


Semiconductors with the diamond and zincblende structures are characterised by covalent bonds 
between neighbouring atoms. The maximum of the electronic charge density in semiconductors 
with the diamond structure is at the centre of such a bond. In semiconductors with the zincblende 
structure the maximum of the charge density is shifted slightly towards the anion taking part in a 
bond. This gives rise to the concept of bond charges in tetrahedrally coordinated semiconductors. 

The bond charge model can be regarded as an extension of the shell model. Phillips (1968) and 
Martin (1969) proposed a simple bond charge model, and Weber (1974, 1977) and Rustagi and 
Weber (1976) developed an adiabatic bond charge model for semiconductors with the diamond 
structure. In the adiabatic bond charge model, one considers point ion cores and point bond charges 
of zero mass located somewhere in the ion—ion bonds (see figure 2.14). Four types of interactions 
are considered: (i) Coulombic interaction between ions and bond charges; (ii) nearest-neighbour 
ion-ion central interaction; (111) ion—bond charge central interaction; and (iv) bond charge—bond 
charge non-central (or bond-bending) interaction of Keating type. 

Interaction (i) is long ranged, while interactions (1i)—(iv) are short ranged and are considered 
only between first neighbours. This model has been successfully applied to the study of the lattice 
dynamics of bulk diamond and zincblende type semiconductors, and semiconductor superlattices 
(Yip and Chang 1984). Figure 2.15 shows the phonon dispersion curve in Ge calculated from the 
bond charge model, together with a comparison with the experimental results of Nilsson and Nelin 
(1971) and Nelin and Nilsson (1972). With the adiabatic motion of the bond charges, Weber (1977) 
has shown that the typical flattening of the TA branch away from the zone centre is achieved when 
the effective ion—bond charge coupling (i)+(iii) is weak compared to the bond—bond interaction (iv). 
A detailed description of this model for calculations of phonon modes can be found in Srivastava 
(1999). 

The phonon dispersion curve for GaAs is shown in figure 2.16. The results from the bond charge 
model of Rustagi and Weber (1976) agree very well with experiment. 


2.4.4 LONG-WAVELENGTH OPTICAL PHONONS IN IONIC CRYSTALS 


When comparing the phonon dispersion curves in figures 2.15 and 2.16, it becomes apparent that, 
while the general shapes in the two figures are similar, there is one important difference. At g = 0 the 


Lattice Dynamics in the Harmonic Approximation — Semiclassical Treatment 35 


FREQUENCY (TH2) 


Figure 2.15 Phonon dispersion curves for Ge: solid lines show the calculations from the adiabatic bond 
charge model of Weber (1977) and the experimental values are from neutron scattering experiments (Nilsson 
and Nelin 1971, Nelin and Nilsson 1972). 
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Figure 2.16 Phonon dispersion curves for GaAs. The solid curves represent the calculations of Rustagi and 
Weber (1976) based on the adiabatic bond charge model. The experimental results are from Dolling and Waugh 
(1965). 


transverse and longitudinal optical branches are degenerate in Ge, while @(LO) > @(TO) in GaAs. 
In fact it is found that the splitting of the LO and TO branches for long wavelengths occurs in almost 
all crystals which are heteropolar (partially ionic such as GaAs) or ionic (such as NaCl). The origin 
of this splitting is the electrostatic field created by the long wavelength modes of vibrations in such 
crystals, as explained below. 

From section 2.2.2 we note that for a long-wavelength optical mode, the two atoms in the unit cell 
vibrate against each other. In ionic crystals such a vibrational mode will generate a finite polarisation 
density P, which in turn will give rise to a macroscopic electric field EF and an electric displacement 
D. These quantities are related as 

D=cE=E-+47P, (2.79) 


where € is the dielectric constant of the medium (here we consider only cubic crystals, so that € is 
not a tensor). Further, D and E satisfy the electrostatic equations 


V-D = 0, (2.80) 
VxE = 0. (2.81) 
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In a cubic crystal D || E || P and it can be shown from equations (2.80) and (2.81) (see, e.g., 
Ashcroft and Mermin 1976) that 


D=0 E = —4nP (LO mode) (2.82) 
E = 0 (TO mode) (2.83) 


i.e. there is a non-vanishing long-range electric field associated with the long wavelength LO vibra- 
tions. 

In the presence of the polarisation density P and the long-range electrostatic field E a long- 
wavelength vibration experiences an electrostatic restoring field (called the local field Eo, or the 
effective field Ere). In a cubic crystal, this is given by the Lorentz relation (see, e.g., Ashcroft and 
Mermin 1976) 


4nP 
a ee ~. (2.84) 
Using equations (2.82)—(2.84) we get 
8xP 
Fa = -— (LO modes) (2.85) 
4nP 
ne = ~~ (TO modes). (2.86) 


Thus for LO vibrations Erg reduces the polarisation, while for TO vibrations it supports the polari- 
sation. 

If QF represents an effective charge associated with the bth ion then the force OFF .¢ should be 
added to the right-hand side of the equation of motion, (2.44). This will have the effect of producing 
OTO < Mop and @LO > Wop, where Wop is the long-wavelength optical frequency in the absence of 
the ionicity (i.e. when Egg = 0). The LO and TO frequencies are related by the Lyddane—Sachs-Teller 
relation 


€0 
Oo = -OT0 (2.87) 


where & and €.. are, respectively, the static and optical dielectric constants of the crystal. Thus 
in an ionic crystal the long-wavelength LO and TO frequencies will be split by the finite amount 
®LO— ®TOo. 

A theoretical model for studying the long-wavelength optical phonons in mixed crystals will be 
discussed in section 11.4. 


2.4.5 SOFT PHONON MODES 


In section 2.4 we considered @ > 0,@7 > 0 for phonons in a crystal. For negative w the phonon 
frequencies @ become imaginary and the atomic motion increases exponentially with time, i.e. the 
crystal structure becomes unstable. 

Consider a phonon mode with a finite frequency @ (i.e. other than a long-wavelength acoustic 
mode). If due to some effect (or effects) the frequency of this mode is reduced and eventually 
brought down to zero, then such a mode is called a soft mode. The presence of a soft mode deforms 
the original crystal structure in favour of a more stable structure. 

An example of a soft TO phonon mode is found in some ferroelectric crystals. As the ferroelectric 
transition temperature 7. is approached from above, the frequency of the lowest TO branch in the 
paraelectric phase decreases as OF5 « (T —T,). At T, the restoring force of this TO mode becomes 
zero So that the crystal distorts into another structure. More discussion on this point can be found in 
many text books on solid state physics (see, e.g., Burns 1985). 

An example of a displacive phase transition in GaAs due to a soft TA mode will be discussed in 
section 4.7.3 
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2.5 DENSITY OF NORMAL MODES 


One of the most important quantities in lattice dynamical studies is the density of normal modes. 
This is defined as the number of normal modes between frequencies @ and @ + da, or, equivalently, 
between wave vectors q and gq + dq. Assuming that the dispersion relation (for phonons or for elec- 
trons) in a crystal is known, a general expression for the density of states (of normal modes or of 
electrons) can be obtained by using the periodic boundary condition. In this section we specifically 
deal with phonons but the general result derived here is valid for electrons as well. 


2.5.1 GENERAL EXPRESSION FOR A THREE-DIMENSIONAL CRYSTAL 


For obtaining a general expression for the density of states consider an infinitely large cube of 
dimensions L x L x L containing N° primitive unit cells of the crystal (N along each of the x,y,z 
directions). The technique of chain-folding used in section 2.2.1 can be applied along each of the 
x,y and z directions, so that now we have the following cyclic boundary conditions: 


u(r) =u(r+ Lk) =u(r+L§) =u(r+ZZ) (2.88) 


(see equation (4.8) for a generalised case). Thus for a trial solution of the form given in equation 
(2.4) we have 


exp [i(qxx + qyy + 42z)] = exp {ilgx(x +L) + ayy + 4z2]} (2.89) 
or 
etl -p=e?™ 4 =0,4+1,+2,.... (2.90) 
Similarly along the y and z directions. Thus 
2m An Na 
g-=0; 3 tel 2.91 
9x yi Fz = O;E TET L (2.91) 


i.e. the allowed q values form a cubic mesh in g-space, with one g confined to a volume (27/L)’. 
Therefore, for each phonon polarisation index (or for each spin orientation and for each band of 
an electron), a unit volume in q-space contains (L/27)* = NoQ/8z° values of g. Here NoQ is the 
volume of the solid containing No unit cells. 

To derive an expression for the density of states, we need to find the number of g-values, g(q), 
in a range dg (or correspondingly the number of frequencies, g(@), in a frequency interval d@). To 
derive an expression for g(@) consider two surfaces of constant phonon frequencies @ and @ + da. 
Consider an elementary area dS, on the @ = constant surface and construct a right cylinder between 
the two constant frequency surfaces. The volume of this right cylinder of height dq is 


d@ 
d° = [ dsud = [as — 2.92 
= = on “V0 ( ) 


where we have used the fact that V,@ is perpendicular to the @ = constant surface. Since the density 
of momentum space is NpQ/8z°, the number of g-values in this elementary volume is 


NoQ 
g(@)\d@ = ant x volume of cylinder 

NoQ i do 

= dS : 
8703 °|V_o| 

Therefore, the density of states is given by the expression 
NQ f dS@ 
o)= saz | —; 2.93 
8(@) = a3 ie (2.93) 


where c, = Vq@ is the phonon group velocity. 
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Equation (2.93) can be expressed more generally as 


_ NoQ dS 
x by / (2.94) 


~ 83 |VqQs|’ 


where s denotes a phonon polarisation index and the integration is over a constant frequency surface 
@;(q) = @. (When dealing with electrons s should stand for band index, and the expression in 
equation (2.94) should be multiplied by 2 to account for spin degeneracy.) In general the expression 
in equation (2.94) must be calculated numerically. This point is discussed in the next section. 

For some q-values the group velocity is (or approaches) zero (¢, > 0) which leads to g(@) > ~. 
Such points in q-space are called critical points and the singularities in the density of states are 
known as the von Hove singularities. 

At a critical point g = q, the curvature of the dispersion curve is zero, V,@ = 0, so that near q, 
one can approximate 


o(qs) = @(4-5) + Dante — 4ci)*s (2.95) 


where q; is a component of gq. The characteristics of the singularity at q, can be studied by substitut- 
ing equation (2.95) in equation (2.94). The critical point is a maximum if all aj < 0, a minimum if all 
aj > 0, and a saddle point if two of the ajs are positive and the third is negative, or vice versa. Phillips 
(1956) has presented a detailed group-theoretical and topological discussion of lattice vibrations and 
critical points. 


2.5.2 TWO-DIMENSIONAL CASE 


When dealing with a two dimensional system (such as a surface of area A = L”), the density of 
q-space will be A/ (22). Thus the phonon density of states will be given by 


A dla 
o) = —; 2.96 
g() re a oe) 
where d/ is an elementary length of constant frequency in the two-dimensional region. 


2.5.3 ONE-DIMENSIONAL CASE 


Let us apply the periodic boundary condition to the monatomic linear chain of length L = Na as 
shown in figure 2.2. It is easy to show that the density of the qg-space is L/2a for —t/a<q</a. 
As both positive and negative ranges of q are included, the density of normal modes is given by 


Lol 

= -s— 2.97 

g(@) a V_e Qa) 

2N 

_ 2)! 
ca, cos(aa/2)] 

ee, (2.98) 
T @2 —@2 


max 


Similar arguments can be used to calculate the density of normal modes of a diatomic linear chain. 

However, the resulting expression will not be as simple as in the case of a monatomic linear chain. 

Figure 2.17 shows the main features of the density of normal modes of a monatomic linear chain 

and a diatomic linear chain. There is a critical point at @ = @,,, for the monatomic linear chain. For 

the diatomic linear chain in figure 2.4, there is a critical point at @3 = ,/A/m-+A/M. In addition, 

because of two different masses (m < M) there are two extra singularities at @ = \/2A/M and 
2A/m. 
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Figure 2.17 The density of normal modes in a linear chain of atoms: (a) the monatomic chain in figure 2.2 
and (b) the diatomic chain in figure 2.4. The density of states in the Debye model which extends up to the 
Debye frequency @p = 5 EOmaxs as discussed in section 2.6.4, is also shown in (a). 


2.6 NUMERICAL CALCULATION OF DENSITY OF STATES 


A calculation of g(@) using the general expression in equation (2.94) requires a realistic integration 
over the Brillouin zone of the crystal under consideration. In general, such an integration requires 
a knowledge of phonon frequencies for wave vectors q in the entire Brillouin zone. In practice, 
advantage is taken of the point group symmetry associated with the Brillouin zone so that phonon 
frequency calculations are needed for wave vectors g lying only within the irreducible part of the 
zone. Although symmetry arguments reduce the amount of work, the problem of performing the 
integration in equation (2.94) still remains. In this section we describe two schemes of different 
sophistication for a numerical calculation of g(@). 

A useful collection of phonon dispersion and density-of-states curves for many insulators and 
semiconductors obtained from theoretical as well as experimental studies, with further discussion 
of force models, can be found in the book by Bilz and Kress (1979). 


2.6.1 ROOT SAMPLING METHOD 


This is a simple scheme of calculating density of states based on expressing equation (2.94) in the 
form ! 

NoQ 
823 


g(@) = y) 5(@— @(qs)). (2.99) 
qs 

The dynamical problem is solved for phonon frequencies at a large number of q,-points distributed 
throughout the irreducible part of the zone. With these frequencies one computes g(@) by replacing 
the Dirac delta function in equation (2.75) by a Heaviside function as explained below: 


IBZ 
g(@) = constant x )° O(@ — a(q,s)), (2.100) 


qs 


where 


ae 1 for |w—a@(qys)| < 4 
0 otherwise. 


'This follows from the following property of the Dirac delta function: 


200) rat 


where x; are simple zeros of f(x). (See equation (4.5.18) in Maradudin et al (1971).) 
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Figure 2.18 Phonon density of states for two-dimensionl systems: (a) monatomic square mesh, with the 
next nearest-neighbour force constant taken as half of the nearest-neighbour force constant: Aj = A, /2, and 
frequencies expressed in units of \/ A, /m, and (b) monatomic hexagonal mesh, with frequencies expressed in 


units of \/A/m. 


with an appropriately small frequency width (say, A@ ~ 0.005 THz). This method of calculating 
density of states can be very time-consuming. This is because, to obtain detailed features in g(@) 
with a reasonable accuracy, one requires a first-hand knowledge of (qs) at a very large number of 
q-points (typically 2000 or more) in the irreducible part of the zone. 

Following this procedure we present in figure 2.18 the phonon density of states curves for the 
two two-dimensional systems studied in sections 2.3.1 and 2.3.2. 

Phonon eigenvalues were computed by solving the secular equation in (2.32) and using the dy- 
namical matrices as described in sections 2.3.1 and 2.3.2. Density of states calculations were per- 
formed numerically using 325 g-points in the IBZ region  — X — M for the square lattice [cf. figure 
1.2(a)] and 529 q-points in the IBZ region [ — M — K for the hexagonal lattice [cf figure 1.5(a)]. For 
the square lattice with nearest and next nearest neighbour force constants A; and Ag, there are two 
peaks (van Hove singularities) in the total density of states curve, corresponding to the transverse 
acoustic (TA) and longitudinal acoustic (LA) dispersion curves. For the hexagonal lattice with the 
consideration only nearest neighbour interactions, there is a single peak (van Hove sigularity) in the 
density of states. Also presented are the density of states curves for the individual polarisations TA 
and LA. 


2.6.2 LINEAR ANALYTICAL APPROACHES 


Efficient Brillouin zone integration schemes which can provide detailed features in g(@) have been 
developed by Gilat and Raubenheimer (1966) and Lehman and Taut (1972). Several modifications 
of these schemes also exist. According to these schemes, the dynamical problem is solved for a 
relatively small number of wave vectors q, within the irreducible part of the Brillouin zone (1Bz) and 
linear extrapolation or interpolation is used to perform zone integration analytically. 


2.6.2.1. The method of Gilat and Raubenheimer 


The idea behind the method of Gilat and Raubenheimer (1966) is to calculate phonon frequencies 
(q,,5) over a crude mesh of wave vectors q, inside the irreducible part of the Brillouin zone. Then 
cells are formed around the points q,. The question of efficient shapes of these cells depends on the 
type of lattice under study, as discussed by Gilat (1976) in some detail. For the sake of brevity, we 
only discuss here the case of cubic cells. This, however, may require considering more than one 1Bz 
so that the whole Brillouin zone can be filled exactly and in an exhaustive manner. 
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Having formed the cubic cells, the next step is to define constant frequency surfaces (qs) = @ 
inside every cell. This is done by defining a set of parallel planes inside every cell. The direction 
cosines of these planes are given by the direction cosines /; of V@(q_s). The gradient of frequencies 
inside a cell can be approximated by the linear relation 


VO: (qi —4c) = @(4i) — ®(4c) (2.101) 


for any q; inside the cell. If w is the distance of a particular frequency plane from the centre q,. of 
the cell, then 


g(@) =) gs(qc3@) (2.102) 
Ic 
with 
85(q.,0)do = ed 
(a) 
= CWE si) ——_—, 2.103 
te) Wag sy aoe 
where @ lies in the range 
O(4¢) — Wmax|V O(G-5)| < @ < O(G-5) + Wmax|V O(G-5)| 
and 
w = (@—0(9,5))/|Vo(q_s)|. (2.104) 


Here C is a normalisation constant, W (q,) is the statistical weight of the point q, for its occurrence 
in the irreducible part of the Brillouin zone, and Wax is the maximum distance w confined within 
each cell. 

For a cube of side 2b, and the direction cosines ordered in a decreasing sequence J; > /2 > 13 > 0, 
we can distinguish between four different ranges for w; > 0, namely 


Ww = bly —h-b| 
w= b( —ly +1) 
w3 = dl +h—k) 
we = bh +th+h). (2.105) 


For any interval (w;,w;+1), there could be more than one type of cross-sectional area S,(J;,w). We 
quote here the results of Gilat and Raubenheimer (1966): 


MO<wewy 


4b 
q 
2b? (yb +h + hl) — (w? +b?) 


[lols 
for ly <b+h. (2.107) 


Ss(Libl3;w) for l>b+h (2.106) 


Gi) wy <w<w2 


2b? (3lal3 +h +h) +bw(l —b —) — 5(w? + wb?) 
Nlols 


Ss(Ui2133w) = (2.108) 


(iii) w2 <w <3 
2b[b(ly +h) — 
Ss(libl3;w) = a (2.109) 
142 
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(iv) w3 Sw <w4 

[p(y +h +13) —w]? 
2hlyls 

All these expressions, as well as their derivatives, are continuous at their respective range bound- 

aries. Also, these expressions are even functions of w, so that 


Ss(libls; w) = 


(2.110) 


Ss(lis —w) = Ss (lis w) (2.111) 


from which expressions can be obtained for the range w < 0. 

It should be remembered that this method for calculating density of states requires the evaluation 
of the gradient of frequency (see equation (2.104)). Gilat (1976) has proposed an extrapolation 
method of gradient calculation. Other methods may also be used for gradient calculation (e.g. using 
the k -p method in electron band structure calculations). 


2.6.2.2 The tetrahedron method 


There are two practical difficulties with the method of Gilat and Raubenheimer: (i) it requires an 
explicit evaluation of the gradient V,@, and (ii) as cubes do not usually fit the Brillouin zone exactly, 
it is necessary to determine the statistical weights of the cubes for the irreducible part of the zone. 
The analytical tetrahedron method developed by Jepsen and Anderson (1971), and independently 
by Lehman and Taut (1972), overcomes these difficulties. In this method, the irreducible Brillouin 
zone is exactly filled with a finite number of non-overlapping tetrahedra. In cubic crystals, this is 
most efficiently done by using a cubic grid of q, points in the Brillouin zone and then dividing 
portions of the cubes inside the irreducible part into a number of tetrahedra of equal volume. Within 
each tetrahedron, the frequency @(qs) is linearly interpolated to the form 


o(q) = @(q,) +4: (q—4Q)- (2.112) 


Here @(qo) are the frequencies at the corners qo of the tetrahedron. The coefficient a= Va@(qo) is 
approximated from @(qo;) at the four corners of the tetrahedron q;, i = 1,2,3,4. 
The density of states is then evaluated as the sum of contributions from all tetrahedra within the 


irreducible Brillouin zone 
g(@) «PY 8s,;(@), (2.113) 
Soi 


where j indicates a tetrahedron and s represents a phonon polarisation index. Analytical expressions 
for gs, j(@), as a function of the volume V; of the ith tetrahedron and frequencies at its four corners, 
are given in the book by Skriver (1984) and will not be reproduced here. 

Several improvements of the linear tetrahedron method have been presented. Blochl et al (1994) 
developed a simple correction formula that extends the expansion in equation (2.112) up to the 
quadratic term. This is found to improve the results for systems with many band crossings. More 
recently, Kawamura et al (2014) have introduced further improvement to the method based on the 
third-order interpolation and the least-squares method that reduces the number of q points required 
to obtain converged results for Brillouin zone integrations. Readers are referred to these research 
articles for further details. 


2.6.3 THE ISOTROPIC CONTINUUM APPROXIMATION 


A simple and useful approximation in the calculation of density of states is the long-wavelength 
or continuum approximation. This is based on the reasoning that at low temperatures most of the 
phonons excited in a solid are confined to low-q or long-wavelength acoustic branches. Within this 
approximation, details of crystal structure are ignored and the isotropic dispersion relation @(qs) = 
Csq is used for all the normal modes lying within a sphere of radius q. 
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For an isotropic continuum, the polarisation index s can be considered to take values s = L,T 
(degenerate transverse modes, and both longitudinal and transverse modes of only acoustic type). 
Futhermore, in this case a constant frequency surface is the surface of a sphere of radius g. An area 
dS@ at @ = constant surface is an element of area on the surface of this sphere, which in spherical 
polar coordinates is given by 

dS = ¢’ sin Od@d9. (2.114) 


Further, in the continuum approximation the group velocity is the same as the phase velocity: cy = c. 
Therefore, equation (2.94) becomes 


N24 a 1 
g(@) = ee L.| [apaosine 
= Mola yet 
x 2x2 Cs 
NQ ww? 
= oe = (2.115) 


Obviously this expression is very simple to use in any calculation and in fact does not require a 
solution of the dynamical problem. 


2.6.4 THE DEBYE APPROXIMATION 


As discussed in the previous subsection, the continuum model uses the long-wavelength approxima- 
tion and deals with only the acoustic phonon branches. However, Debye (1912) used the continuum 
approximation in the whole g-space and determined a cut-off gp (called the Debye radius) or equiv- 
alently an energy cut-off @p (called the Debye frequency) such that the volume of the sphere of 
radius gp (the Debye sphere) contains the correct number (3N) of all phonon modes in a crystal 
with N atoms: 


3 
2 SUD (2.116) 


with ¢ defined as 
2 NT ee (2.117) 


Equation (2.116) defines @p and gp: 


(2.118) 


It is also useful to define the Debye temperature Op for the solid by the relation kgOp = h@p, where 
kp is Boltzmann’s constant. 

It should be borne in mind that in the continuum approximation one can only talk of the acoustic 
phonon branches. This means that the Debye theory accommodates only acoustic phonon modes. 
This readily is achieved for Bravais crystals, i.e. for crystals with only one atom per unit cell. In this 
case, N = No and the radius of Debye sphere can be expressed as qa = (6x7 / Q) eae Suppose 
that the unit cell of the crystal contains two atoms of masses m, and mp. If the mass ratio m, /mp is 
close to unity, then the slope of the optical branch can be comparable to that of the acoustic branch 
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Figure 2.19 The density of normal modes in a three-dimensional crystal. (a) The Debye model, (b) The 
density of states for Ge, as calculated with the adiabatic bond charge model (Weber 1977). 


and the role of optical phonons can be quite important. The original Debye scheme can be extended 
to include the contribution of optical phonons in g(@), in an approximate way. This can be done 
by defining a @nax, bigger than ones, so that the corresponding sphere of radius gjq, includes 
both acoustic and optical phonons. However, this scheme may not be reasonable if the mass ratio is 
significantly bigger than unity, but in that case the group velocity of optical phonons is quite small 
and their contribution to transport properties is negligibly small (see Chapters 6 and 7 for further 
discussion on this point). 

The density of states in the Debye model is a smooth function of the phonon frequency (g(@) « 
@*) and has just one van Hove singularity at the Debye frequency @p. The density of states for 
an actual crystal structure in general shows a few singular points. Figure 2.19 gives an schematic 
illustration of the density of states in the Debye model and its comparison with the density of states 
for a realistic crystal. 

The Debye model can also be used to obtain analytical expressions for the density of states for a 
linear chain and for a two-dimensional lattice. From equation (2.97), we get for a monatomic linear 
chain 

gip(@) = L/av = 2N/RWmax = constant, (2.119) 


where the terms are defined in section 2.2.1. For a two-dimensional lattice we can replace /@ = 27q 


in equation (2.96), so that 
AO; 


82p(@) = re gay (2.120) 
Ss Ss 


Thus g1p is a constant (shown in figure 2.17 for the monatomic linear chain), while gap « @. 


2.7 LATTICE SPECIFIC HEAT 


The heat capacity at constant volume is a fundamental quantity from the point of view of thermal 
properties of solids. It is defined as 


(2.121) 


where E is the thermal energy of the crystal with volume NoQ at temperature T. The heat capacity 
at constant pressure C,, is related to C, by the following thermodynamic relation: 


Cp =C, + B°BNOQT, (2.122) 


where B is the volume thermal expansion coefficient, and B is the bulk modulus of the solid. In 
general C, > C, but, as T + 0, C, — C, so that at low temperatures the two quantities are nearly 
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identical. Experimental observations suggest the following temperature dependence for C,: 


at high temperatures C, ~ 3Nkg for all solids 
at low temperatures C, «T? in insulators 
x T in metals. 


Here N is the number of atoms in the solid. In this section, we only discuss the behaviour in insula- 
tors. (The C,, « T behaviour in metals is due to conduction electrons.) 

The molar heat capacity of a solid at high temperature is C,,, = 3Nakp = 3R, where Nz is Avo- 
gadro’s number and R is the gas constant. This is known as the law of Dulong and Petit. 

The specific heat (or specific heat capacity) of a solid is defined as the heat capacity per unit 


volume, 1 
Cc? = __C,,. 2.123 
v NoQ 7 ( ) 


2.7.1 CLASSICAL THEORY OF Cy 


In the simple classical theory, atoms of a solid are regarded as independent three-dimensional simple 
harmonic oscillators. The average thermal energy associated with the vibrations of an atom is 3kpT. 
For a solid with N atoms, therefore, E = 3NkgT and hence C, = 3Nkg in agreement with the 
Dulong—Petit law at high temperatures. Clearly this simple picture completely fails to explain the 
low temperature behaviour of C,,. 


2.7.2. QUANTUM THEORY OF Cy 


In the quantum theory we consider the crystal thermal energy as a sum of energies of phonons in 
thermal equilibrium with each other. From statistical mechanics the average energy for a phonon in 
polarisation mode s is (also see equation (4.42)) 


Es = NshOs (2.124) 


with v7; given by equation (2.2). 


2.7.2.1. Einstein’s model 


In 1907 Einstein formulated the first quantum theory of C, (Einstein 1907). He assumed that all 
atoms in a solid vibrate independently and with the same frequency Wg. This means that each 
phonon in a solid has an average energy €g = 37(@g )h@z, where the factor 3 accounts for the three 
polarisation modes. With this the crystal thermal energy is 


E = Ne, 
= 3Nhag/lexp (hag /kgT) — 1] (2.125) 


and therefore the heat capacity is 


hg z Ss pp 
C, = 3Nkg (=) fig(fAg +1). (2.126) 
kpT 
At high temperatures kgT >> h@g and we can approximate fig ~ kgT /h@g, which gives C, = 
3Nkg in agreement with the Dulong—Petit law. At low temperatures kgpT << h@g and we can 
approximate fig ~ exp(—h@g/kpT) and fg + 1 ~ 1, which gives 


hOg e 
Chess = 3Nkpz (=) exp (—h@g/kgT) 
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x T~2¢B/T (2.127) 


Thus Einstein’s model predicts a temperature dependent behaviour of C, at low temperatures, which 
is an improvement over the classical theory. However, although it predicts the correct behaviour 
C, — 0 as T — 0, the actual temperature variation is wrong. 


2.7.2.2 Debye’s model 


A satisfactory explanation for both high- and low-temperature variations of C, did not emerge until 
the Debye model for the density of normal modes was incorporated in the quantum picture of lat- 
tice vibrations. Debye in 1912 used the isotropic continuum approximation for phonon dispersion 
(sections 2.6.3 and 2.6.4) and considered contributions from phonons in all acoustic polarisation 
branches and with wave vectors throughout the Debye sphere (Debye 1912). With these considera- 
tions, the crystal thermal energy is expressed as follows. 

We first write 


E =) Y ho.(q)as(q), (2.128) 
q s 


where 7is(q) is given by equation (2.2), s is the polarisation index, and the sum over q includes 
all independent phonon states in the Brillouin zone (whch is considered as the Debye sphere). In 
practice, the crystal volume NoQ is very large and the g-values are densely spaced, so that the sum 
over g can be replaced by an integral 


Q 
y= | ag = aa fe 
7 87 


NoQ da@ 

= dS, 
873 / ° V0 

= i g(@)do. (2.129) 

Equation (2.128) then becomes 
Op 
ES) [ da,gs(@)ho;(q)”s(q) (2.130) 
AY 


@p being the Debye frequency. Inserting the expression for g,(@) from equation (2.115) we get 


NoQh 
gays cf da,o3is, (2.131) 
AY 


where the q dependence of @ and fi is not shown for simplicity. From here the expression for the 
lattice, heat capacity comes as 


NoQh? 
= Sehigt? 2 ye a de, esis (iis + 1). (2.132) 


Cy 


By introducing dimensionless quantities z = h@,/kgT and zp = @p/T, and by using equations 
(2.94) and (2.97), we can rewrite equations (2.131) and (2.132) as 


oNkeT ( Rag 2.133 
: (x) f i (2.133) 


3 Az 

T ZD Ze 
9Nkp | — dz ———.. 2.134 
»(35) A “(e—1? on 


E 


Cy 


I 
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Figure 2.20 The low-temperature heat capacity of solid argon compared with the Debye T? prediction with 
Op = 92 K (solid line). (Reproduced from Kittel (1986).) 


At high temperatures z <<< | and e* — 1 ~z, so it can be easily seen that E = 3NkpT and C, = 
3Nkg, in agreement with the classical result. At low temperatures z >> 1 so that zp can be taken as 


co and 
Shines 3 
T Zz 
E = kpT | — dz——_ 
- si (s,) I 7-1 


4 T 3 
= Fk? ( ie (2.135) 


where € is the Riemann zeta function: ¢(4) = 2*+/90. Differentiating equation (2.135) with respect 
to temperature we get 


1224 Tr \? 
Coley = ~5 Nks Op 
« T3. (2.136) 


Thus the Debye theory successfully explains both the low- and high-temperature dependence of 
the lattice heat capacity of insulating crystals. The result in equation (2.136) also indicates that the 
smaller the Debye temperature, the larger the low-temperature heat capacity of a solid would be. 
An excellent fit of the expression in equation (2.134) to the low-temperature heat capacity for solid 
argon is shown in figure 2.20. 

It should be emphasized that real crystals cannot be adequately treated as an elastic continuum 
and their atomic nature must be considered. But then an accurate calculation of C, becomes quite 
involved as it necessitates computation of g(@) using a realistic lattice dynamical model. If instead 
the Debye formula for C, is preferred, then it becomes necessary to treat Op as a single empirical 
parameter in equation (2.134). A reasonable way to choose the Debye temperature as a temperature- 
dependent parameter @p(T) is to fit equation (2.134) with the observed heat capacity. A list of 
Debye temperatures for a number of elements, determined by fitting the observed heat capacity 
to the Debye formula in equation (2.134) at the temperature where the heat capacity is half the 
Dulong—Petit value (3Nkg), has been presented by de Launay (1956). 
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2.8 ELASTIC WAVES IN CUBIC CRYSTALS 


The theory of elastic waves in crystals is very well described in many books and articles (see, e.g., de 
Launay 1956, Drabble 1966, Briiesch 1982). We will use a standard notation for elastic constants to 
express the Hamiltonian of an anharmonic elastic continuum in section 4.5. Here we simply mention 
that the equations of elastic waves in a three-dimensional crystal can be derived by appropriately 
extending the ideas in equation (2.11). It can be shown that in the long-wavelength limit equation 
(2.44) can be expressed as 
: Oty 
Pie 2, Cap. airy (2.137) 
where p is the mass density and Cypg yg are the second-order elastic constants of the crystal. 
Using the trial function 
u = Uexp|i(q-r— @t)] (2.138) 


we can express equation (2.137) as 
Y(XCer.54045 = 5apP O° )ug =§, (2.139) 
B 76 


These are known as the Green—Christoffel equations, whose non-trivial solutions are obtained by 
solving the secular determinant 


Eo Carpeqras = Suppo”| =0. (2.140) 
76 


A comparison of the solutions of equation (2.140) with the solutions of equation (2.50) in the long- 
wavelength limit can be made to relate the atomic force constants to the elastic constants. 

The elastic tensor Cqpg ys is symmetric under the transpositions a «+ B, y<+ 6 and @B + Y6, so 
that there are only 21 independent components. It is usual to use a simplified notation for the elastic 
constants by contracting the indices as follows 


11 <9 1209-9 99 909,92 = 431, 19 S19 1 SG, (2.141) 


In the contracted notation, the following relations between the elastic constants of cubic crystals 
hold: cy, = c22 = €33, C12 = C13 = C23 = C31 = C32, Ca4 = C55 = Coo, and others are zero. Out of these 
C11, C12 and ca4 are generally considered as the independent second-order elastic constants. 

If ux,Uy,Uz represent the x,y,z components of atomic displacement in a cubic crystal, then the 
equations of the elastic waves (equation (2.137)) become 


du, 07 ux O2uy 07x 07 uy Ou; 
p hae | cu ( naa =a) + (C12 + C44) (> | o) (2.142) 


and similar equations for u, and u, obtained by cyclic permutation of (u,,uy,uz) and (x,y,z). The 
secular determinant in equation (2.140) now reads 


cuge teas (gy +q2)—po* (c12+¢44)ax4y (c12 +044) 4x42 
(c12 +044) ax4y egy teaa(Ge-+9¢) PO” (c12 +044) dy4z = 0. (2.143) 
(C12 +44) dx4z (c12+c44)dy4z cigs teas (qe t+q3)—p o7 


The solutions of this equation give the frequencies @ and hence the sound velocity v in terms of the 
elastic constants cpg. 

Now let us obtain the results for the velocities of pure longitudinal and pure transverse elastic 
waves along the symmetry directions [100], [110] and [111] in cubic crystals. 
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For a wave along [100], i.e. q || [100], we can try a solution uv, = U; exp[i(qxx — @t)|,uy = uz =0. 
From equation (2.143) the speed of the longitudinal wave is 


cu 


v_ [100] = — = oe (2.144) 


To obtain the speed of a transverse wave, we may try a solution w, = U) exp|i(qyy— @ft)],u, = uz =0, 
or we may equally well try u, = U,exp|i(g,z — @t)|,uy = uy = 0. In both cases equation (2.143) 
yields the same speed of transverse wave 


vz (100) = ,/*. (2.145) 


p 


Thus for a wave propagation along the x axis, we have a longitudinal wave with particle displace- 
ment along the x axis, and two identical but independent transverse waves with particle displace- 
ments along the y and z axes. 

For a wave along [110], gx =qy =q/ V2. In this case a little bit of algebra is required to determine 
the direction of atomic displacements. The longitudinal wave with atomic displacement along [110] 
has speed 


2, 
yy [110] = a. (2.146) 


However, there are two non-degenerate transverse waves with speeds 


atomic displacement along [001] : vy, [110] = ,/ 7 (2.147) 


atomic displacement along [110] : vy, [110] = pes (2.148) 


For a wave along [111], gx =qy = 9; = q/V3. In this case the longitudinal wave has speed 


2c +4 
yi [111] = SS (2.149) 


The two transverse waves have identical speed: 


C11 — C12 + C44 


yy [111] = 7 


(2.150) 


and correspond to atomic displacements along [110] and [112]. 

In directions other than [100], [110] and [111] the waves in a cubic crystal crystal cannot all be 
interpreted as purely longitudinal and purely transverse unless the material is isotropic. The isotropy 
of a material requires that the transverse velocity be the same in all directions. In the case of cubic 
crystals we get, from equations (2.145), (2.147)-(2.148) and (2.150), 


C11 — C12 = 2c44. (2.151) 


If each atom of an unstrained crystal is at a centre of inversion (such as in a monatomic crystal) and 
if the interatomic forces are central, then there exist certain relations between the elastic constants 
of the crystal. These are known as the Cauchy relations. For cubic crystals there is only one such 
relation: 

C12 = ca44. (2.152) 


50 The Physics of Phonons 


Thus a monatomic cubic crystal is isotropic if 


cu = 3c44 (2.153) 


ve = V3v7 =4/ =e, (2.154) 


The elastic constants of crystals with diamond and zincblende structures, which are characterised 
by the presence of non-central forces due to the formation of directional bonds, do not in general 
meet the isotropy condition in equation (2.151) and do not satisfy the Cauchy relation. 


and then 


3 Lattice Dynamics in the 
Harmonic Approximation — 
Ab initio Treatment 


3.1. INTRODUCTION 


All phenomenological theories of lattice dynamics suffer from at least two problems: they are not 
necessarily applicable to all types of solid and their parameters do not necessarily contain concep- 
tual simplicity. It was felt in the early 1970s that the number of phenomenological models had gone 
to the extent that one wanted to see the development of an a priori quantum mechanical calcula- 
tion of phonon spectra. This is especially true for semiconductors and insulators. In 1974 Sham 
described several semi-phenomenological models (Sham 1974) which give a flavour of what should 
be involved in a first-principles calculation of phonon frequencies in non-metals. 

In a calculation of the phonon spectra of a solid, the direct ion—ion interaction (described by a 
central force model) must be corrected by including the effect of indirect ion—ion interaction (also 
known as ion-electron-ion interaction, or electronic polarisation). In phenomenological models, 
this is done in an ad hoc way. An ab initio calculation requires an accurate and parameter less 
knowledge of the microscopic electronic response to frozen-in lattice vibrations. Such a calculation 
is relatively easier for simple metals with only s and p screening electrons and with rather unim- 
portant local-field effects. However, for transition metals, semiconductors and insulators local-field 
effects are very important and an ab initio calculation of phonon spectra in such cases must accu- 
rately account for these effects. 

The basic idea is to determine force constants via the total energy of the crystal under investiga- 
tion. (Here the term crystal energy refers to the total energy of a system of frozen nuclei.) Within 
the adiabatic approximation, valence electrons respond instantaneously to nuclear motion and the 
total energy of the system can therefore be considered as a function only of the positions R of the 
ions, 

Ezor(R) = Ejon—ion(R) + E.i(R). (3.1) 


Here Eign—ion 18 the direct ion—ion interaction energy, and E,; is the total energy of the (valence) 
electrons moving in the potential field of ions, including quantum mechanical kinetic, exchange 
and correlation energies. The equilibrium internuclear distance Ro is determined by minimisation 
of the total energy, for which the force on every atom is zero. Phonon energies are determined from 
Fjo:(R) for R away from equilibrium. 

There are two commonly used approaches for the calculation of E;,,,(R): (i) direct methods and 
(ii) linear response methods. In this chapter we present the underlying theory for both the direct 
and the linear response approaches. The coverage of the subject is as follows. In section 3.2 we will 
describe total energy and force calculations based on the application of density functional theory 
(pFT) and the plane wave pseudopotential formalism. In section 3.3 we will discuss evaluation of 
the harmonic force constants and phonon eigensolutions using a few variants of both the direct and 
linear response methods, including the density functional perturbation theory (DFPT). 


3.2. TOTAL ENERGY AND FORCES 


In the direct method, calculation of the electronic part of the total energy, E,;, is sought from a solu- 
tion of the Schrodinger equation for electrons. This is a very difficult problem, and indeed numerous 
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attempts have been made to solve it since the early days of solid state physics: first attempts were 
made by Wigner and Seitz (1933, 1934) and by Fuchs (1935). We can categorise the direct method 
into two approaches: (a) real space calculations and (b) momentum space formalism. Real space 
calculations for the total energy of solids include direct solutions of the Schrédinger equation in 
the Hartree-Fock, density functional or model potential approximations. A major difficulty in these 
calculations is in dealing with divergent terms in the expression for the total energy. This has led to 
a number of ‘shape’ approximations for the electronic charge density p(r); for example, muffin-tin 
or cellular approximations. A simple muffin-tin approximation produces unsatisfactory results for 
open structure solids like tetrahedrally bonded semiconductors and insulators, but non-muffin-tin 
corrections are quite complicated. 

A direct calculation of the total energy from a self-consistent solution of the Schrédinger equa- 
tion within a pseudopotential scheme has been presented by Ihm et al (1979). This method uses 
the momentum space formalism and does not use any shape approximation to the electronic charge 
density p(r). More importantly, the formalism results into a drastic simplification of the total energy 
expression. Although their formalism is particularly designed to be applicable within a pseudopo- 
tential scheme with a plane wave basis set, it can be extended to mixed basis sets as well (e.g. plane 
waves plus Gaussians). In the following we describe the underlying theory of this method. 


3.2.1. GENERAL CONSIDERATION 


We begin by explicitly writing the crystal Hamiltonian # as 


HH = T+V 
= Ton + Te, + Vion—ion + Vel—et + Vion el» (3.2) 


where ionic and electronic contributions to the kinetic energy T and potential energy V are indicated 
by subscripts. The total crystal energy E;o, is the expectation value of the Hamiltonian operator # 
which satisfies the many-body Schfodinger equation 


2 (R,r) = Eon (R,N), (3.3) 


where 7)(R,r) is the wavefunction of the crystal with ions at {R} and electrons at {r}. Assuming 
that electrons adiabatically follow ions, we use the Born-Oppenheimer approximation and express 


N(R,r) = X(R) (Rr), (3.4) 
where 7 and are ionic and electronic wavefunctions, respectively. This allows us to express 
Ton (R,r) = ¥(R,1)TionX (R) (3.5) 
and thus split equation (3.3) in the form of two inter-linked equations 
[Tion + Vion—ion + Eei(R)]X(R) = Eiond (R) (3.6) 


and 
[Ter + Vel—ion +Ve—ei]'2(R,r) = Eg (R)Y(R,r). (3.7) 


While the terms Tj, and Vion—ion can be considered classically and if Vel_jon is taken in the Coulom- 
bic electron-nuclear form, then the many-body Schrodinger equation in (3.7) must be solved care- 
fully for obtaining the remaining terms. If, as discussed later, Ve|_ion is considered in some other 
form, then it also may be required to be evaluated by solving a many-body Schrodinger equation. 
Different choices for Ve}—ion and ‘¥(R,r) have led to different schemes for solving the electronic 
many-body Schyodinger equation in (3.7). Two broad categories of formalisms have been adopted 
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for the consideration of ‘¥(R,r): wavefunction formalisms such as the Hartree-Fock method, and 
density functional formalisms. 

An example of the application of the Hartree-Fock based wavefunction approach can be found in 
a recent publication (Dovesi et al 2020). The concept of density functional started in the late 1920s 
and early 1930s, with the development of the Thomas—Fermi—Dirac—Wigner scheme (see Appendix 
A). In the Thomas—Fermi model it is assumed that electrons move independently in an effective 
electrostatic potential, obtained from solving Poisson’s equation and requiring that chemical poten- 
tial is constant (Thomas 1927, Fermi 1928). The kinetic energy of the electrons is approximated as 
the kinetic energy of a system of non-interacting electrons with a spatially slowly varying charge 
density n(r). Dirac (1930) added the concept of exchange to the Thomas—Fermi theory. Later, the 
electron correlation contribution, i.e. Coulomb repulsion between antiparallel spin electrons, was 
added by Wigner (1934). A fundamentally new and robust density functional scheme was devel- 
oped by Kohn and co-workers in mid 1960s. The resultant Hohenberg—Kohn—Sham formalism of 
the density functional scheme (Hohenberg and Kohn 1964, Kohn and Sham 1965) is found to be far 
more successful in describing electronic, optical and vibrational properties of solids. It has gained 
unparallel recognition and is simply known as the density functional theory (pFT). Here we will de- 
scribe how the Hohenberg—Kohn-Sham prt is applied to solve equation (3.7) for the electronic part 
of the crystal total energy. 


3.2.2. DENSITY FUNCTIONAL THEORY 


The fundamentals of the prr and derivations of important quantities are described in Appendix A. 
In essence, this theory replaces the consideration of an N-electron wavefunction ‘Y(r},r2,...,7v) in 
equation (3.7) with that of the electronic charge density n(r) defined as 


n(r) = N fdr... [oie (r,r2,.-,n)Y(r,ro,-- Tn) (3.8) 
for a chosen ionic configuration {R}. In other words, P(r) ,r2,...,7) is a unique functional of n(r): 


W(r1,r2,...1N) + P[n(r)], (3.9) 


which, however, is not known. The total energy of the electronic system takes the lowest value for 
the correct ground-state value n(r) = p(r) of the charge density. As explained in Appendix A, the 
ground-state electronic energy, when the system is subjected to an external potential Vext(r), can be 
expressed as 


Ea=Tolp]+ [ dVoulr)p(r) + f arvacryp(r) + | drVsclr)pr) (3.10) 
with the various terms explained below. 
The ground-state electronic charge density is obtained as 


occ 


P(r) =2y wi)’, (3.11) 
J 


where the factor 2 accounts for the spin degeneracy of the electron states and y;(r) is the j® occu- 
pied wave function of a system of fictitious non-interacting particles which satisfies the following 
Schrédinger-like equation, called the Kohn—Sham equation 


h 
(- Fv? + vist") yi(r) =e; y;(r), (3.12) 
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with €; representing the corresponding eigenvalue. The Kohn—Sham potential V«s(r) in equation 
(3.12) is 
Ves (1) = Vex (7) + Vi (1) + Vac(r), (3.13) 


where Vy is the Hartree potential and Vx, is the many-body exchange-correlation potential. Vx¢ is 
usually unknown and various levels of approximation have been made to express it as a functional 
of p, some of which are discussed in Appendix A. The term 7o/p] in equation (3.10) is the kinetic 
energy of the system of fictitious non-interacting particles 


occ 


Tolp] = ei— | drVes(r) P(r). (3.14) 


Equation (3.12) must be solved self-consistently by making a plausible choice for y; and utilizing 
an acceptable functional form of Vxc. 

Before proceeding, it should be noted that the Kohn—Sham eigensolutions (y; and €;) should 
not not be directly identified as the electronic eigensolutions of the system under study. The only 
meaningful interpretation of Kohn—Sham eigenfunctions {y;} comes via equation (3.11) which 
defines the electronic charge density of the system. The Kohn—-Sham eigenvalues {€;} are merely 
Lagrange multipliers for the application of the Kohn—Sham variational principle (see Appendix A), 
satisfying the requirement that the total number of states with €; < equals the number of electrons, 
subject to the orthonormality of y;. Only the highest occupied €; of a large system is meaningful: 
being equal to the chemical potential p it represents the ionisation energy of the system (or the work 
function of a metal). 


3.2.3 MOMENTUM SPACE FORMULATION OF ELECTRONIC BAND STRUCTURE 


The external potential V-x¢ is the potential electrons in the system are subjected to. For a system in its 
ground state in absence of any external perturbation, Vx; is the potential exerted by the ions(nuclei) 
on the valence(any) electron. For most purposes it is sufficient to consider an atom as an ion plus 
valence electrons. This helps us replace Vext by a weak pseudo-potential Vp; and the highly oscilla- 
tory wavefunction y by a smooth function @, known as pseudo wavefunction. These considerations 
are detailed in Appendix B. 


3.2.3.1 Kohn-Sham equations using plane wave pseudopotential method 


A pseudo wavefunction @ can be built using either an atomic orbital basis (such as Slater orbitals 
or Gaussian orbitals) or plane waves, the latter being more common. Using a plane wave basis, we 
express @;(r) for an electron of wave vector k as 


1 
jx(r) = TN ye j(k+ Gye), (3.15) 
where NoQ. is the volume of the crystal containing No unit cells, G is a reciprocal lattice vector and 
Aj(k+G) is a Fourier component of the pseudo wavefunction. 
A non-local ionic pseudopotential is energy dependent and shows space non-locality, i.e. it is 
expressed as v(r,r’; E). As explained in Appendix B, in a small energy range we can express it ina 
semi-local form 


dps(r) =) Pi ve(|r|) Pe, (3.16) 
£ 


where Y; is a projection operator which projects out the ¢" angular momentum component of the 
core wave function. The total non-local pseudopotential for a crystal can be constructed as a sum of 


Lattice Dynamics in the Harmonic Approximation — Ab initio Treatment 55 


non-overlapping ionic pseudopotentials, 
(r) =) oe —-p - 2), (3.17) 
pb 


where p is a Bravais lattice vector and T, is the position of the bth ion in the unit cell. A Fourier 
component of V,,(r) can be expressed as (see Appendix B) 


Vps(k +G,k+G') = Lol (G-G') Devo.e( (kK+G,k+G’), (3.18) 
where M is the number of ions (atoms) in the unit cell, 


Sp(G—G’) = ei(G-G)% (3.19) 


is the structure factor for the bth atom at position T,, and 
vpe(kK +G,k+G’) = 3 / dre ik+G')r5, (p)eilk+G) +r (3.20) 


is the @° component of the form factor for the bth atom of volume Q,,. 
For a local pseudopotential v,(r) = vp(|rl) and equation (3.18) reduces to 


7 HG )vp (|G) (3.21) 
with S,(G) given by equation (3.19) and 
vp(|G|) = =| dr v,(|r|)e'@". (3.22) 


Using the plane-wave pseudopotential scheme described above, we can easily express the Kohn— 
Sham equation in (3.12) in momentum space (see, e.g., Appendix B) 


R2 
>» (+6) = e;) 5G.g' + Vps(k +G,k +G’) 
G' 
+Vu(G' —G) + Vio(G'—G)] A {k+G) =0. (3.23) 
This is now a matrix eigenvalue equation which must be solved self-consistently for the eigenvalues 


€; and the eigenvectors A ;(k +G). From the eigenvectors, a Fourier component of the charge density 
p(G) can be calculated: 


BZ 
= Y' px(G) (3.24) 
k 
with a 
=2) yy 45 (k + Gy)A i(k +G1)6G,-G,.4; (3.25) 


jG; Gy 


where the factor 2 accounts for the spin degeneracy of the electronic states, and p(G = 0) is nor- 
malised to the number of valence electrons in the unit cell. A Fourier component of the Coulomb 
(Hartree) potential Hy(G) is obtained by solving the necessary Poisson equation: 


Ane” p(G) 


vulG) = 


(3.26) 
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The term Vx.(G) is the Fourier transform of an effective one-particle exchange-correlation poten- 
tial Vxc(r) defined within the prr as the functional derivative of the exchange-correlation energy 
Ex(p[r)] (Kohn and Sham 1965) 
5Ex-[p(r)| 
Vic (1) = ————.. 3.27 
xe(I) Sn) (3.27) 

While there is no simple exact expression for Exc[p( 
(Hohenberg and Kohn 1964) 


r)|, for slowly varying p(r) one can write 


Exc = | drp (rec) (3.28) 


where €x.[P(r)] is the energy per particle of of homogeneous electron gas with density p(r) in 
the neighbourhood of r. Within this local density approximation (LDA), the expression for the 
exchange-correlation potential becomes 


(3.29) 


In order to account for the inhomogeneous density distribution in real solids, modifications to the 
LDA are required. Several improvements over the LDA have been proposed. The most commonly 
used is the so-called generalised gradient approximation (GGA). A brief discussion of Ex.[p(r)| 
and V,.(r) within the LDA and GGA has been presented in Appendix A. Here we will continue 
within the LDA. 


3.2.3.2 Special k-points method for Brillouin zone summation 


The amount of labour required to do the Brillouin zone summation in equation (3.25) can be reduced 
by using a few special k-points in the irreducible part of the Brillouin zone of the system. The special 
k-points scheme uses a concept which is based on the use of group symmetry considerations. 

Baldereschi (1973), Chadi and Cohen (1973), Cunningham (1974) and Monkhorst and Pack 
(1976) have developed a method for determining ‘special’ sets of k-points in the irreducible segment 
of the Brillouin zone which are ‘most efficient’ in averaging periodic functions. By ‘most efficient’ 
one means determining the average to a high degree of accuracy with a modest number of sampled 
k-points. It is found that Baldereschi’s mean-value k-point, or Chadi and Cohen’s two special k- 
points, are adequate for a reasonably good representation of the electronic charge density, total 
energy and forces in semiconductors with diamond and zincblende structures. A good description 
of special k-points for crystals of different symmetries and their use in the calculation of electronic 
structure and related physical properties is given in Evarestov and Smirnov (1983) where references 
to other works can also be found. 

To understand the use of the special k-points scheme for Brillouin zone summation let us consider 
evaluation of electronic charge density p(r) at a point r in the system. For a periodic system, we 
express 


pir) = YpGe'e" 
G 


BZ 
Y [Lee], (3.30) 
G k 


with the Fourier component p(k,G) for a k point inside the Brillouin zone given in equation (3.24). 
Consideration of group theory can be made to reduce the Brillouin zone integration to a summation 
involving a few special k points inside the irreducible part of the zone. We will explain this below. ! 


' An alternative procedure for obtaining symmetrized electronic charge is described in section 3.2.5. 
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We first consider replacing the infinite k-sum (or integration) in equation (3.30) by a finite sum 
using N; k points inside the Brillouin zone. 


Ne 


1 : 
p(ir)~— ¥ Yplk,G)e'@. (3.31) 
Ni k(BZ) G 


Then, using equations (1.35) — (1.37) for the effect of a space group operation O = {Z@|t} ona 
plane wave, we can express 


py) = tye y Leck. Ge'er 

M (gy Nk ” K(BZ)'6 

25 ER y Yp(k.G iG-2,'1r-iG-B' tm 
Mn L iABz) G 

Ps. ae y Y p(k G) ZemG-r ,—i%mG-tm 
Mr L i(1Bz) G 

= oy y Pay #, Ge Gin elGr 
L G k(IBZ) Mn te 
1 z 

= oY Y Psym(k, Ge”, (3.32) 

G k(IBZ 


where M is the order of the symmetry group and L = N;/M is the number of k points in the irre- 
ducible part of the Brillouin zone (IBZ). Also, in the above we have made use of the fact that the 
sets {G} and {%,,'G} are the same. The Fourier component Psymm(k,G) is the symmetrized charge 
density for the k point in the IBZ: 


ee noe tee 
Psym(k,G) = 7 LP lk: Bn Ge Gtn (3.33) 


m 


Note that for symmorphoic space groups there are no fractional translations (¢;, = 0) and hence 
exp(—iG.t,) = 1 

The average 1 LkBz) Psym(k,G) over the IBZ can be obtained by choosing a finite set of special 
k points {k;}: 


L 
DY Psym(k,G) =D 1) Psym(ki,G), (3.34) 


L k(IBZ 


where {w(k;)} are non-negative weight factors associated with {k;} satisfying the normalisation 
condition 


Y w(ki) = 1. (3.35) 


In the (extended) Monkhorst and Pack scheme (Monkhorst and Pack 1976, FehIner and Vosko 
1977) special k points are considered in the form 


k= u,b, + uob2 +: u3b3 +ko, (3.36) 


where B; are the primitive translation vectors of the reciprocal lattice and ko is an arbitrary choice. 
The coefficients u; are chosen as follows: 
for cubic Bravis lattices 


op =4 
2Ip 


uj; = 


> pj=1,2,3,.-,f03 = 12,3. (3.37) 
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for hexagonal Bravais lattices 


= 
ue= i 3 pi = 1,2,3,...,l0; i=1,2 
lo 
2p3—Ip—-1 
jx, ee . lh: (3.38) 
2p 


The integer /p in the above description determines the number of special points in the set. The weight 
w(k;) associated with k; is simply the ratio of the order of the entire point group to the order of the 
group of the wave vector k;, and is used following the normalization condition in equation (3.35). 
When using this scheme, it is usual practice to speak of the (u; x u2 x u3) k-points mesh. 


3.2.3.3 Self-consistent solutions of Kohn-Sham equations 


As the Kohn-Sham potential Vxs(r) is obtained from a knowledge of the Kohn—Sham orbitals 
{y(r)}, it is imperative to seek a self-consistent solution of the Kohn—Sham equation. Indeed, the 
same consideration miust be made when solving any many-body Schrédiner equation. In the present 
context we shall consider the momentum space version of the Kohn—Sham equation in (3.23). Sev- 
eral iterative schemes have been adopted for obtaining self-consistency between the charge density 


p and the screening potential Vcr = Vy + Vxc. 
(m) 


Let, at the mth iteration, input and output Vscr(G) components be denoted as vectors V;, and 


vin) , respectively. In the simple linear mixing scheme the screening input to (m+ 1)th iteration is 
taken as a linear mix of the input and output at the mth iteration: 

vin) = a) +avm, (3.39) 
with a judicious choice for the parameter @ in the range 0 < a < 1. A choice close to & = 0.5 works 
reasonably well for systems with small-size unit cells for which the smallest reciprocal vector G 
entering the screening potential is not too small. For system with large unit cells (e.g. in surface 
calculations based on the use of an artificially large unit cell) for which the screening potential, 
particularly the Hartree term for small G vectors, change rapidly from one iteration to the next, a 
much smaller choice of @ is found helpful in achieving convergence. 

Several schemes have been attempted to obtain covergence acceleration. One successful scheme 
is based on Broyden’s updated version of the quasi Newton—Raphson iterative procedure (Broyden 
1965). Srivastava (1984) adopted Broyden’s second method which avoids storage and multiplication 
of N x N matrices produced by equation (3.23) in favour of only storage of m vectors of length N, 
where m is the number of iterations. In this scheme a rank-one inverse-Jacobian updating procedure 
is followed and, for iterations m > 1, equation (3.39) is updated to the form 


vert) = yl) 4 aR”) — ¥ BT FMA, (3.40) 
i=2 
where 
Fe = ye) ym 
A® = a(F® FH) 4 yO vid ya? 
ay = Vig (FO — FEN) - 
BO = (FO — FEMI (3.41) 
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Vanderbilt and Louie (1984) used a modified version of Broyden’s direct-Jacobian updating pro- 
cedure in which they incorporated information from all previous iterations. However, in their ap- 
proach the storing and the multiplication of N x N matrices are required. Johnson (1988) used the 
modifications of Vanderbilt and Louie but used Srivastava’s computational scheme to avoid the 
storage and multiplications of N x N matrices. Johnson’s scheme is now routinely employed in prt 
calculations. 


3.2.3.4 Numerical solution of Kohn-Sham equation 


For setting up the Kohn—Sham matrix eigenvalue equation in (3.23), the number of planewaves (i.e. 
G vectors) are decided by setting a kinetic energy cutoff: 


hr j 
Ecut = mn [(kK+G)"] max: (3.42) 


Clearly, different number of plane waves may be generated for different k points. Use of Ey to 
choose the number of plane waves is preferable over the straightforward option of fixing the number 
of plane waves. It can be shown that the number of plane waves varies as ee In general, higher 
the value of E.y: better the convergence of the eigensolutions. But in practice judicious practical 
considerations for Egy, are made depending on the availability of computational resources and the 
quality of the pseudopotentials employed. 

For matrix diagonalization using standard techniques, such as the Choleski—Householder 
method, per k point computer memory requirement scales as O(N”) and the CPU requirement scales 
as O(N). It is therefore useful to use iterative schemes for diagonalization of huge matrices. Two 
routinely used iterative scheme are (i) residual minimization by direct inversion in iterative space 
(RM-DHS) and (ii) conjugate gradient (CG) method. These techniques have been discussed in sev- 
eral places (see, e.g. Srivastava 1999, Martin 2004) and thus will not be presented here. 


3.2.4 MOMENTUM SPACE FORMULATION OF TOTAL ENERGY 


Using equations (3.1), (3.10), (3.28) and (3.29), the ground-state total energy of the system can now 
be expressed as 


2 
e ZbZp! 
E = M +T% + [ ov, r)p(r 
tot 0 5 ony ae ol] ps ( )p( ) 
fe =~ | far eee PO) ferpir Jexc[o(r)] (3.43) 
= Ejon—ion + Ep, es + Ey + Exe, (3.44) 


where No is the number of unit cells, p is a Bravais lattice vector, and zye and T, are the ionic 
charge and the position vector, respectively, for the bth atom in the unit cell. Ee = Tp|p]| is the 
kinetic energy of non-interacting electrons. The prime in equation (3.43) indicates that the term 
p+Tp— Ty =0 is omitted from the summation. Using the momentum-space formalism of the 
previous subsection, we can express the total energy per unit cell as 


rs, e / ZpZpl occ 
Evo 5 » pie + EL Eee )|Aj(k+G)|"(k+6) 


YY wk) Y Ak+G)A (e+ Geile) 


kj G,G',b 
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Ane? G)|? . 
ey POY p*(G)ec(G) (3.45) 
G G G 
= Exon—ion ae ne =F Eai_ion ac Eu ef Exe, (3.46) 


where vy ¢ is the contribution towards the form factor vp, from the /th angular momentum (see equa- 
tion (3.20) and Appendix B). 

If the ionic pseudopotentials v, ¢ are known, then £;,; can in principle be evaluated provided the 
coefficients p(G) are obtained from a self-consistent solution of the Kohn—Sham equations (3.23). 
In practice, however, one must be careful in dealing with the divergences in the first, third and fourth 
terms, and in dealing with the rate of convergence of the lattice sum in the first term. Ihm et al (1979) 
showed that with some mathematical manipulations the three individually divergent terms can be 
added together to produce a non-divergent result: we can express 


Ejon—ion + Eel—ion + Ex = YE + Begs +Eq =e Ey , (3.47) 


where the prime indicates that the divergent terms in Ey (with G = 0) and Egy_ion (with G—G’ = 0) 
are omitted, 


/ 


we = Eiion—ion . 
11 Zpe 
= Ejon—ion 5 Qu yf r 
i, Anze? 
= Ejon—ion 5 Oy am G2 (3.48) 


is the electrostatic energy of point ions in a uniform gas of valence electrons (called the Ewald 


energy), and 
_ 1 zper 
E, =i5-L for vp (|r|) + — (3.49) 

Qut b r 


is the correction arising from the ‘pseudo’ nature of the potential. With this consideration the eigen- 
value problem in equation (3.23) is solved with V,;(0) and Vq(0) set to zero. Equation (3.45) then 
reads 

Ect = Ye + Bein + Ea_ion (Ea + Exc +E. (3.50) 


Thus, an alternative expression for the total crystal energy per unit cell in the momentum-space 
representation becomes 


occ 1 Ame 
Ba = wt Le-5Y Gab @r 
J G40 
+" p* (G)[Exc(G) — Vc(G)] + E1 (3.51) 
G 
= yet+)ig;—EytAEe+Fi, (3.52) 


J 


where €; are the eigenvalues obtained with Vjy(0) and V,.(0) set equal to zero in equation (3.23), 
and Vx-(G) is a Fourier component of the exchange-correlation potential defined in equations (3.27) 
and (3.29). 

The Ewald summation method (Ewald 1921) can be used to efficiently evaluate the electrostatic 
energy term 7g. This has been discussed in many books and review articles (see e.g. Born and Huang 
1954, Maradudin et al 1971, Martin 2004). The result is 
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e an exp(—G?/4n?) 
YE = =—Y zzy = y cos|G- (T, — Tyr) 
2 (3 G70 IG/? 
1 “ erfc(nx) 2n 
7?Q +h x eres, * goby): (3.53) 


where 1) is a parameter that controls the convergence of the two summations in the above result, and 
erfc(y) is the complementary error function. The choice n ~ 1 / i where /o is the nearest-neighbour 
distance, seems to produce rapid convergence of both sums (the direct space sum and the reciprocal 
space sum) in the above equation. 


3.2.5 HELLMANN-FEYNMAN THEOREM FOR FORCE CALCULATION 


The pseudopotential—prr formalism for the total crystal energy can be easily extended to calculate 
the related forces. On grounds of crystal symmetry, in undisplaced configuration the force on each 
atom in a unit cell will be zero. This will be true even beyond the equilibrium lattice constant (e.g. 
under hydrostatic pressure). However, if one of the basis atoms in the unit cell, say the bth atom, 
is displaced from its equilibrium crystal structural site, then there will be a force F? acting on the 
nucleus at t,. A quantum mechanical expression for this force can be derived by taking the analytic 
gradient of the total energy expression in equation (3.44) 


F? = —V>pEtvo 


ZpZp (Pp + Ty — Tp 
= ey BPFH) far Vi Vealr)OO) 
pb! Ab lp + % — Ty 


= F? +r (3.54) 


el? 


where for time being we have used V.xt, a general external potential, in place of the pseudopoten- 
tial Vps. The first term on the right-hand side can be evaluated in a straightforward manner using 
Ewald’s method. The calculation of the second term, however, requires some careful consideration, 
as explained below. 

We first realise that V2. (r) depends directly on nuclear positions tT = {7}, so that a given crystal 
geometry represents a unique external potential V,,,(r, 7). This in turn gives rise to a unique elec- 
tronic charge density p(r,7) with an implicit dependence on Tt. This means that we can express the 
second term on the right-hand side in equation (3.54) as 


Fh = = | drp(r,t) VolVoulr,4)]— f drVeu(r,2)Volp(r,4)] 
SE. 
oa i drp (r,t) Vp[Vex(r,2)] — i, dr x Vplp(r.t)] 
= Faq) t Fao): (3.55) 


Combining equations (3.54) and (3.55) we have 


b b b b 
Foo= Foon + Faq + Fa) 
= Fipt+ Fey); (3.56) 


where F as is the Hellmann—Feynman force (Feynman 1939), which is equal to the negative gradient 
of the classical electrostatic potential arising from all positive charged nuclei (ions) and the quantum 
mechanical electronic charge density. 

The term F' 71(2) is due to inaccuracies in the calculated charge density, i.e. due to inaccuracies in 


solving the Kohn—Sham equations in (3.11) and (3.12), or in (3.23) and (3.24). Therefore F 2102) may 
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be referred to as the variational force. We can express this term as follows (Bendt and Zunger 1983, 
Scheffler et al 1985, Srivastava and Weaire 1987): 


bE 
b —_ : 
Fag) = any fr (3) Vj 
J ne 2 
= ony, fart — 5 V+ Vis — En } Wn 
j 
ow; i 2 
J 
fe) . 
~ [ar SP Vis — Vis 
= Fa otFrsc. (3.57) 


In the above Vg is an effective ‘input’ Kohn—Sham potential, calculated after a finite number of 
interations in a self-consistent solution of equations (3.11) and (3.12). 

Thus, there are two separate origins of the variational force. The first term, F Ee, reflects the cor- 
rection due to an incomplete basis set. In molecular Hartree—Fock theory, such a force is called the 
Pulay force (Pulay 1969). If y is an exact eigenstate of the Kohn—Sham equation with an effective 
‘input’ potential, then Fyjgs = 0. A weaker statement would be that if the wavefunction y com- 
prised originless orbitals, i.e. did not depend on ionic positions (e.g. plane waves), then Fyps = 0. 
Thus for a plane-wave basis set representation of y this term is identically zero, while in a linear- 
combination-of-atomic-orbitals approach one has to worry about it. The second term, Fsc, is a 
measure of non-self-consistency (or lack of self-consistency) in the solution of the Kohn—Sham 
equation: if the effective potential Vs is equal to the exact potential Vxs, then Fysc = 0. 

In a fully self-consistent pseudopotential calculation, based on a plane-wave basis set as in sec- 
tion 3.2.4, we have Figs = Fnsc = 0, and we recover the Hellmann—Feynman theorem. Thus in this 
approach the force on the bth atom is 


F? = Fey = Fig + Fay: (3.58) 


The force F Li is obtained by taking the derivative of equation (3.53) with respect to the basis vector 
Tp: 


4a G 
Fin = &% Dw ba S G@ sin(G- (t, — ty)) exp (—G"/4n”) 
Wb G0 


(3.59) 
x=p+Tp—Ty 


+ (cnt mca t 5 x 5 ~ exp( inx|*)) 


The term F (1) can be obtained by differentiating the expression for E,;_jon in equation (3.45), 


Fay = -3( LE) k) Y A(k+G’)Aj(k+G)(G-G’) 


GG’ 


<eo6-06) si uth¥4+6)). (3.60) 
L 
If a local pseudopotential is used, then equation (3.60) is reduced to 


rie ei(1) (local potential) = whe G)Gexp (—iG- T;)v,(|G]) (3.61) 


with v,(|G|) as the form factor of a local ionic potential v, (|r|). 
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It is worth noting that as a convenient alternative to using equation (3.25), a complex fast Fourier 
transform (CFFT) [see, e.g. Press et al (1986)] of equation (3.15) can be made to produce the 
pseudo wavefunction @;;(r) at a point r in real space. From this the charge density in phase space 


is obtained as 
Occ 


P(k.r) = 2) OF 4(r)Pix(r)- (3.62) 
J 


An inverse CFFT of this then produces the Fourier component p(k,G). This would be in the kr 
phase space. A non-symmetrized charge density in direct space r can be calculated 


IBZ 


prem) (r) = y w(k;)p (ki,r), (3.63) 
k; 


where the k; vectors sample the IBZ. Then the symmetrized charge density can be obtained by using 
equation (1.35). The symmetrized charge density expression is (Giannozzi et al 2009) 


1 
(sym) a (non—sym) RB 'r-R"t 3.64 
a 2 iar a Lp (Bor ); Ge) 


where & and ¢ are the rotational and fractional translation parts of the Neymm Symmetry operations. 
The force symmetrisation is done in a similar manner (Giannozzi et al 2009). The symmetrized 
Hellmann—Feynman force on bth atom is 


Fe = 


1 A 1 

OFM! SYM (t,) = a) ar "(a2 "4;), (3.65) 
N. sym 6 Ngym } 
where the sum is over Nym Space group symmetry operations O = {% | t} and #~!(t;) labels the 
atom into which the bth atom transforms (modulo a lattice translation vector) after the application 


of Z!. 


3.3. HARMONIC FORCE CONSTANTS AND PHONON EIGENSOLUTIONS 


With total energy and Hellmann—Feynman force results being available, we can calculate harmonic 
force constants to construct the dynamical matrix and solve it for phonon eigensolutions. There are 
several routes for doing this, depending to some extent on the requirement level. We will describe 
some of the methods. In general, we can group such methods in two categories: direct methods and 
perturbative methods. 


3.3.1 DIRECT METHODS 


Direct methods use the total energy and/or forces directly to construct harmonic force constant(s) 
and thus obtain phonon eigensolutions. These have been used at different levels, as described below. 


3.3.1.1. Frozen phonon method 


The frozen-phonon method (Yin and Cohen 1982, Kunc and Martin 1983) is a ‘direct’ approach in 
which a distorted crystal is treated as a crystal in a new structure with a lower symmetry than the 
undistorted crystal. Exactly the same method is used for the calculation of the total energy of both 
the undistorted and the distorted crystals. 

Consider a wave (defined by a fixed phonon wave vector q) propagating through a crystal. This 
causes crystal ion cores to vibrate with a definite displacement pattern. Within the adiabatic approx- 
imation the electron cloud quickly responds to such a displacement pattern. If we imagine taking a 
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snapshot, then it is possible to consider the system in a new crystal structure corresponding to the 
‘frozen’ vibrational mode. Such a new crystal structure will correspond to a lower symmetry and a 
higher total energy than the original (undistorted) structure. 

If Eyor(O) and Eto¢(u) are, respectively, the total energy of the undistorted and distorted structures, 
then the frequency @ of the ‘frozen phonon’ is defined by 


1 
50 Ym |u(b)|? = ERe™ (u) — Eror(0), (3.66) 
b 


where E'"™ is the harmonic part of the total energy, u is the distortion amplitude and u(b) is the 
displacement vector of the bth atom with mass mz, in the unit cell. For small distortions, only cubic 
and quartic anharmonicities are expected to be contained in Ejo¢ around the equilibrium with u = 0. 
Calculations with u, —u and 2u are needed to extract E>" after getting rid of cubic and quartic 
anharmonicities. 

The phonon frequency defined in equation (3.66) can, in principle, also be obtained from the 
force equation 


Fhe" =-Y&(b;b)u(’), (3.67) 
b! 


where the left-hand side represents the harmonic contribution to the Hellmann—Feynman force on 
atom b, and ® is the interatomic force constant matrix. Once the force constant matrix ®, or its 
Fourier transform (the dynamical matrix) is determined, it is straightforward to calculate the vibra- 
tional frequencies of normal modes as explained in section 2.4. 

Consider an example of a highly symmetric distortion produced by stretching or compressing the 
bond along [111] between atoms A and B (figure 3.1) in the primitive unit cell for the diamond or 
zincblende structure. The translational symmetry of this new crystal structure is the same as that of 
the undisplaced structure, but the point-group symmetry has been reduced to C3,. Such a vibrational 
mode corresponds to the zone-centre phonon LTO(T) in the diamond structure. In the zincblende 
structure such a mode is restricted to the TO(I) mode, as the longitudinal optical mode LO(T) 
cannot be treated by this frozen phonon approach because of the long-range Coulomb interactions 
(see section 2.4.4). If we consider & as the relative displacement between atoms A and B, and pL as 
the reduced mass of the unit cell, then for the TO(I’) mode equation (3.67) can be expressed by the 
simple equation 

F=—A& (3.68) 


and the phonon frequency is given by 


— ee (3.69) 


Figure 3.1 The displacement pattern of atoms in the zincblende structure for the evaluation of the frequency 
of the TO(I) mode using the frozen-phonon method. 
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Figure 3.2 The displacement pattern of atoms in the diamond structure for the evaluation of the frequency of 
the LTO(IT), TA(X), TO(X) and LOA(X) modes using the frozen-phonon method. Reproduced from Yin and 
Cohen (1982). 


Both the total energy method (equation (3.66)) and the force method (equations (3.67) and (3.69)) 
produce results for @P(TO) which are identical within numerical accuracy. 

In order to calculate phonon frequencies at the symmetry point X, a four atom unit cell is re- 
quired. The projection of such a unit cell on the (110) plane is shown in figure 3.2. Also shown in 
that figure are the atomic displacement patterns, determined by group-theoretic method, for phonon 
polarizations at the and X symmetry points (Yin and Cohen 1982). Calculated phonon frequen- 
cies in Si, Ge, GaAs, NaCl and Al for TO(I), as well as zone-boundary phonon modes such as 
LO(X),LA(X), TO(X) and TA(X) are compiled in Table 3.1. As can be seen, the first-principles re- 
sults agree very well with experiment. 

Although in principle a frozen phonon mode can be calculated either by using the total energy 
method or the force method, it should be mentioned that the force method has some advantages 
over the energy method. Firstly, if N represents the degree of freedom, then from one self-consistent 
calculation one obtains 3N¢ force constants instead of just one value of total energy. This helps 
one consider a relatively small number of distorted geometries (« N¢) when calculating Hellmann— 
Feynman forces against a large number (« Nt) of distorted geometries when determining the dy- 
namical matrix using the finite energy difference method. Secondly, in AE = E(u) — E(0) the energy 
difference is usually a very small fraction of the total energy, and thus high numerical accuracy in 
E(u) and E(0) is required for phonon calculation. On the other hand, as changes in forces are of 
the same magnitude as the forces themselves, high numerical accuracy is attainable in the gradient 
method. 


3.3.1.2 Finite displacement method for zone-centre phonons 


Investigation of zone-centre optical phonon modes of a small group of atoms in a solid, or adsorbate 
atoms on a solid surface, can be made by exerting finite displacements of atoms away from their 
equilibrium positions and extracting the linear part of the resultant Hellmann—Feynman forces. Then 
the dynamical matrix can be built up by using the second-order force constants ®(b; b’) in equation 
(3.67). With the dynamical matrix specified, zone-centre optical modes and frequencies of the con- 
sidered ‘small molecular unit’ can be obtained by solving the relevant form of the determinantal 
equation in (2.50). We will present a few numerical results in section 8.4.3. 
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Table 3.1 

Calculated vibrational frequencies obtained from the frozen-phonon approach, using the 
pseudopotential-.pa scheme. Experimental results, shown in parentheses, are cited in the 
references for the theoretical works. Units are THz. 


Material Reference vp(TO) vy(LO) vx(TO)  vx(LA)  vy(TA) 


Si 1 15.16 12.16 13.48 4.45 
(15.53) (12.32) _~— (13.90) (4.49) 

Ge 1 8.90 7.01 1.15 2.44 
(9.12) (7.21) (8.26) (2.40) 

GaAs 2 8.29 7.55 7.94 7.20 1.87 
(8.19) (7.22) (7.56) (6.89) (2.41) 

NaCl 3 3.09 3.48 3.26 3.58 1.53 
(3.25) (3.26) (3.39) (2.67) 

Al 4 6.11 3.72 


(6.08) (3.65) 


References: (1) Yin and Cohen (1982); (2) Kunc (1985); (3) Froyen and Cohen (1984); (4) Lam and Cohen (1982). 


3.3.1.3 Planar force constant method 


An extension of the frozen-phonon method described in section 3.3.1.1 is the planar force constant 
method developed by Kunc and Martin (1982). The concept in this ab initio method consists in 
selecting one direction of the wave vector q and in representing the lattice vibrations as the motion of 
rigid planes of atoms perpendicular to g. The rigid planes are assumed to be connected by harmonic 
interplanar forces, so that the situation can be exactly described by the equation of motion written 
for a linear chain of atoms (Kittel 1986) and a complete phonon dispersion along g can be obtained. 

To explain the method we consider crystals of diamond and zincblende type. The concept of the 
method is simple and efficient for g along the symmetry directions [100], [110] and [111] and we 
restrict our discussion to these directions. Of these three directions, [110] has the most elaborate 
concept of interplanar forces. Figure 3.3 shows the system of the (110) sublayers schematically. 
Each of the (110) atomic planes is composed of two types of atomic site, denoted c (for cation) and 
a (for anion), which can vibrate independently. For phonons propagating along [110], we need to 
consider interplanar force constants Af“, AC°, A’ and A“ as shown in figure 3.3. Suitable supercell 
atomic displacement patterns are shown in figure 3.4. This particular choice of unit cell allows 
determination of interplanar force constants {A,,} up to the fifth nearest planar distance (or planar 
neighbours). 

Referring to figure 3.4, group theoretical analysis (Maradudin and Vosko 1968, Warren 1968) 
shows that while the transverse vibrations T2 with displacement u(T2) = (u1,—u1,0) are eigen- 
modes, the longitudinal vibrations Lwith u(L) = (w,,u,,0) and the transverse vibrations T; with 
u(T1) = (0,0,w) are not independent eigenmodes when q || [110]. Let us first consider the T2 mode. 
If ub represents the displacement of the sublayer b at the plane 0, then the forces on atoms in the 
plane n are given by the equation of motion 


FY = A(T y)ub, (3.70) 


where b = c,a and b’ = c,a. The occurrence of Af“ and Ag (the force constants connecting two dif- 
ferent sublayers of the same plane) is somewhat reminiscent of the inclusion of the (local) core-shell 
interactions in the formalism of the shell model. The ‘self-terms’ AG° and Aj“ can be determined 
through the translational symmetry (cf equation (2.46)) from all the other force constants. 
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Figure 3.3 The (110) atomic planes are composed of two types of atomic sites denoted c and a, which for 
vibrations with q || [110], move in phase as compact sets forming ‘sublayers’ c and a. A phonon propagating 
along the [110] direction can be described as vibrations of a linear chain of planar sublattices c and a which 
are connected by interplanar force constants ki7,k¢°, etc. Reproduced from Srivastava and Kunc (1988). 
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Figure 3.4 The supercell and displacement patterns used for ab initio determination of the force constants 
connecting the atomic planes in figure 3.3. The T> direction is perpendicular to the figure and is not shown. 
This size of the supercell allows force constants up to fifth planar neighbours to be determined. Reproduced 
from Srivastava and Kunc (1988). 


For the ‘mixed’ case L— 1, we must consider a linear combination of the Land T; displacement 
patterns 


u=u(L)+u(7}), (3.71) 


with the ratio uy, /u to be calculated as a part of the dynamical problem. The equations of motion 
are now given by 


FW) FO = [Er Ageriny| He) wor} 73) 
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where we have used A,(ij) = {A°” (ij)} and uo(i) = {ub(i)} for simplicity. There exist certain 
symmetry relations for the interplanar force constants, both in the Tz case and in the L— Ty case. 
These have been discussed in detail by Srivastava and Kunc (1988). 

Once the harmonic interplanar force constants A,(T2) and {A,,(ij)} have been calculated, the 
phonon dispersion curves for both the Tz and the mixed L— Ty branches can be calculated from 
suitable extensions of the diatomic linear chain model described in section 2.2.2. Using equation 
(2.63), the ‘C-type’ dynamical matrix for a vector gq = (q1,q1,0) is set up as follows: 


Ci(bb'|q) = (A8°Gi) + Y lane int Arh (jie m™]) ——B.73) 


1 
,/Mpmpy Pa 


for the L— T, mixed case, and 


Ci;(bb'|q) = 


1 bys mo, 
/itipmy (Ag (ji) +2 y A’? (ji) cos(mqi )) (3.74) 
m>0 


for the T2 case. Equations (3.73) and (3.74) are valid for both the diamond and zincblende crystal 
structures. 

Kunc and co-workers (see Srivastava and Kunc 1988, and references therein) have used the pla- 
nar force constant method to calculate the phonon dispersion in Ge and GaAs along [100], [111] and 
[110]. For each case a suitable unit cell is chosen and the planar force constants are evaluated for 
longitudinal and transverse modes of distortion in the unit cell. Writing A = Ajon—ion + Aci—ion, the 
ion-ion and electron-ion parts of the force constants are calculated, respectively, from the deriva- 
tive of the Hellmann—Feynman forces Fion—ion (equation (3.59)) and F el(1) (equation (3.60)). The 
electronic part of the force F.j_ion(= F. el(1)) is calculated from a self-consistent pseudopotential 
method, within the LDA (equation 3.61). 

If we disregard anharmonicity, then all the planar force constants for q || [110] can be deter- 
mined from just three self-consistent calculations for the Hellmann—Feynman forces: with a small 
displacement u for each of the L, Tj and T> directions. However, in reality even with a fairly small 
displacement u, some anharmonic effects are usually present which must be carefully eliminated 
from the forces before the harmonic force constants {A} can be calculated. The anharmonicity can 
arise (i) by making equations (3.70) and (3.72) non-linear, and (ii) by making the forces F, non- 
parallel to the displacement uo which caused it. In addition, for q || [110] effect (ii) and the L—T, 
coupling must be carefully separated. 

For the Tz mode, the cubic anharmonicity is absent, and the quartic anharmonicity can be elimi- 
nated by calculating forces with displacements u = (u;,—u 1,0) and 2u. For the mixed L—T, modes, 
the lowest order of anharmonicity is cubic for the longitudinal and transverse response to u(L), and 
quartic for both the longitudinal and transverse response to u(T,). These anharmonicities can be 
eliminated by considering displacements u(L) = +(u1,u1,0), 2u(L), u(T1) = +(0,0, V2u1) and 
2u(T,). In all these displacements the quantity u; can be taken to be of the order of 1% of the lattice 
constant. 

Figure 3.5 shows the phonon dispersion in Ge along the [100], [110] and [111] directions cal- 
culated from the planar force constant method. The input to these calculations is a local version of 
the pseudopotential for Ge*+ which is obtained by averaging the pseudopotentials of Pickett et al 
(1978) for Ga*? and Ast>. The Schrodinger equation in (3.24) was solved by employing Slater’s 
Xq method (Slater 1974) with a@ = 0.8, and plane waves up to kinetic energy EF, = 2.55 Ryd were 
treated exactly, and plane waves between kinetic energies E, and Ez = 9.15 Ryd were treated by 
Lowdin’s perturbation method (L6wdin 1951).) Also shown are the experimental data of Nilsson 
and Nelin (1971). The T2 modes have symmetry XL» + X4, and the mixed L— T, modes have symme- 
try £+2Z3. In general the agreement between theory and experiment is very encouraging. There is 
some disagreement in the transverse acoustic branches. The source of this disagreement is consid- 
ered to lie in the quality of the /ocal pseudopotential and the Slater’s Xq exchange method used in 
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Figure 3.5 Phonon dispersion in Ge along the [100],[110] and [111] directions calculated from the planar 
force constants which are determined ab initio using the local pseudopotential method within the local density 
approximation. For the [110] direction, interactions were considered up to the third interplanar neighbours for 
the T2 modes, and up to the fourth neighbours for the L— T, modes. Experimental data are taken from Nilsson 
and Nelin (1971): the branches Xz and X4(<>) are the pure T2 modes, ©; (A) and Y3(0) label the mixed L— T} 
modes. (Taken from Kunc and Gomes Dacosta 1985, Srivastava and Kunc 1988.) 


the calculations. However, the main message of this approach is that the lattice dynamics of semi- 
conductors can be studied ab initio, without using any adjustable parameters. Another important 
conclusion to draw from this ab initio work is that for an adequate study of lattice vibrations in Ge 
forces extending at least up to a distance equal to three (110) interplanar distance must be taken into 
consideration. 

Information on phonon frequencies alone is not sufficient to obtain unique information on the 
normal modes of a crystal. Full eigenvector information must also be obtained. From equation (2.60) 
the normalised displacement of atom /b in the mode qs can be expressed as 


1 


4/Mp 


Ug (Ib\qs) = |ea(b:qs)| exp[(iPa(b;qs)) + ig -x(Ib) — ior], (3.75) 


where the normalised complex eigenvector components eg(b; gs) have been assigned the real am- 
plitudes |eg,(b;qs)| and phases exp (i@q,(b; gs)). The calculated dispersions of the eigenvectors e in 
terms of the amplitudes and phases for q || [110] in Ge are shown in figures 3.6 and 3.7. Clearly 
for the pure T2 modes both the acoutic (£4A) and (220) branches have identical amplitude for all 
q-values along the direction [110]. For the mixed L— T, modes, the acoustic (£1A,23A) and optic 
(210,230) branches show dispersive behaviour along [110] for both the longitudinal (L) and trans- 
verse (T;) components. The dispersion of the amplitudes of the mixed L—T, modes is the most 
interesting information provided by the ab initio calculation: such information cannot be predicted 
by symmetry, nor is it available from experiment. 

The method discussed above for calculations of phonon dispersion results can be applied for q 
along any symmetry direction for non-polar crystals such as Si and Ge. However, it is not applicable 
to treat LO phonons in polar crystals close to the BZ (i.e. when q — 0) due to the presence of 
nonanalytic g dependence of the microscopic electric fields developed by such vibrations (see Born 
and Huang (1954) and section 2.4.4). It was shown by Kunc and Martin (1982) that the depolarizing 
field can be calculated from the slope of the average electrostatic potential in the central part of the 
supercell. The forces resulting from the depolarizing field can be subtracted from the total forces 
to obtain the relavant force constant. This procedure works for any g 4 0. Kunc and Martin (1982) 
applied this method successfully to calculate the phonon dispersion curves for GaAs along the [100] 
symmetry direction. 
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Figure 3.6 Dispersion of the normalised amplitudes of the transverse eigenmodes T2(X2 +4) in Ge for 
q || [110]: |e| represents the amplitude and @ the phase factor. p(Ge°) and @(Ge“) are the @(b) for the two 
basis subplanes. Reproduced from Srivastava and Kunc (1988). 
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Figure 3.7 Same as in figure 3.6 for the mixed L—T, modes (£;+23) in Ge: (a) longitudinal components, 
(b) transverse components. The phase factors are displayed relative to the longitudinal of the c-type sublayer. 
Reproduced from Srivastava and Kunc (1988). 


3.3.1.4 Real-space method for an arbitrary q in BZ 


The planar force constant method for obtaining phonon eigensolutions along a symmetry direction 
can be generalized for obtaining solutions for any phonon wave vector q in the Brillouin zone of a 
periodic system. This would require two considerations. Firstly, an adequate sized supercell should 
be chosen to ensure that up to four or five nearest neighbour interactions can be evaluated in order 
to obtain well-converged phonon frequencies, especially for TA modes. Secondly, a method must be 
adopted for dealing with long wave (short g) LO modes in polar systems. 
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Figure 3.8 Phonon dispersion curves for diamond (left) and graphite (right). Calculations were performed 
using the plane-wave pseudopotential method and the DFT-LDA. Dots show the inelastic neutron scattering data. 
Note: 33.3563 cm—! = 1 THz. Reproduced from Kress et al (1995). 


Kress et al (1995) developed this method for non-polar systems using the following procedure. 
A single atom (Jb) in the supercell (where I labels the elementary cells and b represents the atoms in 
the basis) is displaced by a small vector u(Jb) and the Hellmann—Feynman forces F (I'b’) acting on 
the surrounding atoms (I’b’) are calculated. Space group symmetry operations @ are applied to the 
displacemnt vector u(Ib) and the forces F(I'b’). Linearly independent vectors (Ib) and F(1'b’) are 
stored. A linear transformation is applied to generate linearly independent Cartesian components 
it, (Ib) and F,(I'b’). Harmonic force constants are calculated as 


F,,(1'b) 
fig (Ib) 


The calculated force constant matrix is again symmetrized with respect to the space group operations 
@. Finally, the ‘C-type’ dynamical matrix is generated 


Pap (Ib;'b') = 


(3.76) 


Cap(bb"|q) = YP ep (1:0) exp [ig (x(Ub) —x(U'6'))] 3.77) 
I 


1 
Vinigitiy 
where m, is the mass of the bth atom in the /th cell with its equilibrium position vector x (Ib). 
Phonon eigensolutions are obtained by solving the secular equation (see equation (2.61)). Kress et 
al (1995) performed calculations on a (2 x 2 x 2) cubic supercell containing 64-atom for diamond 
and on a (3 x 3 x 2) hexagonal supercell containing 72 atoms for graphite. The phonon dispersion 
curves, shown in figure 3.8, are in very good agreement with neutron scattering data. 

As mentioned earlier, for polar systems calculations of the LO mode close to the BZ centre 
requires additional effort to deal with the macrscopic electric field arising from the ionic displace- 
ments. In the previous sub-section we cited the work of Kunc and Martin (1982) which subtracts 
the depolarizing forces from the total forces to obtain the relavant force constant. In principle, this 
method can be adopted within the supercell scheme discussed in this sub-section. An alternative 
scheme was adopted by Parlinski et al (2000). In this scheme, LO phonon frequencies obtained for 
a few finite q points from calculations using an elongated supercell are extrapolated to obtain the 
result in the limit g — 0. 


3.3.2 LINEAR RESPONSE METHODS 


In contrast to using a periodically repeated supercell in direct methods, linear response methods 
use the primitive or the smallest repeated unit cell for evaluating the harmonic force constant. For a 
given lattice distortion uw, the total electronic energy is expressed as 


Eq (u) = E-(0) + 6Ea(u, 6p), (3.78) 
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where Ap is rhe resulting change in the electronic charge density. Writing Eto. = Eion—ion + Eei (see 
equation (3.43)), the harmonic force constant matrix elements are expressed as 


= a Eion—ion yes Vext Op(r) AVext (Vr) 
Pap = OT ITB + [a es Fad tp + [ar OTe ITB a) 
OQ Fion OFS\(r ) ap JP 
= 5 E _ / drp(r) a Jo PO re) (3.80) 
= 9, +05 p- (3.81) 


From the above it is clear that while the ionic contribution ®' and the first term in the electronic 
contribution ®* involve only the unperturbed electronic charge density p(r), the second term in ®* 
requires knowledge of the change in p(r) with respect to the displacement in the atomic coordinate 
Tp. 

In the linear response theory the induced charge density change 6p is related to the change in 
the externally applied potential 6Vext(= dVps) 


dp = X8Vps (3.82) 


with ¥ as the density response matrix. With this the last term in equation (3.79) can be expressed as 


fcr2200) se) 


OV s(t’) Ap(r) AVps(r) 

= / P P 

= / i eT Bal) Big (3.83) 
AV s(r") (nr) 

_ ,OVp: 1 OVp 

= | [are arr) a (3.84) 


Another quantity of interest is the polarisability matrix x defined as 
5p = xovi"?, (3.85) 
where 5V'" is the potential induced by the applied potential OVps 


dvi" — & 1 8V,.. (3.86) 


i) 


The inverse dielectric matrix €~“ is related to y and ¥ through equations (3.82)—(3.85) 


epee. (3.87) 


The above discussion outlines two es for implementing the linear response theory for 
phonon calculations: the prpT using {20 Ser } as in equation (3.79) or the dielectric matrix theory 


using {Hs 


} and ¥ as in equation (3.84). We will describe both schemes. 


3.3.2.1 Density functional perturbation theory (prFPt) 


We will discuss the prpr using the plane-wave pseuodpotential approach, as developed by Giannozzi 
et al (1991), de Gironcoli (1995) and Baroni et al (2001). As noted in equation (3.79) determination 
of the electronic part of the harmonic force constant o a: requires numerical evaluation of changes 
to the electronic charge density and the Kohn—Sham potential energy with respect to lattice distor- 
tion. An atomic displacement u of periodicity g from its equilibrium position T in a periodic crystal 
will impose a perturbation AV,;, which in turn will generate a change AVxg in the self-consistent 
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Kohn-Sham potential energy and the corresponding change Ap in the ground state electronic charge 
density. These changes are inter-related following the equation below 


AVks(r) = AVps(r) +e Z| a ee Dap Gs 


—r'| 


dVks 
dp ~ 


(3.88) 


Using first-order perturbation theory, the linear variation Ap in the charge density (see equation 
(3.62)) can be expressed as 


Occ 


aes r)Ad@;(r) (3.89) 
and obtained by solving the equations 
(Asc — €)|A@j >= —(AVks — Ae;)) |; > (3.90) 
and 
AE; =< 0;|AVKs|0; > (3.91) 


where Hgcr is the self-consistent Hamiltonian. Using equations (3.89)-(3.91) the expression for Ap 
reads 


N=4Y TY oF) >n(r) esl > (3.92) 


jom#j a 


The sum over unoccupied states (conduction bands) in equation (3.92) can be avoided by pro- 
jecting onto the unoccupied states of the correction to the occupied state orbitals (see Giannozzi et 
al 1991 and Baroni et al 2001 for details). A Fourier component of Ap is then expressed as 


occ 


Ap(q+G) = a < Qj, Ke (a+6) "P.|AQjk+q > (3.93) 


where k is the electron wavector, g is the phonon wavevector, Ad;,,G is the solution of the linear 
system 
[Ej — Ascel|AQjk+g >= PeAVKs(@)|Oj.4 > (3.94) 


and P.. is the projector over the electronic unoccupied-state manifold. Expressions for Fourier com- 
ponents of relevant terms in Vxs can easily be obtained by following the development in sub-section 
ce eee 

It should be pointed that in the discussion of the application of the prr and pret methods, we have 
tacitly assumed non-metallic systems (i.e. systems with finite gap in electronic band structure). A 
slight extension is required for application of the method to metallic systems. Essentially the BZ 
integration needs to be carried out by smearing electronic bands to account for occupied states 
up to Fermi energy. Many kinds of smearing techniques can be used: Fermi-Dirac broadening, 
Lorentzian, Gaussian, or Gaussian combined with polynomials, etc. Moreover, we have assumed 
spin degenerate electronic states. Consideration of spin-polarised states is straightforward. The prpr 
is also routinely applied with the inclusion of spin-orbit interaction in prr electronic calculations. 
These developments have been covered in many publications, notably in the book by Martin (2004) 
and in the publication by Verstraete et al (2008). Furthermore, a real-space formalism of DFPT using 
localized, atom-centred basis set has also been recently developed Shang et al (2017). 

The momentum-space expression for the electronic part of the harmonic force constant is (Baroni 
et al 2001) 


1 07 Ett 
~ No aX (q,b)0Xp(q,b') 


an (bb'\q) = Leareagle 
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1 ap(r) \* AVos(r) 
~ ws f(s) 3X,(q,5) 
IVs (r) 
+f wt) AX(q,b)OX, aI 


(3.95) 


where p =1—I' is a difference vector between two unit cells located at J and I, and X(q,b) is a 
Fourier component of the displacement vector for the bth atom (see, section 4.2). 

The ionic contribution to the harmonic force constant is obtained as the second derivative of the 
energy term Ejon—ion (cf. equations (3.46) and (3.53)) or the first derivative of the force term Fion (cf. 
equation (3.54) and (3.59)). The result is (see, Maradudin et al 1971 and Baroni et al 2001) 
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where the sum over G excludes g +G = 0, the sum over the direct space translation vector / excludes 
Tp, — Tv —1 = 0 and the functions f; and f> are defined as 


3 erfe( /x) +2,/Bx(3+2nx)e-™ 
x 

— erfc(,/mx) —2 Dye 

f(x) = 3 vi (3.98) 


Xx 


filx) (3.97) 


The discussion above for °°! js complete for all phonon modes, except for LO modes with 
q — 0 in polar materials. As discussed in section 2.4.4, the long-range character of the Coulomb 
forces produces a macroscopic field to which long-wavelength LO phonons are coupled. The corre- 
sponding electronic potential is not lattice periodic, which results in a non-analytic part of the force 
constant "i" for zone-centre LO phonon modes. This contribution has the form (Cochran and 
Cowley 1962) : . 

aad a (bb'\q , 0) = ae (q eit Sip : (3.99) 
where Q;, is the Born effective charge of the bth ion and €.. is the optical dielectric constant. 

The pret has emerged as popular for determining phonon eigensolutions as the prr is for elec- 
tronic eigensolutions. Indeed, the prer scheme has been very successfully applied to accurately 
reproduce measured phonon dispersion relation in bulk materials, and in predicting results for low- 
dimensional materials. Results for a few low-dimensional systems will be presented in later chap- 
ters. Here we present results for a few materials, extending compilation of results presented earlier 
for other materials obtained from other methods (e.g. for Ne and Si in figure 2.12, for Ge in figures 
2.15 and 3.5, for GaAs in figure 2.16 and for diamond and graphite in figure 3.8). 

Figure 3.9 shows the phonon dispersion curves for graphene, obtained from the application of 
a real-space formalism of pret (Shang ef al 2017). The prpr results are validated by being in ex- 
cellent agreement with the results obtained with force constants determined with finite-difference 
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Figure 3.9 Phonon dispersion curves for graphene, obtained from the application of a real-space formalism 
of DFPT using the all-electron potential, an atomic-orbital basis set and the LDA. Reproduced from Shang et al 
(2017). 


calculations. Comparison with figure 3.8 shows that the phonon dispersion curves of graphene (two- 
dimensional or monolayer structure) and graphite (quasi-three-dimensional structure) are very sim- 
ilar. This is not surprising, as the van der Waals type inter-layer interaction in graphite is very weak 
compared to the strong covalent inter-layer bonding. In contrast, the phonon dispersion spectrum of 
the three-dimensional diamond structure is quite different. The maximum frequency for diamond 
is much smaller than for graphite or graphene. This is largely due to the inter-layer bonding in 
graphite and graphene being much stronger than the covalent bonding in diamond. While the long 
wavelength TA and LA modes show linear dispersion for graphene, graphite and diamond, the long 
wavelength ZA branch in graphene and graphite shows a quadratic dispersion. This is typical of 
layered materials. The ZO branch in graphite, the optical counterpart of the out-of-plane acoustic 
ZA branch, has a considerable lower frequency than the other optical branches. 

Figure 3.10 shows the phonon dispersion curves for the fcc simple metals Al and Pb and for the 
bcc transition metal Nb, obtained from the application of the plane-wave pseudopotential formalism 
of pret (de Gironcoli 1995). The theoretical results for Al and Nb agree very well with experimental 
data. For Pb, however, the theoretical results are at variance with experimental data along all the 
three high symmetry directions. This has been identified by Verstraete et al (2008) as a consequence 
of the lack of spin-orbit coupling (SOC) in the theoretical calculations reported by de Gironcoli 
(1995). Panel (b) in figure 3.10 shows the phonon dispersion curves of Pb from the prpr calculations 
by Verstraete et al (2008) with and without the inclusion of SOC. They find that the inclusion of 
SOC changes the phonon modes at many q points appreciably. In general, the TA modes are softened 
and the LA modes are slightly hardened. The softening of the lower TA mode is strongest at the X 
point, where its frequency is almost halved. 


Phonon dispersion curves for complex crystal structures 


The pret technique has also been successfully applied to map out phonon dispersion curves and 
density of states for complex crystal structures. Here we present two examples. 

In the first example we consider skutterudite crystal structure. In figures 3.11 and 3.12 we present 
the crystal structure and phonon dispersion curves for the lanthanide skutterudite LaRusAsj2 which 
crystallizes in the CoAs3-type skutterudite filled by La atoms and is a superconductor with criti- 
cal temperature of 10.45 K. The Bcc primitive unit cell contains 17 atoms, resulting in 3 acoustic 
branches and 48 optical branches. The superconductivity in this material is intrinsic to the [Ru4As12] 
polyanion and La electronically stabilizes the structure. A trademark feature of this and similar 
filled-skutterudite compounds is the existence of a flat electronic band very close to the Fermi level, 
which generates a peak in the electronic density of states and gives rise to an enhancement in their 
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Figure 3.10 (a) Phonon dispersion curves for the fcc simple metals Al and Pb and for the bcc transition metal 
Nb, obtained from the application of the plane-wave pseudopotential formalism for DFPT-LDA. Solid and dashed 
curves are obatined by using different smearing widths for BZ summations for metallic systems. Also shown 
by diamonds are experimental data. Reproduced from de Gironcoli (1995). (b) Effect of spin-orbit coupling on 
phonon modes in Pb, calculated by Verstraete et al (2008) using the plane-wave pseudopotential formalism for 
DFPT-GGA. Reproduced from Verstraete et al (2008). 
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Figure 3.11 The Bcc structure of filled skutterudite with the general formula LnT4X 2 (Ln = lanthanide, T = 
transition metal, X = pnictogen). (Original diagram in colour) Reproduced from Tiitiincii et al (2017). 


superconducting properties. Absence of imaginary phonon frequencies in the vibrational spectrum 
indicates that LaRu4Asj2 is dynamically stable in its Bcc structure. Partial phonon density of states 
results show that the heaviest element La dominates the low-frequency region up to 3.0 THz and 
strong hybridization between Ru-related and As-related vibrations is present in the frequency region 
above 6.5 THz. 

In the second example, we consider semiconducting clatherate structures. These are open- 
structured compounds consisting of three-dimensional network of atoms. Clatherate frameworks 
formed by group IV elements are of the type X,,E,, where E represents a group IV element and X 
represents a ‘guest’ or ‘filler’ atom in the voids, or cages, formed by E type atoms. Pristine clathrate 
frameworks, however, do not contain any guest atoms or molecules in the voids. 

Clatherates are classified into various types. The crystal structure for semiconducting type-II and 
type-VIII pristine Si clathrates are shown in figure 3.13. The Bravais lattice for the type-II structure 
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Figure 3.12 Phonon dispersion curves (left panel) and total and partial density of states (right panel) for the 
BCC filled skutterudite LaRu4As 12, obtained from the application of the plane-wave pseudopotential formalism 
of DFPT-GGA. (Original diagram in colour) Reproduced from Tiitiincii et al (2017). 
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Figure 3.13 Crystal structure of pristine Si clatherate structures II and VIII. (Original diagram in colour) 
Reproduced from Hark6nen and Karttunen (2016). 


is Fcc and there are 34 Si atoms per unit cell (denoted as Siz4), with space group Fd3m. Sometimes 
this is denoted as Si,36 when referring to 136 Si atoms per cubic unit cell. The building blocks are 
20-atom and 28-atom cages. The Siz9 cage is composed of 12 five-membered rings, and the Sizg 
cage is composed of 12 five-membered rings and 2 six-membered rings (Karttunen et al 2011). The 
Bravais lattice for the VIII framework is Bcc and there are 23 Si atoms per unit cell (denoted as 
Siz3), with space group 143m. Sometimes this is denoted as Sigg when referring to 46 Si atoms per 
cubic unit cell. The basic framework contains three-, four- and five-membered rings (Karttunen et 
al 2011). In both type-I and type-VIII structures, the atoms are tetrahedrally coordinated. However, 
Si-Si interatomic distances are slightly longer than in diamond-type Si and the tetrahedral arrange- 
ment of neighbouring atoms is distorted, with some distribution of bond angles around the perfect 
tetrahedral angle 109.5°. The electronic band gap in these structures is larger than in diamond-Si. 
The phonon dispersion curves and density of states for the type-II and type-VIII Si clatherates, 
obtained from the application of the DFPT described in section 3.3.2.1 (Harkonen and Karttunen, 
2016), are presented in figure 3.14. For both structures, clear span of acoustic branches is visible 
only upto approximately 100 cm~! (3 THz). Between 100 and 200 cm~! (3-6 THz) there are several 
flat-band (molecular like) branches. Branches above 350 cm! (10.5 THz) are flat (molecular like). 
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Figure 3.14 Phonon dispersion curves for pristine Si clatherate structures II and VIII. Reproduced from 
Hiark6nen and Karttunen (2016). 


There are up to two true gaps in the spectrum above 400 cm~! (12 THz). The gap slightly above 
400 cm™! is comparatively broader for the type-II structure. 


3.3.2.2 The dielectric matrix method 


As discussed in equations (3.82)—(3.87), an alternative to the prpT is to treat the linear response 
theory via the inverse of the dielectric matrix. Using the Hohenberg—Kohn theorem (Appendix A) 
one can derive the following expression for the dielectric matrix within the LDA (Sham and Kohn 
1966, Martin and Kunc 1983): 


—€ = 1-XVy (3.100) 
= 1-Ho(1—Vxc%o)~'Vi (3.101) 

and 
e'=14+4Vu, (3.102) 


where Vy and Vx._ are the Coulomb (Hartree) and exchange-correlation potentials, respectively. 7 
is the polarisability matrix in the random-phase approximation (RPA) (time-dependent Hartree form) 
whose elements are given by (Wiser 1963) 


1 MS fu (k +9) — fn(Q) 
y +G, +G’ = eS pL ce: EAS 28 
iola+Ga+@) beta) elk) 
(nZn’) 
x (n,k| exp [—i(q+G) -r]|n',k +9) 
x (n',k +-qlexp[i(¢+G’) -r]|n-k). (3.103) 


Here |n,k) represents the single-particle Bloch state with wave vector k, band index n and energy 
&,(k), and the occupation number f;,(k) is the Fermi—Dirac distribution function. The band index n 
includes all valence and conduction bands, G and G’ are reciprocal lattice vectors and g is a phonon 
wave vector. 

From equations (3.100)-(3.103), we see that the construction of the matrices € and 7 requires 
computation of %o,VuH and Vx_ from the output of an electronic band structure study for k-points 
throughout the Brillouin zone. Clearly, evaluation of € and y is extremely time-consuming. The 
labour in the evaluation of these matrices can be reduced by using (i) group symmetry considerations 
to restrict the sum over k to within the irreducible part of the zone, and (ii) a special k-points scheme 
for Brillouin zone summation. Furthermore, the slow convergence of the sum in equation (3.60) 
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which includes all conduction bands can be speeded up by using the moment expansion method 
developed by van Camp et al (1983). Let us write equation (3.103) as 
ws 1 fi m ii m! ! rt 
= 3.104 
oe No myn! Em — En! val im kz Im), y 
(m#m!) 


where 
|m) = |n,k), — |m’) = |n'",k +4) 


z=exp[-i(g+G)-r], —-z/ =exp[i(q+G’)-r\. (3.105) 
Expand (& — &,')~! ina finite geometrical series with p + 1 terms and define moments as follows: 
Ls = ¥° €%, (m|z|m’) (m'|z'|m). (3.106) 
Then we can express 
ie 2 7 {Ho , Mi Ein (m|z|m’) (m'|z!|m) 
Xo = ~~ 1) fm| — +a +. + : (3.107) 
NoQ L ( Ce » eptt (Em = En!) 
Letting p — - the series in equation (3.107) can be transformed into a continued fraction 
: 2 z O 
to= TG Yi fn OH (3.108) 
m— &m + ———o 
Em + 
mn Em te. 
where . 
Gig Boe. ge Se. (3.109) 
Ho Holi 


In practice equation (3.108) can be truncated after a few terms. The advantage of the moment ex- 
pansion scheme is that only valence states are required. van Camp ef al (1983) have presented a dis- 
cussion of the polarisability matrix calculation using the moment expansion method and the direct 
summation over the conduction bands. The question of the convergence of the moment expansion 
method must be checked carefully before proceeding with phonon calculations. 
The normal modes of lattice vibration with wave vector g are determined by the ‘D-type’ dy- 
namical matrix 
Dap (bb'|q) = Y° Bap (Ob; 1b’) exp (ig -1), (3.110) 
1 


where ® is the force constant matrix and / is a direct lattice vector. The matrix D has contributions 
from ion-ion and el-ion parts. The ion—ion part of the matrix can be straightforwardly evaluated 
using Ewald’s method (see Kellermann 1940 and section 3.3.2.1). The electron-ion part can be 
expressed as (Sham 1969) 


ei ! = i Na) ” 
orp (Bb'|q) = men Xap (bb'|q) Sou) Xap (bb |0) }, (3.111) 
where 
1 . 
Xup(bb'\q) = 9 by (4+ G)aexp lig +G) - t4]wo(la+Gl) 


GG 
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x exp[-i(q+G’)-ty](q+G')g. (3.112) 


Here mz is the mass of the bth ion in the unit cell. 

Although the moment expansion method is fairly simple, it is important to test the convergence 
of the series in equation (3.107). In a calculation of phonon spectrum of Si, van Camp et al (1983) 
only considered the zeroth and first moments, but their results are not particularly good. 


3.3.2.3 A simple perturbative method 


A simple perturbative method for lattice dynamics of covalent crystals, based on a local pseudopo- 
tential scheme, has been presented by Morita et al (1972), Soma and Morita (1972), and Soma 
(1976, 1978a). In this method crystal properties are calculated without doing the band structure 
calculation. 

In the nearly free electron picture the total energy of the crystal can be expressed as 


Evot = Efonion + Ea = Ye + Ea (3.113) 


with 
El, = EO +E) + Ep + YEcov. (3.114) 


Here Yg is the Ewald energy as in equations (3.48) and (3.53), Ey is the total of the kinetic, exchange 
and correlation energies of a uniform gas of electrons, E; and E, are, respectively, first- and second- 
order perturbation energies of the electron gas due to the pseudopotential and Egoy is the covalent 
bond correction to the crystal energy corresponding to higher-order perturbations. y, is an adjustable 
parameter which modifies the contribution of Egoy. 

The energy rhe , per atom, is given by 


E) 2.21 0.916 
ag + Ecorrs (3.115) 
z rs rg 


where r, is the average interelectronic distance and F,o;; is the free electron correlation energy. The 
energy FE), per atom, is obtained from equation (3.49): 


EF, 1 ; = 4nze* 
— = — | IJ a 
Zz M [an (Er) + QatG? 


where Q.; is the atomic volume, / is the number of atoms in the unit cell and z = )°;, z,. The second- 
order perturbation energy of the electron gas E2 is also called the band structure energy, and is given 
by (Harrison 1966) 


, (3.116) 


po y Ss a \V(G)/? (3.117) 

2= : : 
ane? 4x (1-F(G) \e@ 

where V(G) = Y,S,(G)v,(|G]) is the crystal ionic (local) pseudopotential, S,(G) is the structure 

factor for the bth atom, and €; (G) is the dielectric function for a uniform gas of free electrons, given 

by 


Ane*z tv Pay, de 
‘ =1 1 ] 11 
&,(G) =1+ 0G? x (1 —f(G)) 2B, (; + rs n i= (3.118) 
with y = G/2kp, kr being the Fermi wave vector. f(G) is the Hubbard exchange factor 

12 
5G 

OO ———— 3.119 

(6) G2 +k? +2kp/a are 


With f = 0, equation (3.118) becomes the Lindehart dielectric function. 
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It can be noticed that the present expression for the dielectric function represents a simplified 
version of the diagonal approximation of the dielectric matrix given in equation (3.101). Although 
this approximation is found to be quite good in the theory of lattice dynamics of simple metals (Joshi 
and Rajagopal 1968), it is found to produce incorrect results for crystals with localised valence 
electrons, e.g. semiconductors and insulators. In covalent semiconductors, this effect is accounted 
for by the additional term E,oy. For diamond and zincblende structure semiconductors, Morita et al 
(1972) have used the isotropic energy-gap model of Heine and Jones (1969) in the calculation of 
Ecoy. The Jones zone of these crystals is nearly spherical (see section 1.8 and figure 1.2(c)) and its 
zone faces can be matched to the Fermi surface. Heine and Jones showed that the band gap at the 
point ky = (1, 1,0) on the Jones zone faces is approximately given by 


Ex = 2|Uerr(220)|, 


(3.120) 


where Uer¢(220) is an effective screened pseudopotential which includes higher order terms beyond 
the first-order result U (220): 


Uee(220) = U (220) + yp SHxIU ex =O) (hx = OU Vex) 


0 (h /2m) [kz — (kx — Q)?] (3.121) 


Here Q is restricted to {111} plane waves, such that kx — Q = (0,0,+1), and the Fourier transform 
of U in the summation is of the type U(111). The screened potential U is constructed using the 
linear screening scheme 
U(G) ae Y"Sp(G)up(|G|) = LG (|G|), (3.122) 
= — u Ju . 
e(G)MS i Pirie 


where, for the bth atom, S,(G) = exp(iG- T;) is the structure factor and u,(|G|) is the screened 
atomic pseudopotential. The covalent bond correction E,oy to the crystal energy is given by (Morita 
et al 1972) 

Ecoy = —8(Er){|Uesr(220) |? — |U (220)|*}, (3.123) 


where g(Er) = z/ SEF is the density of states per atom of the uniform gas of valence electrons at 
the Fermi surface. 
The force constants for the dynamical matrix in equation (3.110) are given by 


Dp (Ob; hb’) = ®9 (Ob:hb') + y-ADap (Ob; hb’). (3.124) 


Here ®° corresponds to paired two-body forces as in second-order perturbation theory of simple 


metals, and is given by 
Anz e* ; 1 
vp(q 1- ; 
Qua ON era) 


Que 
ae ee da4p exp (ig: h) py, (3.125) 


' 1 
© 5 (0b;hb') = > 
“ q#0 


where the first term represents the direct Coulomb force constant, and the second term represents the 
indirect two-body force constant. AP represents unpaired three- and four-body forces corresponding 
to third- and fourth-order perturbation energy (Ecoy) and is given by 


1 {220} 


A® op (Ob;hb') = me Y Ur (Q) 
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u»(|O—al)uo (lal) 
«Le Gam [(40)? = 40-9 
x [(Q—4)a4g +4a(Q — 4) g) exp (igh) Spy. (3.126) 


Soma (1978a) and Soma et al (1981) have applied this approach to study the lattice dynamics of 
Si, Ge and a@-Sn. Soma’s group has also extended this approach to the study of lattice vibrations in 
partially ionic semiconductors, namely, HI—V and IVI compounds (Soma and Kagaya 1983a,b). 


4 Anharmonicity 


4.1 INTRODUCTION 


In the harmonic approximation we analyse a crystal with N atoms as a set of 3N harmonic quantum 
oscillators or normal modes. Since a normal mode of vibration of a crystal is treated as a quantum 
of energy, and hence a quasi-particle — a phonon, we also associate with it a (quasi) momentum fq. 
The use of the term ‘quasi-momentum/’ is appropriate, since unlike a particle momentum the phonon 
momentum cannot increase indefinitely. When the phonon momentum increases by iG (where G is 
a reciprocal lattice vector), Bragg reflection of the normal mode takes place from atomic planes in 
the crystal and momentum AG is ‘transferred’ to the lattice as a whole. 

In the harmonic approximation phonons are independent of each other. The vibrations of a real 
crystal, however, are not purely harmonic and the meaning of independent phonons breaks down. 
Anharmonicity leads to coupling between phonons of the harmonic crystal, which becomes more 
important as the temperature of the crystal increases. Phonon—phonon interaction is a typical many- 
body problem. 

In this chapter we review the phonon Hamiltonian of a general three-dimensional crystal, with a 
view to analysing the lowest order anharmonicity. We then review the Hamiltonian of an elastic con- 
tinuum, again with a view to analysing the lowest order anharmonicity. We simplify the expression 
for the Fourier transform of the anharmonic force tensor and derive an expression for the Griineisen 
constant in the isotropic continuum approximation. Finally, we discuss the role of Griineisen’s con- 
stant in the crystal phase transition. Towards the end, two recent developments have been added 
to express the cubic and quartic anharmonic potentials beyond the elastic continuum level. One of 
these is a semi-ab initio approach, which derives expressions for the potentials within the elastic 
continuum approximation but can make use of phonon dispersion relations obtained at ab initio 
level. The other approach is fully at ab initio levels, based either on the density functional theory 
(DFT) or the density functional perturbation theory (DFPT). 


4.2 HAMILTONIAN OF A GENERAL THREE-DIMENSIONAL CRYSTAL 


Consider a general three-dimensional crystal. Consider a unit cell situated at a position vector J and 
let b{= t,} be an atomic position in it. Let x(Jb) be the actual coordinates of the bth atom at a 
particular time f, so that 

u (Ib) = x(Ib) — (1-45) (4.1) 


is the deviation of the atomic position from the equilibrium position (+b). We now expand the 
crystal potential energy Y in a Taylor series in powers of the displacements u (Ib): 
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For the equilibrium state to be a minimum in energy 


Ov 
dx(Ib) |0 


=0. (4.3) 


Also, the constant term % which fixes the zero of the potential can be set to zero. Equation (4.2) 
then reads 


1 

oo = 5 LL Pap (Ub,1b' ua (Ub )ug Ub") 
1b I'b! ap 
1 
+e YY Popy(lb Ub! Ub" \ ug (Ib )up (Ub! )uy(0"b") 

3! 1bI'b! Ub" apy 

+..., (4.4) 


where ® is a matrix (a cartesian tensor of second rank with 3” elements) and is a cartesian tensor 
of third rank with 3° elements, defined as 


Sip Phy, 2 ts (4.5) 
ale Aug (Ib)dug("b)| 
ey 
Mpl ply _ 
YP opy(lb Ub Lb) = dua (Ib) dug (Ub) )ou,(0"b") i (4.6) 


The matrix ® has already been defined in equation (2.42) but we have repeated it for the sake of 
completeness of equation (4.4). 

Let p(Ib) be the momentum operator of the atom located at +b, with mass mp. Then the crystal 
Hamiltonian can be written as (retaining terms only up to the cubic power of w) 


Ib)-p(lb) 1 
H = yee YY Gog (1b,U'b' ug (Ib) ug (U'') 
ib mn bib! ap 


1 
oa YY Bop y (lb. U0! Ub" ug (Ib) ug (UB' uy (U'b"). (4.7) 
Ibw'b! Lb" apy 
The cyclic boundary condition in equation (2.88) can be generalised to a crystal in the form of a 
parallelepiped of dimensions L; x Lz x L3 (= Nia, x N2a2 x N3a3), containing Ni, x Nz x N3 unit 
cells with lattice constants a,,a2 and a3: 


uy (1) = uy(1+ Nia) = uy (1+ Noa) = uy(1+N3a3). (4.8) 


It is evident that the form of the Hamiltonian in equation (4.7), involving arguments Jb and I'b' for 
Vy and Ib,'b' and Ib" for Vs, is quite complicated. However, it is possible to simplify the form 
of the Hamiltonian by introducing new coordinates. (The art of simplifying a crystal Hamiltonian 
within the harmonic approximation is some times called finding a diagonal representation of the 
Hamiltonian.) There are two steps involved. 

In the first step of Hamiltonian diagonalisation, we make a Fourier analysis of the coordinate (u) 
and momentum (p) variables 


u(lb) = YVX(q,b)e@" (4.9) 


P(q,b)e 4", (4.10) 


p(lb) = Ta 


Anharmonicity 85 


where NoQ is the volume of the crystal with No = NjN2N3 number of unit cells. Thus we have 
transformed the variables u and p into normal coordinate operators X and P. Since uj, and pjy are 
Hermitian, we must have 


1 
X'(q,b) = X(-4,6) = Tare Enserp ligt) (4.11) 
P'(q,b) = P(-q,b)= ae bP) exp (—ig- 1) (4.12) 


i.e. the new coordinate operators are non-Hermitian. These operators satisfy the following commu- 
tation relations: 


[X(q,b),P(q',b')] = wa Lerli i(q-1—q'-l')|[u(1,b),pU',b’)] 
Ll 


= mayer i(q-1—q'-1')|f ihdy 5,5) 


= Lind, dyy- (4.13) 


In other words, the new ‘displacements’ and ‘momenta’ are canonically conjugate and non- 
commuting if they correspond to the same wave vector and basis vector; otherwise they are dy- 
namically independent variables. 

Substitution of equations (4.9) and (4.10) into equation (4.7) gives 


H 1 P(q,b)-P(q',b) 


exp[—i(q+q')-]] 


NQ ig 2m 

1 
axa X YPap( (Ib,U'b')Xa(q,b)Xp(q',b’) exp [i(q-1+q'-1')| 
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xX (qb )Xg (q'b')Xy(q"b") exp[i(g-I+q'-U+q" 1"). (4.14) 


The first term in this equation can be simplified by performing the summation over I, 


P(qb)-P(q'b) 1 


First term = x i mar yl exp[-i(q+q’) -] 
ss ae P(qb)- P(q'b) « 
. 2m q+q' 0 
qq'b 


(4.15) 


where the last step is obtained by using equation (4.12). 

In order to simplify the second term in equation (4.14), we first note that because of lattice 
translational symmetry the harmonic force constant matrix ® can be expressed as (see equation 
(2.45)) 

Pap (Ib,I'b') = Pap (0b, (U' —1)b’). (4.16) 


Introducing h = I' —1 and defining 
Pog (bb' lq) = Vv mpmy Dag (bb’ |—-q) 
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= )' Go (0b, hb’) exp (—ig-h) (4.17) 
h 
we can express the second term in equation (4.14) as 


1 
Second term = 5 Y Sap Ob" | g)Xc(gb)X5 (qb"). (4.18) 
qb p' 
orf 


To simplify the third term, we change the summations over I' and I’ to those over new variables 
h' and h", defined by h’ =I! —1,h" =I" —1. Then, following the scheme used in equations (4.16)— 
(4.18), 
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q'b" 
x Papy(gb,q'b',g"b")Xa(qb)Xp(q'b')Xy(q"b"), (4.21) 


where G is a reciprocal lattice vector. 
Collecting all the three terms, the crystal Hamiltonian is expressed as 


w= y 
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xB opy(qb,q'b' qb" )Xo(qb)Xp (q'b')X,(q"'b"). (4.22) 


At this stage of the first step of simplification the crystal Hamiltonian is viewed in terms of the 
coordinates X(qb) and momenta P(gb) of pNo atoms, coupled by a set of harmonic force constants 
®(bb' | q) and a set of anharmonic force constants ‘(qb,q'b' ,q"b"). (Here p is the number of atoms 
per unit cell and No is the number of unit cells in the crystal.) For each value of q, the problem of 
finding the normal modes of the system is equivalent to finding the eigenstates of this Hamiltonian. 

The discussion of the crystal Hamiltonian based on the variables X(qb) and P(qb) can be com- 
pleted by introducing eigenvectors of the normal modes of the system. Following section 2.3, we 
introduce the polarisation vector e(b|gs) to represent the magnitude and direction of vibration of 
the atom b in the vibrational mode (qs), where s denotes the polarisation branch. e(b|gs) obey the 
orthogonality relation 


Ye* (blgs) -e(blgs’) = 5,5. (4.23) 
b 
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With the introduction of the eigenvectors e(b|gs), we make another set of normal coordinate 
transformations 


X(qs) = Y Vmpe*(b\gs) -X(qb) (4.24) 
b 


1 
P(qs) = ——e(b|qs)-P(qb (4.25) 
(qs) L i (b\qs) -P(qb) 
with P(qs) as canonically conjugate to X (gs). If desired, equations (4.24) and (4.25) can be inverted 
by using the closure relation 


Y\ e6(b\qs)eg (b'\gs) = Sap Spp’- (4.26) 
AY 
The normal coordinate operators X (qs) and P(qs) defined by equations (4.24) and (4.25) can be 
used to re-express the Hamiltonian in equation (4.22). However, it is more convenient to proceed 


now to the second step of the proposed simplification of the crystal Hamiltonian. 
In the second step of simplifying the crystal Hamiltonian, we make yet another set of transfor- 


mations: 
a — 14 [Nes 4.27 


a, = +i/ 2 4.28 
# as Cate oe 


The operators ag; and ai, are known as phonon annihilation and creation operators, respectively. It 
can be verified that these operators obey the following commutation relations: 


lags, 4] = 8y9'5s,9/1 (4.29) 


From equations (4.27) and (4.28), we can express 


ae oe 
X(qs) = -i Deo(gs) (ags — 4-gs) (4.30) 
Pgs) = Pag. tal.) (4.31) 


where we have used @(—qs) = w(qs), X'(qs) = X(—qs), and P* (gs) = P(—qs). Therefore, from 
equations (4.24) and (4.25), and (4.30) and (4.31) we have 


X(qb) = meron 


id smal 
P(qb) = vis de"( (b\qs)P(qs) 


e(b|qs) (a, — a_gs) (4.32) 


3 ma reas) e* (blgs)(ags +a" gs): (4.33) 


Thus we now have transformations which express the coordinate and momenta vectors X(qb) and 
P(qb) in terms of the phonon creation and annihilation operators and the polarisation vectors. 
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We now substitute equations (4.32) and (4.33) in equation (4.22) to simplify the terms in the 
Hamiltonian: 


1 1 
First t = —~Y —P(qb)-P' (gb 
irst term 2d my (qb) (qb) 


! + 
= GL heolgs) (gs +a" gs) (as + 4-45): (4.34) 
qs 


where equation (4.23) is used. 


7 


1 
Second term = 5 y" Daupg (bb'\q)Xa(qb)X, (qb) 


x (aqs = a_qs) (aqs = Bae) 


= gL Molas)ea(blas)eillas)(ahs— a5) (tas ~ aq) 
q; 


= 5) ho(gs)(al,—a_gs)(ags— a" gs); (4.35) 
where we have made use of equations (4.17), (4.23), (2.53), (2.54), (2.56) and (2.59). 
Adding terms | and 2, we get 
Anam = term 1-+term 2 
= ; 2 Palas) [(ags + a qs) (aj, +a_gs) 
+(a},, — a_gs)(ags — a" 4,)] 


1 
— 4 y ho(qs) (dqsa4js cs Aysgs + aay, + aia) 
qs 


1 
=: 55 yno(qs) (agsai,, + aide.) (4.36) 
qs 


where we have used the fact that a summation over allowed values of —q merely duplicates the sum 
over q. It is easy to simplify the above result a little further. Using the commutation relations in 
equation (4.29), we can finally write the crystal Hamiltonian in the harmonic approximation (i.e. 

including terms up to %) as 
Harm = Y ho (qs) (aj ags + 5): (4.37) 

qs 

The expression in equation (4.37) is in the required (diagonal) form, as can be appreciated below. 
Before proceeding further, it is worth recapitulating that this form of the Hamiltonian has been 
obtained by making the two-step coordinate transformation as described above. In the first step 
we changed the picture from the classical coordinates and momenta (particle picture) X (Ib), P(Ib) 
to the first quantisation variables (wave picture) X(qs),P(qs). In the second step we introduced 
the second quantisation variables (quasi-particle picture) dgs, Ce To appreciate the diagonal nature 
of the expression in equation (4.37) in the second quantised notation, let us calculate the crystal 
eigenvalues. Let us denote by |ng;) a state which has n phonons of wavevector g and polarisation s. 


The effects of the operators Ags Ags and gsAgs on the state \Ngs) are given as follows: 


Anharmonicity 89 


aj..|ngs) = 4/MqsF1|Mgs + 1) 
Ags|Ngs) = VN"Ngs Ings a 1) 
Ay sgs | Ns) = Ngs | Ngs) : (4.38) 
In other words, while Gis and dg; are, respectively, phonon creation and destruction operators, AgsAgs 
is a phonon number operator. Thus using equations (4.37) and (4.38) we get 


Aparm|Ngs) = yh (qs) (ngs + 5)|Nqs) 
qs 
= Y &qs|ttqs) (4.39) 
qs 
so that the eigenvalues of a three-dimensional simple harmonic oscillator with the Hamiltonian 
Anarm = ho(qs) (aj ,ags + 4) (4.40) 
are 
Eqs = h@(gs)(ngs + 4). (4.41) 


From here it is clearly seen that the average energy of phonons in mode (qs) is 
Eqs = ho(gs)iigs (4.42) 


where the thermal average fig, is the Bose—Einstein distribution function given in equation (2.2). 
The second term in equation (4.42) is the zero-point energy. 

Having discussed the harmonic part of the crystal Hamiltonian in the second quantised formula- 
tion, we now proceed to express the cubic anharmonic term %3 in this notation. In the first quantised 
notation, this is the third term in equation (4.22). Using the transformation in equation (4.32), we 
re-write equation (4.22) as 


wB 1/2 
qb, » ipl! (ocaratnaG ae ) 


I 


sss" apy 
+ Be gs4'sa"€ea(Bl45)ep (0s ey(b" q's" apy gb-a'8'4'b") 
a al, —a_gs)(a}, q's! 1 ~ q's! )(a dh yy — a q's") 


w= 5 


aM 


= = os S6.q+q'+q" E (QS, q's'.q''s") 


qs,q's 
q's" 
x (as fa a_qs) (aby — a_q's')(a Ue —a_ q's!')s (4.43) 
where 
i 1/2 
W(qs,q's',q’'s") = 1 Y ir / 
NoQ jarp 8mpmy Mp O(gs)@(q's')@(qg"s") 
apy 
X€q(b|gs)ep (b'\q's' Je y(b" Iq" ") 
XY gpy(qb.q'B",q"'b"). (4.44) 


The factor Y(qs,q’s’,g"s") in the cubic anharmonic term in the Hamiltonian is proportional to an 
average of the Fourier transformed tensor ‘¥(qb,q'b’,g"b"), projected upon the directions of the 
polarisation vectors e(b|qs),e(b’\q’s’) and e(b"|q"s"’). 

This completes our transformation of both harmonic and cubic anharmonic terms in the crystal 
Hamiltonian using the second quantisation scheme for coordinate transformation. Once again, no- 
tice that while in this representation the harmonic term is diagonal, the anharmonic term is not. This 
coordinate transformation scheme can also be used to express higher order terms in the Hamiltonian, 
if desired. 
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4.3. EFFECT OF ANHARMONICITY ON PHONON STATES 


From equation (4.39), it is clear that the harmonic term in the Hamiltonian gives the picture of 
non-interacting phonons in a crystal. In reality at finite temperatures all crystals contain anharmonic 
lattice forces, a fact which is borne out from measurements of thermal expansion and lattice thermal 
conductivity, and from widths of phonon peaks in neutron scattering from crystals. However, neu- 
tron scattering experiments clearly indicate one-phonon peaks, which suggest that anharmonicity 
can be viewed as a perturbation on the non-interacting phonon states of a crystal. This is what is 
generally accepted in theoretical treatments of anharmonicity. The effect of anharmonicity is thus 
to introduce interactions among the independent phonons of a crystal. For example, the effect of the 
cubic term 3 is to cause, in first-order perturbation, interactions involving three phonons and, in 
second-order, interactions involving four phonons. Similarly the quartic term, “4, causes, in first- 
order perturbation, four-phonon interactions, and so on. 

In this section we discuss the effect on phonon states of %3 in first-order perturbation. Details of 
transition probabilities will be discussed in Chapter 6, but here we investigate types of three-phonon 
processes and the conservation rules governing them. 

From equation (4.43), we see that, due to translational invariance of the crystal potential energy, 
the phonon wave vectors q,q’ and q” have to satisfy the momentum conservation 


q+q'+q" =G, (4.45) 


where G is a reciprocal lattice vector including zero, and q,q’, and q” are restricted to the first 
Brillouin zone. Phonon—phonon interaction processes with G = 0 and G £0 are called normal or 
N-processes, and umklapp or U-processes (Peierls 1929), respectively. 

From equation (4.43) it is clear that the effect of %3 is governed by the operator 


(aj, — Gag) (at = a_q'y)(Qhgy = A_g''s!! ) . (4.46) 


Expanding this product we get 


Tot t t 
AsO Tyg = Ap sA\ Agi! = Ays4_g! Ayn gy 
a ey + 
+A gsA_q!s!A_g!'s!" _ 4—gsg Aggy + A—qsQg1 J A_gl's" 
+4_gs0_9 hyp — A_qsA_g's!A_gl's". (4.47) 


Each of these operators acts on a three-phonon state |NgsMgiyNgrs”) according to the rules given in 
equation (4.38). Therefore, the effect of the operator in term 1 of equation (4.47) is to increase 
by unity the number of each of the phonons represented by gs,q’s’ and q’s’’. In other words, three 
phonons are simultaneously created. Similarly the effect of other operators in equation (4.47) can be 
inferred. It can be seen that there are four basic processes of three-phonon type: (1) annihilation of 
two phonons and creation of a third phonon (we shall refer to this as a class I event in chapter 6); (ii) 
annihilation of one phonon and creation of two phonons (referred to as a class 2 event in chapter 6); 
(iii) simultaneous annihilation of three phonons; and (iv) simultaneous creation of three phonons. 
However, only (1) and (ii) are real possibilities, as they satisfy energy conservation. Possibilities 
(iii) and (iv) violate energy conservation, and can, therefore, only be included as possible virtual 
three-phonon processes when considering higher-order anharmonic processes. 

Let us consider creation or annihilation of a phonon in mode qs. The allowed processes are 
described by the following energy and momentum conservation laws 

Class I events: 


o(gs)+a(q's') =o(q"s") 
qt+q =q"+G (4.48) 
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Class 2 events 


Figure 4.1 A two-dimensional representation of three-phonon N- and U-processes: (a) g+q' =q", (b) q+ 
q =" +G,(c)q=q'+q",.@0q+G=q'+q". 


Class 2 events: 


Wi 


o(gs) = a(q's') + a(q"s") 

q+G =q't+q". (4.49) 
In a class 1 event, a phonon (qs; @(qs)) interacts with another phonon (q's’; @(q's’)), they both get 
annihilated, and as a result a third phonon (q"s"; @(q’s")) is generated. If the momentum q +q’ 
lies within the first Brillouin zone, the process is called normal (N) process. If g+q’ lies outside 
the first Brillouin zone, then it is flipped back into the first zone with the help of an appropriate 
reciprocal lattice vector G and the phonon interaction process is called an umklapp (U) process 
(see figure 4.1). Evidently, in a U-process the momentum q” of the created phonon differs from 
q+q' by a non-zero reciprocal lattice vector. For this reason we, therefore, sometimes refer to N- 
and U-processes as momentum conserving and momentum non-conserving processes, respectively. 
Further, as the direction of qg” in a U-process is opposite to the direction of the resultant q+’, such 
a process obviously creates a resistance to heat flow by phonons. A similar picture can be presented 
for a class 2 event in equation (4.49). We will consider class 1 and class 2 events in calculations of 
phonon lifetimes in Chapter 6. 


4.4 EFFECTS OF THE SELECTION RULES ON THREE-PHONON PROCESSES 


We can analyse the effects of energy and momentum conservation on both class | and class 2 events. 
Consider the scattering of phonon (qs) in a class 1 event. Each of gq’ and q” has three degrees of 
freedom. Out of these six degrees of freedom, four are fixed by equation (4.48): 


Qzt+h% = G+G, 
‘+g = g+G, 
atq, = &4+G, 
a(gs)+o(q's') = (q's) (4.50) 


The remaining two degrees of freedom define some surface .”’ in reciprocal space, on which q’ must 
lie for the process in equation (4.48) to take place. The area 7’ has in general a very complicated 
shape depending on the value of q and upon the branches s,s’, s’’ of the three phonons involved. 
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To obtain the form of the energy conservation surface .”’ for a three-phonon N- or U-process, we 
should have full knowledge of a realistic phonon dispersion relation throughout the first Brillouin 
zone. This is a very demanding task and indeed may not be affordable for a study of phonon-phonon 
interactions in a crystal at various temperatures. When dealing with N-processes, a simplified picture 
of phonon dispersion relations and of the Brillouin zone (e.g. the Debye approximation) has been 
widely used. In fact this is what we will do in discussing phonon interactions in this chapter and 
in Chapters 6 and 7. However, the continuum approximation used in Debye’s scheme does not 
allow for a physical picture of an U-process as there is no concept of a reciprocal lattice vector in a 
continuum. To overcome this difficulty, Parrott (1963) grafted the following scheme for a pseudo- 
reciprocal lattice vector G when dealing with U-processes within an isotropic continuum model: 


ee ae 
class 1 events : G = 2qn7—_,,, (4.51) 
lg+q'| 
where gp is the Debye radius. We can follow Parrott’s scheme to graft a pseudo-reciprocal lattice 
vector for class 2 events (Srivastava 1974, 1976a): 


abe 27 
class2 events : G = 2qgpn ——_,. (4.52) 

lq—q'| 
The selection rules in equation (4.50) impose certain restrictions on combinations of polarisation 
branches of phonons taking part in three-phonon processes. Consider the class 1 N-process g+q' = 
q". The energy conservation condition requires that the frequency of the created phonon must be 
higher than that of one of the phonons which are annihilated: a” > @,@/ (where we have used 


o' = @(q's’) etc.). Within the isotropic continuum model @ = csq etc. Thus we have 


cg! = eqteyd (4.53) 
tug’. > tasegd. (4.54) 


Also, the momentum requirement g +q’/ = q” gives 
gud? (4.55) 


The conditions in equations (4.53) and (4.54) require that cy” > cs,cy. Furthermore, we note that 
within the isotropic continuum model the strict inequality c,” > cs holds only if s” = L (longitudinal) 
and s = T (doubly degenerate transverse). Thus the only distinct types of class 1 N-processes are 
T+T-T,T+T-OL,T+L—L, and L+L-— L. The processes T+ T— T and L+L-—> L require 
that all the three participating phonons be collinear. For a non-linear dispersion relation the process 
L+L-— Lis forbidden, but the processes T; +T; > T2, 71 +T2 — T2(@(T2) > @(T1)), and T} +L> 
T2(@(T2) > @(T1), @(L)) may be allowed. 

Next consider the class 1 U-process governed by the selection rules g+q' =q"” +G and @+@!' = 
eo”. It can be appreciated from a configuration of wave vectors for this process (see, e.g., figure 4.1) 
that each of g,q' and q” must be small enough to fit inside the first Brillouin zone: 


G6 4 1G; (4.56) 


Further, to meet the vector equality g+q’ =q" + G we must have 


qt+d+q' >G. (4.57) 


The requirement @ + w’ = w” together with the constraints in equations (4.56) and (4.57) imposes 
a lower limit on the value of g”. We will discuss this point in more detail in Chapter 6 where we will 
consider both class 1 and class 2 processes. Furthermore, an analysis analogous to that presented in 
equations (4.53)—(4.55) rules out U-processes of the types T+ T + T and L+L-—> L. However, for a 
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non-linear dispersion relation the processes T; + T; — T2 and Ty +L > T2(@(T2) > @(T1), @(L)) 
may be allowed. 

Therefore, the allowed combinations of phonon polarisation branches within the isotropic con- 
tinuum model are 


T+T =L 
T+L =L (4.58) 


for both N and U processes, and 


THT =T 
L+L =L (4.59) 


for N processes only. 
A more detailed discussion of the effects of the selection rules, and of the form of .~’ based on 
crystal symmetry arguments, can be found in Ziman (1960) and Herring (1954). 


4.5 HAMILTONIAN OF AN ANHARMONIC ELASTIC CONTINUUM 


It is evident from section 4.2 that even the cubic anharmonic term in the crystal Hamiltonian is 
very complicated in its detail. This is best realised when dealing with anharmonic U-processes. It is, 
therefore, very useful to have a simplified description of the crystal Hamiltonian. The simplest thing 
to do is to smear out all the structure and treat the crystal as a continuum. We have some consolation 
in doing so: the low-lying acoustic modes resemble simple elastic waves. 

In the continuum model we replace the lattice vector J, which goes through discrete values, by 
a continuous position vector r. Sums over all values of J are then replaced by an integral over r. 
The displacement vector u(lb) is replaced by a vector u(r) which represents the displacement of 
the continuum crystal at point r. With this definition then du/0r is the elastic strain tensor and its 
components represent the rates of change of the displacement in various directions. The second- 
order and third-order elastic energy terms are given as follows: 


ap B 
yd 
ol 3 Imn OU OUm OUn 
% = x /¢ rai on dn ae (4.61) 


ijk 


where J and A are tensors in cartesian components of fourth and sixth rank, respectively. 
From the theory of elasticity we can write equations (4.60) and (4.61) in an expanded form. In 
general one writes the potential energy expression as follows (see, e.g. Drabble 1966): 


v= [dr 


where Cmn,pgq aNd Cmn,pg,rs aCe Components of second-order and third-order elastic constants, re- 
spectively. Using the contracted notation as explained in equation (2.141), we can express equation 
(4.62) as 


1 1 
Vot y (5m pan + 3! Eman) ) (4.62) 


mn,pq 


1 1 
v= [8r( %+ 5 cronpno+ = Y crornenome (4.63) 
PO * POR 
(sums over subscripts P,Q, R go from | to 6). In equation (4.63) we have used 


m= To = 122 73 = 133; 
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14 = He +132 15 = 131+ 113 Ne = 12+ 721, and 
T Gab 


Nab = > Nk. (4.64) 
In the above equation 7, is defined for k = | to 6, and nj; are the Lagrangian strain components 
defined as 
Org ork 
5i; |, 4.65 
m=3(E da; 0a; i y ( ) 
where 


ri =ai+u; (4.66) 


with r and a representing the coordinates of the strained and initial (or unstrained) states, respec- 
tively. Now, since r; = uj +a;, we can write 


and hence 


a OUp OUpy 
Nij 2 2 : & i ) & +641) -4 


+¥ ie s (4.67) 


1 
ae (« +ujit+) tot) 
Pp 

= Mit 9 Letoilps PH Mj2; 3: (4.68) 

Also, it can be verified that 
ij = Nji- (4.69) 
For cubic systems equation (4.63) can be expressed in Brugger’s notation (1964) as follows: 
1 
¥ = [erie 5 leu(ni +12 +73) +ca4(ng +3 +N6) 
1 

+2c12(m1 M2 + M23 + 3m) } + 6 {Ci (ni +n3 +73) 


+3CnaIni (2 +03) +03 (m3 +1) +103 (m + 1)] 
43Ci4a(ing + mn +n3ne) 
+3Ci66[ng (2 +03) +3 (m3 +1) +6 (m + 12)] 

+6C12371 1213 + 6C456N4N5N6 } J - (4.70) 


From equations (4.60)—(4.61) and (4.70), we can obtain expressions for 4% and V3. 

Note that equation (4.70) is written in Brugger’s notation. There are other notations available 
as well; for example Birch’s notation (Birch 1947). The two sets of elastic constants are related as 
follows: 

Ci =6Chy = Ci =2Ch2 C3 = Cis 


1 1 1 
Ci = 5 Cis Ciés = 5Ci66 Cik6 = qCi56- (4,71) 
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Here we have used C; jx = CPe for the elastic constants in Brugger’s notation, and Ch, for the 
elastic constants in Birch’s notation. 
Using equations (4.64), (4.67) and (4.69), we can express equation (4.70) as 


fo= [&rlto sfeulnh +b +n) 

+4c4a (133 +31 + Nie + Ni2) + 2c12(M11 N22 + N22733 + N33MM11)} 
+2{Cii(mii +m +m) 

+3Ci12[nt1 (M22 +133) + 139(N33 + M11) +33 (M1 + 122) 
+12Ci44 (M133 + N22NFs + 13312) 


+12Cy66[133 (N22 + N33) + 173 (M1 + N33) + Nir (M11 + N22)] 
+6C1237117221133 + 48Ca4s6723131 M12 } J (4.72) 


Then we can use equation (4.67) to expand each term in equation (4.72). For example, 


2 

1 Ou Ou Ou, Ou 
cul(ni +N tn) = jen ($2 a, ay a | 
P 


2 
mi Our Our ee OUpy 
Orn Orn 7 Oro Or2 


Ou3 4 Ou3 Uy OUup : 
Or; Or, " Or3 OF3 


2 2 
1 
= jen (214 Zao + (212+ Zone) 
Pp P 


2 
cle (20 “Leon | 
P 


= cy (uqy +3 +033) 


+11 Vu pi epi + U22Up2Up2 + U33Up3Up3) 


Pp 
1 
yeu Y{(upiupi)? + (upattpr)? + (up3up3)°}- (4.73) 
P 
Similarly, 
1 2 
ca(13tngt+Nh) = ho (v= +32 Lean 
P 


2 
+ @ +uy3+ Lens) 
Dp 
2 
+ (um +u24 “Een | (4.74) 
Dp 
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1 1 
€12(11 22 + 2233 + 733M11) = C12 | | war + 5 Yi upitpi u22 + 5 Y uprutp2 
Pp P 
1 1 
+ [ u22 +=) uprup2 | | u33 + =) upsueps 
25 25 
1 1 
+T | 433 +5 Liu pstips wit 5 Yiepitps (4.75) 
Pp Pp 
: 3 
Ciui(ni +N +3) = Cin a + Dentn) 
Dp 
1 : 1 : 
+ | uw22+5 Yi uprutp2 + | u33+> Y up3utps 
2 . 2 r 
(4.76) 
and so on. 


In our further discussion, we will need terms of the order of u3, to extract Y out of Y. Therefore, 


retaining only terms of third-order in u,;, we get 


3 (1 
th = Je “(JeuDbnsnn + U22U p2U p2 + U33Up3Up3) 
Pp 


1 
+5e12 Y {uri (up2up2 + Upsup3) + U22 (UpiUp1 + Up3utp3) 
D 


+33 (Up1Upt a Up2Up2) } 


+c44 ){(ui2 +21 )UpiMp2 + (u23 +032) Up2utp3 
p 


+(U13 +431 )UpiUp3 
(ui3 +431) i 


1 
+eCi (uj) + U3 +33) 


+C 123 (uy 142233) 


1 
+5Cur{un (uz2 +433) +39 (u33 +11) +433 (uy) +u22)} 


1 
+5 Cras {uit (uy3 +u32)° + uz2(u31 +13)? +033 (12 +21)? } 


+C456{ (u12 + u21) (23 + 32) (413 +431) $ 


1 
+5 C1664 (uit + uy2) (uy +u21)* + (22 + 033) (u23 + 32)" 


+(u33 tui) (urs +) ; (4.77) 
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We can write the above expression in a compact form: 
ae 


3 
+c44uij ) Upillpj + sCints + C123 Ug j jUKk 
Dp 


1 
seu Ltt oF 9 O12Mii Lt pit; 
ZK 


1 1 
+ Cuz tj; + Uke) + 5 C14auii(U jk +ugj)* 
+C456(Uij + Uji) (U je + UKj) (Uni + Uik) 


1 
+5Cro6(uituj))(uij+uy)) — i,J.k,p=1,2,3. (4.78) 


This equation can further be expressed in a compact notation as in equation (4.61). 
For the continuum, we use equations (4.9) and (4.32) to write down the expression for the dis- 
placement vector u(r) in the second quantised notation: 


1 ay 
u(r) = Tmo | i),| 2p? DAG alas yeas(a d_qs)exp (ig-r). (4.79) 


Here p is the mass density in the unit cell of volume Q and eg; = e(r|qs) is the polarisation vector 
at point r in the medium. There is now no summation over the basis vector b, which is compensated 
by the use of p rather than m,. Also, now the polarisation branch is only of acoustic type so that the 
index s stands for s = L,T,,T2 (with T; and T2 being degenerate). Differentiating equation (4.79) 
we get 


Ou, 1 h 1 I F : 
— Gi » — AL _ . 4.80 
Or; VNoQ 2p » Jovgs) (a a qs) exp (ig r) ( ) 
Substituting terms like (4.80) in equation (4.61) we get 
3/2 
1 h 
ee ee a Almn 
“ af " (srap ) De Ak 
q5.q'8' q's 
Imn,ijk 
1 
* Vowsows jatar ee 
x(a in _ sate a_q! 1s )(a Bhan _ a_gi's) exp li(q +q' +q") -r). 
(4.81) 
The integation can be performed by using the Fourier theorem 
1 : 
MQ i WPrexp[i(g+q! +9") -1] = Sg44'4q".G: (4.82) 


where G is a reciprocal lattice vector. (Note that we cannot talk of a reciprocal lattice vector in the 
continuum, but shall still keep equation (4.82) for dealing with U-processes. This we can do if we 
use Parrott’s grafting scheme, as discussed in the previous section.) Then equation (4.81) becomes 


1 


Ve = FY Sgtq' sao (4g — 4-9) (Ay — 4-q/s) 
* gs.qis' q's!" 
. ( + gs sl” 4.83 
gn —a_q's') qq'q"”? (4.83) 


98 The Physics of Phonons 


where 


e! e” g! MW 
€gs Fie aa 


Fess" _ fit (4.84) 
qq'9 — Jk Jotas)oa’s' yas”) 
ne qq'q"' 1/2 sis! 
~ Vi 8p3NQ { eeu } Aqgiq' (4.85) 


where in obtaining equation (4.85) we have used the continuum dispersion relations @(qs) = csq 


etc. and have defined 7 


A‘giq! = deasvieg is VilG rng VEG (4.86) 
Imn 
ijk 


with v,v’ and vy” as unit vectors along qg,q’ and q”, respectively. From a comparison of equations 
(4. 83)— (4.85) with equations (4.43) and (4.44) it is clearly seen that the anharmonic coefficients 


2 ae represent the elastic continuum analogue of the coefficients Y(qs,q’s’,q"s”). Similarly, 


{Ai} represents the tensor ‘¥(qb,q'b’,q"b") for an elastic continuum, i.e. the coefficients Ay are 


related to the elastic constants. The coefficients A°” s » which are components of the tensor fain) 
referred to @g; and g as axes, measure the strength of a three-phonon process. For reasons which 
will become clear in Chapter 6, we will call As, |? three-phonon scattering strengths. 
From a comparison of equations (4.83)-(4.85) with equation (4.61), we can express the compo- 


nents sted in terms of the second- and third-order elastic constants 


ssl sl! folly lt town 
Aa'q! = y 3¢11e; "Le Vieni + 3c¢)2e; Dad 
if jfk 
+6c44e;V ; Le, i My tC emda! 
44 J L ep Vi 111 I 
/ vj el! Ui i Us 
+6C123€;Vie iV envy + 3C i 2evie}v, (ety 5 TeV) 


+3C elev, + ev’) (eivy + et) 


Ue UPL 


+3C166(eivi + qjvi) (ev; +ejvi) (ef Vi +e v7) 


+6C456(e:Vj + vi) (Cv +exv)) (Rv + 7 Vy) 


i, j,k, p = 1,2,3. (4.87) 


Each term in equation (4.87) is contributed by all permutations of non-distinguishable three 


phonons (qs), (q's’) and (q”s”) taking part in a three-phonon process. This means that we must 


expand a term such as e/vje},vje,v_ by taking permutations over indistinguishable contributions 


from the three phonons as follows: 


PULTL vel y MVellylt 
evi enV On V i + €Viln VEC mV g Venjeitee nV k 


gl 
Cat ott / yy PULPeL 
He mv jenVeey VE + envgeVieinV + CnVKEE mV je1 V; iF (4.88) 


In this way, we can finally express all the terms in equation (4.87). Here we express the first few 
terms, and others can be similarly obtained. 


PL 
teml = 3c y evil Vil pV; 
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3 
= a : [eiviel Vienv) + eivie Vici Vi + epviewvienv; 
if j#k 
+e pve viel vi + epviewvienwv; + epvie view; | 
= ci[(e-v)(r'-v")(el-e") + (e-v')(q-v")(e-e") 
+(e-e')(v-v')(e”-v")] (4.89) 
tem2 = 3c12 dL envie Vie Vy 
dit 
oe 2p) [ei Vie Vie nV; + eivie VieGV; + epVjeVienY; 
are 
=p CpV jl pV jC; Vi "+ epvjeivie DV; Fe pVjlyV ie; V; | 
= cp[(e-v)(e’-e”)(v'-v") + (e-e”)(v-v")(e-v’) 
+(e-e')(v-q')(e"-v")]. (4.90) 
Similarly 
term3 = 6c44 py eV je VienV 
ee 
= cas[(e-v')(v-v")(e'-e") + (e-v")(v-v')(e'-e") 
+(e-e")(v-e)(v'-v") + (e-e")(v'-v")(v-e") 
+(e-e")(v-v/)(e'-v") + (e-e')(v-")(v’-e")] (4.91) 
and so on. 


4.6 EVALUATION OF THREE-PHONON SCATTERING STRENGTHS 


From equations (4.87) and (4.88), it is clear that for the evaluation of the three-phonon scattering 


strengths |AS |* we need to have a knowledge of the second- and third-order elastic constants of 
n~ al nit 


the material. Furthermore, as the coefficients As fa depend on directions of propagation (4,q',q”) 
and on polarisation vectors (€s,€g/s',@gs”) of the participating phonons, it is desirable to solve the 
dynamical problem (chapter 2) for each participating phonon within the first Brillouin zone. This 
may be prohibitive in the practical sense. The problem becomes amenable if we assume isotropy 
of the medium. In that case we use the following isotropic conditions for the elastic constants (in 
Brugger’s notation): 


Ci = C123 + OCy44 + 8C456 

Cii2 = C23 +2Ci44 

Clos = Ciag + 2C456 

2c44 = C11 —C12.- (4.92) 


Furthermore, these elastic constants can be related to the isotropic elastic constants following the 
notation of Landau and Lifshitz (1959): 


1 
PB = ACy56 B=Cia4 C= 0123 
A = cp UH =ca44 A+2uU=c),. (4.93) 
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Here A and w are the Lamé constants of isotropic elasticity. In terms of the isotropic elastic con- 
stants, we can express the cubic anharmonic term in the crystal Hamiltonian as 


- fey]% du; \* AFB Oui (Ou * | Bau; Au; Ou 
Or; 2 Or; \ Org 2 Or; Org OF; 


_ 


ea Ou; Ou, Oux DA Ou; OU; OU, 
H Or; Or; Or; 12 Or; Org Or; 


(4.94) 


In order to evaluate the three-phonon scattering strengths, Hamilton and Parrott (1969) and Sri- 
vastava et al (1972) assumed the isotropy of the medium and considered the three phonons to be 
coplanar. Let us choose @ along the z axis and consider g,q’ and q” to lie in the x — z plane. Let 0’ 
and @” be the angles between g and q’, and q’ and q”, respectively. Then if 6), @ and 63 are the 
(arbitrary) polarisation angles for the transverse phonons, we have 


g=e. = (0,0,1) 
et = (cos 6,sin 6,0) 
g =e, = (sin6’,0,cos 6’) 
e+ = (cos@'cos @5,sin 82, —sin 6’ cos 0) 
gj’ =e, = (sin@”,0,cos0”) 
er = (cos 0" cos 63, sin 63,—sin 0” cos 3). (4.95) 


Substituting equation (4.95) into equation (4.87), making use of equation (4.88), and averaging out 
over 0 to 7 wherever 0), 02 and 03 occur, we can obtain the following results: 


lane =0 (4.96) 
1 
lazih| = & [sin(6" +0") {c11 cos 0’ cos 0” + (2c4g + c12) sin 6’ sin 0” 
2 
+(C¥.¢ + c44) c08(0" — 6")} | (4.97) 
1 
= 5(A+3u ++ 2B)’ sin? (6! + 6”)cos?(8” — 6’) (4.98) 
TT 1 B ! ! " ! " 
re = 7 | {Cfsa00520 + 2c11 cos 8" cos 8” cos(0’ + 6”) 
—2cagsin’ 6’ + (4c44 +2¢12) cos 6’ sin @” sin(6’ + al)}? 
1 
+ { (Ch6 + 2c11 — 2c12 — Chy4) cos 6’ cos 20” 
+(4caq +C#) sin 6’ sin 20” 
+ (C86 +211 +2c12 +CB,4) cos 6"}") (4.99) 
1 2 
=o Ge {a +ut(A+3u+#+2A)cos20'} 
+{2(A +B) cos 6! + (4p +.0/) cos 6" cos (8” — e’)}"| (4.100) 
lattt,| = 9c +2071) (4.101) 
2 
= [3a +6 +2 +3B+%)| (4.102) 


Note that the results are expressed in terms of both crystal elastic constants (using the Birch notation) 
and the isotropic elastic constants. Within the isotropic continuum model, the scattering strength for 
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the process T+ T = T is zero. The scattering strengths of other polarisation combinations depend 
on the angles 0’ (between q and q’) and 0” (between q and q”). 

A coplanar geometry for the evaluation of three-phonon scattering strengths is not a restriction. 
We can consider a general three-dimensional geometry for a three-phonon process and obtain an 


angularly averaged result for its scattering strength Ae, 2 


9199 


ry 


Ill = ss sl 
Jas" ,) an aos | | /aeiae2d0; ass | (4.103) 
In the polar coordinate system, we consider for a phonon (qs) 
G=e_ = (sinOcos¢,sin@sing,cos 8) 
eT, = (cos@cos¢,cos Osing, —sin @) 
eT, = (-sind,cos¢,0) (4.104) 


with similar coordinates for phonons (q’s’) and (qs). Here we have removed the restriction of 


coplanar phonons and have considered two mutually perpendicular transverse polarisation direc- 
tions. Numerically obtained results are (Srivastava 1980) 


aTtt|’ 


qq'q" = (4.105) 
amt] = 0.0255(3ca4 +4Cys6)? + 0.1333 (C12 + 2C 44)" 
+0.0593 (3c44 +4C456) (C12 +2C\44) (4.106) 
= 0.0255(@/ +3u)? +0.1333(A +28)" 
+0.0593(.o/ +3)(A +2B) (4.107) 
ATT] = 0.1333 ef) + 1.5Ci4a(c12 + Cr aa) 
+4(c4a +Cy56) [0.0496 (c4aa + C456) 
+0.0222(c12 + 2C\4a)]| (4.108) 
= 0.1333[A7+1.58(A+4)| 
+(@ +4) [0.0124(o/ +41) +0.0222(A +2)| (4.109) 
2 
Jatt) = Gen +Cin)? (4.110) 
= BA+6U+2°S+3B+@))’, (4.111) 


where the third-order elastic constants C;;, are expressed in the Brugger notation. 


4.7 THE QUASI-HARMONIC APPROXIMATION AND GRUNEISEN’S CONSTANT 


In sections 4.3 and 4.4, we discussed the effect of anharmonicity in terms of phonon-phonon in- 
teractions. Anharmonicity has another effect too: it gives rise to a major component of thermal ex- 
pansion in crystals. Both phonon-phonon interactions and thermal expansion play important roles 
in the thermal properties of crystals. For many purposes, temperature-dependent properties of an- 
harmonic crystals can be studied at three different levels: (i) quasi-harmonic approximation, (ii) 
self-consistent harmonic approximation and (iii) pseudoharmonic approximation. 

In the quasi-harmonic approximation (Leibfried and Ludwig 1961), the anharmonicity is consid- 
ered as a weak effect and the atomic force constants and the phonon frequencies are renormalised by 
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taking only thermal expansion into account. The self-consistent harmonic approximation is used to 
study the vibrational properties of crystals with very strong anharmonicity (e.g. rare earth crystals, 
crystal He, and crystal H). In this approximation, effective atomic force constants are obtained by 
self-consistently replacing the harmonic force constants by their thermal averages over all possible 
motions of atoms other than the one under consideration (see, e.g., Horner 1974, Briiesch 1982, and 
references therein). In the pseudoharmonic approximation (see, e.g., Reissland 1973), the effects 
of both thermal expansion and phonon-phonon interactions are considered: the thermal expansion 
effect is considered as in the quasi-harmonic approximation, and phonon-phonon interactions are 
studied using either a perturbation method or a linear response theory. We will leave the discussion 
of phonon-phonon interactions for Chapter 6, but will discuss here the effect of thermal expansion 
in the quasi-harmonic approximation. 


4.7.1. THE EQUATION OF STATE IN THE QUASI-HARMONIC APPROXIMATION 


We will use the isotropic continuum model for a crystal to derive the equation of state in the quasi- 
harmonic approximation (Leibfried and Ludwig 1961, Briiesch 1982). In the isotropic continuum 
model, the (Helmholtz) free energy F of a crystal depends only on its volume V = NoQ and not on 
the coordinates of the atoms. The equation of state is then simply given by 


OF 
p=-(5) |. (4.112) 


In the quasi-harmonic approximation, the free energy F consists of an effective quadratic potential 
term vf f (including renormalised force constants in the presence of weak anharmonicity) and a 
vibrational free energy of atoms originating from the uniform strain in the system 


F=V'F 4 Fis, (4.113) 


The vibrational free energy can be expressed as 


Fyip = Fo + Fthermal, (4.114) 
where i 
= 5 Lho(gs) (4.115) 
qs 


is the zero-point energy, and the thermal free energy is given by 


Fihermal = —kpT InZjnermal 
= —kpT Inf] y* exp( —nho(qs)/kgT) 
n(qs) 
= —kpT In}l[1 —exp(—ha(qgs)/kpT)| 
= kp?) In[l —exp(—hw(qs)/kgT)). (4.116) 
qs 


The equation of state (equation 4.112) is therefore 


. sf eR Fv 90(Qs) 
= ( ov Yh, [Ea Ov , 


ang 
a & Yh, at 7 tals (qs) +ho(qs)igs) : 


; (4.117) 
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where figs is the equilibrium phonon distribution function. In the above equation we have defined 
Griineisen’s parameter y(qs) for phonons in the mode gs by 


da(qs) 
ov 


oles), 


7 (4.118) 


=—795 

Assuming that the volume changes due to thermal expansion are small, we can simplify the 
equation of state in equation (4.117) by expanding i f and Fp about the equilibrium volume Vo 
at T = 0. Writing 


2welf 
eff eff 1 (oY, 2 
ioe fi — = 
1 1 
= ¥F(7 =0)+-——(avy 4.119 
(T =0) +57 = (AV) (4.119) 
and of 
vib 
Fir = Frio (Vi 4.120 
b & Frin( )+(F*) . ( ) 
we get after neglecting the zero-point energy 
AV = 
P(Vo) ~-—— + Ys (Qs). (4.121) 
Ko gs 


Here ko is the compressibility and &(gs) is the mean energy of phonons in the state gs. Equation 
(4.121) is the equation of state derived by Mie (1903) and by Griineisen (1908). 


4.7.2.) GRUNEISEN’S CONSTANT AND THERMAL EXPANSION IN THE QUASI-HARMONIC 
APPROXIMATION 


Thermal expansion is the fractional volume change at zero pressure. Thus from equation (4.121), 
after setting P = 0, 


AV ko 2 
o=—_— = — 5E(qS). 4.122 
Wee ” %sE (Qs) ( ) 


The volume thermal expansion coefficient is 
pa (22 2 Y Y4sCv(gs) (4.123) 
=|} =— (qs), ; 
aT)» VS Yqsv 4. 


where C,(qs) is the heat capacity due to mode qs at constant volume and temperature T. In the 
above equation we have considered kp to be a constant, as it only weakly depends on temperature. 
If we define a mode-independent Griineisen parameter 


Yas Yas C, (qs | 
= 4.124 
‘ yas Cc, (qs) ) 


as a weighted average of the Ys, then equation (4.123) can be expressed as 


B Fe we 
= KkoyC?, (4.125) 
where Cy? = C,/V is the specific heat capacity and V = NoQ is crystal volume. Equation (4.125) 
is the original Griineisen relation. Griineisen considered Ko and Y to be independent of temperature 
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and concluded that the thermal expansion coefficient has the same temperature dependence as the 
specific heat. This is known as Griineisen’s rule or law. Notice that we defined B as the volume 
thermal expansion coefficient. It is common to define the /inear thermal expansion coefficient @ 


_1/aL\ _ 1 (avy) 8B 
a=7( 55) =ay (Sr) = 5: ere) 


Using this definition, we can express equation (4.125) as 


sp 
Vv 


= "3B 


(4.127) 


where B = 1/ko is the bulk modulus. 

In the Debye approximation the mode frequencies scale linearly with the cut-off frequency @p, 
(qs) = (¢/¢p)@p,h@p = kgOp, so that the mode-independent Griineisen parameter can be easily 
calculated: 


V Op = V Op 


bY a Op OV 
= In@p 
aan (4.128) 


Y = 


In the Debye theory, if @p is taken as independent of temperature, Yp should also be independent 
of temperature, in agreement with Griineisen’s law. Experimentally it is found that Griineisen’s law 
is approximately true and only at high temperatures, with y taking values between | and 2 for most 
solids. 

A simple generalisation of equation (4.128) is to write the mode Griineisen parameter as 


d{In @(qs)| 


anv) (4.129) 


Yas = — 
Thus the mode Griineisen parameter can be calculated from a knowledge of the phonon frequen- 
cies as a function of crystal volume. In practice some approximation is required to evaluate the 
expression in equation (4.129). One may express 


Alno(qs) 
Yas ~ aa (4.130) 


One may also express (Kunc and Martin 1983) 


dew(qs)/o(gs) 1 a _ dea(qs) 
dv /V ~ 3 @(gs) da 


Yas = (4.131) 


where a is the lattice constant. Soma (1977) suggested replacing equation (4.129) as follows: 


_ =a 4{a%(qs) 
6@7(qs) da 


Yas ; (4.132) 


In terms of the Fourier transform of the second- and third-order elastic constants in equations 
(4.60) and (4.61) Yj; can be defined, assuming cubic symmetry, as (Ziman, 1960) 


1 ‘4 
Yas =~ @ VAgao/ Joa: (4.133) 
oO 


where the third-order elastic constant tensor component Ajj; is defined by equation (4.86) and J; is 


a Fourier component of the second-order elastic constant tensor J in equation (4.60). Also, a change 
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AV in volume generates the change AJ in the elastic moduli, which can be related to the third-order 
moduli A in the form (Ziman 1960) 


: AV 
LS pi 7 LAnps: (4.134) 


Using equations (2.140), (4.37), (4.60), (4.80) and (4.134), we write 


5(@*) =S(qre*) = p'8(YIiperem4ndp) 


4 
= vp F Abaca (4.135) 
a 


where p is the mass density. With this, and using equation (4.118), the Griineisen constant can be 
expressed as 


Ar e1dnem Ip: (4.136) 


bis 


We Gar(qs)p & 


This expression was derived in Srivastava (1980). 

It is also possible to obtain an expression for the Griineisen constant for a mode qs taking part 
in a three-phonon process of the type (gs) + (q’s’) = (q"s’). Srivastava (1980) has obtained the 
following expressions within the isotropic continuum approximation: 


P(s'st) — Maderl (4.137) 
4p7cs 


1 fe 7) lAgggel? | Aggie? Aggtgel? 
5 + 5) ‘ (4.138) 
12 Ci, C11 C44 Ch 


where ¢ is an average acoustic phonon speed, JAsrinl has the same meaning as in equations 
(4.105)-(4.111), and y is mode averaged. From equations (4.110) and (4.135)-(4.136), it is easy 


to see that i 
(3¢e1, +Ci11) 


(L+L—-L) = 4.139 
Another approximate, but useful, relation is 
Va cclglt [2 vig ne) 
As = Ope CoCo. (4.140) 


The assumption that the Griineisen constant is temperature independent is not true. It is expected 
to show low- and high-temperature dependences of the following types (Yates 1972): 


Nowremp = %(L+bT? +...) (4.141) 
Vhightemp = Vis Vie PR? Pines 0) (4.142) 


where ¥ and ¥.. are the limiting low- and high-temperature values, respectively, and b and c are 
constants. 


106 The Physics of Phonons 


Table 4.1 

Mode Gruneisen constants for phonons at a few symmetry points in Si, Ge and GaAs. The 
theoretical values are obtained by using the ab initio frozen-phonon approach described 
in section 3.3.1.1. For comparison, experimental results are also given. 


Material LTO(T) LOA(X) TO(X)  TA(X) 
Si y(cal[a]) 0.9 1.3 0.9 -1.5 
yexp[b]) 0.98 1.5 0.9 —1.4 
Ge y(cal[a]) 0.9 1.4 1.0 -1.5 
yeexplcl) 0.88 
+ 0.08 


TOT) LO(X)  LA(X) TO(X) TA) 
GaAs ycal[d]) 1.42 0.91 Ll 1.56 —3.48 
yexple]) 1.39 1.73 —1.62 


[a] Yin and Cohen (1982); [b] Weinstein and Piermarini (1975); [c] Asaumi and Minomura (1978); 
[d] Kunc and Martin (1981); [e] Trommer et al (1980). 


The ab initio frozen phonon theory described in section 3.3.1.1 has been used to calculate Yj; 
by Kunc and Martin (1981) and Yin and Cohen (1982) for diamond and zincblende type semicon- 
ductors. The perturbative approach described in section 3.3.2.3 has been applied by Soma (1977) 
to compute the Griineisen constant of the individual phonon modes and the temperature-dependent 
mean Griineisen constant for Si and Ge. Some of the calculated results are presented in Table 4.1 
and figure 4.2 where comparison with experiment is also made. A novel first principles method 
to calculate mode-dependent as well as mode-averaged temperature dependent Griineisen param- 
eter has recently been presented by Cuffari and Bongiorno (2020). In contrast to the conventional 
formulation in equations (4.129)-(4.130), their formulation expresses a mode Griineisen parame- 
ter in terms of a “corrected” stress tensor evaluated within a supercell approach. More discussion 
on mode Griineisen constants and temperature-dependent mode-average Griineisen constant will be 
provided later in section 4.8 and in Chapter 7 where we will deal with computation of lattice thermal 
conductivity. 


a a —_ iD 


i i— 1k) ———~ 


Figure 4.2 The mode-averaged Griineisen constant y for Si and Ge. The experimental values (Slack and 
Bartram 1975) are shown by dots. The theoretical results, obtained by the perturbation theory described in 
section 3.3.2 (Soma 1977), are shown by the full curve (with only paired two-body forces) and by the broken 
curve (with the modified perturbation method). 
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Using the Taylor expansion of the harmonic force constants in terms of the volume or the lattice 
constant parameter, the mode Griineisen constant can be expressed in terms of the third-order force 
constants (Barron and Klein 1974, Fabian and Allen 1997, Ward et al 2009, Esfarjani et al 2011) 


1 
oe YW ops (0b,Ub',1b") 
60° (48) 5 uy T'p" apo 
3 Ce (b lgs)eg (b' qs) ial! 
,/Mpmyy 


where Ts (Ib) is the the 6th component of the vector describing the position of the bth atom in the 
ith unit cell. 


Yqs 


T5(I"b"), (4.143) 


4.7.3 GRUNEISEN’S CONSTANT AND PHASE TRANSITION 


Many crystals show structural changes as the temperature is raised, or when an external pressure is 
applied. There are many kinds of phase transitions, but here we discuss only the displacive phase 
transition which can be explained by the soft phonon mode theory. The concept of a soft mode was 
briefly discussed in section 2.4.5. The suggestion that certain kinds of solid phase transitions might 
be triggered by phonon instabilities was made by Cochran (1959b) and by Anderson (1960). Since 
then, many experimental studies of crystal phase transitions have been made. There are two kinds of 
phonon instability or lattice softening. One is the softening of the (shear) elastic constants for long 
wave phonons. The other is the softening of TA phonons near the zone boundaries. 

In the quasi-harmonic approximation both the temperature and pressure effects can be treated 
similarly, as the temperature dependence of thermal expansion is closely related to the pressure 
dependence of phonon frequencies: these effects change the interatomic potential and renormalise 
phonon frequencies. A soft mode is characterised by a negative Griineisen’s constant. 

Using the perturbative pseudopotential approach described in section 3.3.2.3, Soma (1978b, 
1980) studied the role of both kinds of lattice softening in pressure induced phase transition in 
Si and Ge. His theoretical results indicate that the lattice softening in the long wave phonons does 
not appear for Si and Ge. By calculating the TA mode Griineisen constant at X and L points in 
the Brillouin zone of Si and Ge, Soma roughly correlated the value of fractional lattice constant, 
Aa/a, with the phonon instability. He concluded that the effect of the lattice softening at X is promi- 
nent, especially in Ge: the phase transition to white-tin type structure is introduced near the volume 
change AV /V ~ 0.1 under about 100 kbar pressure. His results agree with the effect of pressure on 
the one- and two-phonon Raman spectra of Weinstein (1977). 

Using the first-principles frozen-phonon pseudopotential approach described in section 3.3.1.1 
Yin and Cohen (1980), Froyen and Cohen (1982), and Kunc and Martin (1981, 1983) have also 
studied structural phase transitions in diamond and zincblende type semiconductors. The theoretical 
predictions agree well with available experimental results. In the present context, consider the dis- 
placement pattern Sz shown in figure 4.3. This displacement can be used to approximate the TA(X) 
phonon mode in the zincblende structure. In figure 4.4, we show the theoretical results of Kunc and 
Martin for the energy of the TA(X) mode in GaAs under pressure. These authors find that in GaAs 
among all g =X modes the TA(X) mode is the most anharmonic and the most sensitive to pressure. 
This is expected to be true for other zincblende materials as well. Both theoretical and experimental 
results suggest that the TA(X) is a mode with negative y. The strong anharmonicity and pressure 
dependence of the TA(X) mode leads to a fundamental instability of the zincblende structure. The 
work of Kunc and Martin suggests that if the GaAs crystal is compressed by Aa = —0.144 A (a 
being the cubic lattice constant), then a first-order phase transition to an orthorhombic structure, 
close to the zincblende structure with a TA(X) displacement, should be expected. The experimen- 
tal work of Yu et al (1978) has reported a transition to an orthorhombic structure (of unspecified 
nature) corresponding to Aa = —0.28 A ( about 170 kbar pressure). However, this has not been 
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Figure 4.3. The atomic displacement pattern S2 for predicting the TA(X) vibrational mode in the zincblende 
structure. 
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Figure 4.4 The energy of the TA(X) mode in GaAs under pressure. The results of calculation from the har- 
monic part of the phonon energy are shown by the broken lines. It is clearly seen that with hydrostatic pressure 
the mode becomes strongly anharmonic, and for certain values of the pressure the variation of the energy differ- 
ence exhibits a second minimum, with the same energy as the undisplaced crystal. This suggests the possibility 
of a first-order structural phase change from the zincblende to the orthorhombic structure induced by the soft 
TA(X) mode. (From Kunc and Martin (1981).) 


confirmed so far. Therefore, it is fair to assume that there is no clear experimental evidence for this 
transition yet. The existence of a similar soft-mode phase transition from the zincblende structure 
to the orthorhombic structure has been observed in InSb (McWhan and Marezio 1966). 


4.8 ANALYTIC EXPRESSIONS FOR CUBIC AND QUARTIC ANHARMONIC 
POTENTIAL TERMS USING A SEMI-AB INITIO SCHEME 


A general expression for the cubic anharmonic potential term % was presented in equations (4.43)— 
(4.45). In equations (4.83)-(4.86) we have presented /3 of an anharmonic elastic continuum. How- 
ever, no explicit or analytic expression is possible for the Fourier-transformed third-order force 
constant tensor ‘¥(qgs,q’s’,q”s’’) in equation (4.44). Even when regarding a crystal as an elastic con- 
tinuum, it is not possible to obtain an explicit or analytic expression for the three-phonon scattering 
strength Ast in equation (4.86). Whereas the expressions obtained in equations (4.96)—(4. 102) 
assume coplanarity of three-phonon events as stated in equation (4.95), the results in equations 
(4.103)-(4.111) present angularly averaged results for a general three-dimensional geometry. Ac- 


curate numerical and temperature-dependent values of second- and third-order elastic constants are 
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needed for a reliable % expression. Also, it should be reminded that the elastic isotropic continuum 
model does not treat optical phonon modes. 

An approach has been suggested to obtain analytic expressions for both cubic and quartic anhar- 
monic potential terms, % and “%, considering all phonon modes, acoustic as well as optical, in real 
crystal structures by Thomas and Srivastava (2017). Their procedure makes use of the continuum 
approximation in expressing #3 and “% in terms of the mode Griineisen constants Ys. 

We simplify the problem by restricting the phonon mode (gs) of longitudinal branch so that 
e-v = 1, and take average values (e’ - v’)? = (e”-v”)? = 1/3. This allows us to approximate the ratio 


LimA ar e1Vne mV p Lim A rene mV p 
npr 
r= ~ ~3 (4.144) 
7 / . 
oid al ~ Figg Aen v enV 


where v is a unit vector along q etc., and finally express 
ss! gl! 
Aid| _ 2p Iv 
d 


CCsi Colt c 


(4.145) 


where ¢ is average acoustic phonon speed. This is the same as equation (4.140). Now we can use 
equations (4.83), (4.84) and (4.145) to rewrite the cubic anharmonic potential %3 as 


i ne 
Va = 3 2p22NoQ 2 Ys O( (qs)@(q's')@(q"'s"") 6g 4q/+9'.G 
: 0 qs, q' Q 1 gist! 
(aps — 49s) (Qj — g's!) (Qjngn — Ags): ye 


This expression is preferable over the expression in equations 4.83) and (4.84) as Ys can be numer- 
ically computed using the ab initio techniques discussed in section 3.3.2. 

For evaluating certain physical quantities, such as anharmonic relaxation of phonons and thermal 
conductivity, it may be useful to express % using a mode-averaged and temperature dependent 
Griineisen constant. This can be done in a manner similar to equation (4.124) within the quasi- 
harmonic approximation. However, Madsen et al (2016) pointed out that it is important to perform 
the averaging over the squared Griineisen constant to avoid cancellation between modes with an 
opposite frequency dependency on volume. So we express 


a Las YesCv (qs) 
T) ==: 
vat) Yas C.(qs) 


Obviously, the temperature dependence of the root-square-mode-averaged Griineisen parameter 


(4.147) 


<y>o= VV(T) comes through the specific heat in equation (4.147). With this consideration, the 
cubic anharmonic term % can be expressed as 


1 he 
Ao= 3 pana <> pe - V @(qs)@(q's')@(q"'S"") by4.4'+4",G 
qS,.d Ss .q's 
Gi, a a—qs) (airy - a_gy) (any — A_gi's!'). (4.148) 


From equation (4.143) we know that the mode-dependent Griineisen constant is related to the anhar- 
monic force constants. Thus, the quasi-harmonic mode-average of the Griineisen constant represents 
the temperature dependence of the anharmonic force constants. 

The procedure described in section 4.5 to obtain the cubic anharmonic term of an elastic contin- 
uum in the form given in equations (4.83)—(4.85) can be extended to express the quartic anharmonic 
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term in the form 


1 
Wo= o> 
4! 4p-NoQ 
a (qs) o(q' Ss fy o(q’s") (qs) sg 
ss » CoC ICs CoM qq' q "ql! q+q'+q"+q!""G 
s,q's', s&s! s 
q's", q's!" 
x (aj, re a_qs) (ayy — a_q's! ) Ce A_gtts") (Gann — A_q''s mm). (4.149) 


Here a coupling constant ath ie is a component of the eighth rank tensor {Alma } referred to qs 
and q as axes, and is a function of the wave constants: 


1 Mt Ml nom ! 
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The cartesian tensor {alma } can be related to the elastic constants, and v, v’, v” and v’” are unit vec- 


oe 's ale represents 


tors parallel to q, q’, q” and q’” 


. q9'4'"9 
four-phonon scattering strengths. 
Let us re-write equation (4.150) as 
ssi mr 
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ijki! 
Following the procedure adopted for deriving %, we further simplify the problem by restricting 
ourselves to the relaxing phonon in the mode qs of longitudinal branch so that e-v = 1 and take 
average values e’-v' = e”-y” = ey” = 1/,/3. With these simplifications, and assuming similar 
magnitudes for third-order and fourth-order elastic constants (consistent with the numerical results 
of Feng and Ruan (2016)), we finally approximate 


R's 3V3, (4.153) 
and thus express 
aa'g iigin = a » C16 mVnV pAnpr- (4.154) 
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Finally, using equation (4.136), we express the four-phonon coupling coefficient in the following 
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With the above approximations, the fourth-order anharmonic potential term can be expressed as 


(4.155) 
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Accepting the earlier argument for adopting the temperature dependent root-square-mode-average 
Griineisen parameter < y >, we finally express % in the form 


Wa — I 2. <y> 
4! 2\/3p222NoQ 
x » V @(gs) o(q's') o(g"'s") @(9"S"") 5g .4'+4"'+4"".G 
qs, q's! g's" q's!" 
x (ai, = a—qs) (ah. _ a_q's') (Ahr = A_g''s! ) (abn = a_gis). (4. 157) 


Although the derivations above are based on several approximations within the concept of elas- 
tic anharmonicity, it should be noted that the phonon frequencies @(qs) and the mode Griineisen 
parameters ¥,, appearing in the analytic expressions for 43 and % in equations (4.148) and (4.157), 
respectively, can be evaluated numerically by employing the ab initio techniques describe in section 
3.3.2. Bearing this in mind, we may regard the scheme in the section as semi-ab initio. 


4.9 AB INITIO CALCULATIONS OF CUBIC AND QUARTIC ANHARMONIC 
POTENTIAL TERMS 


In recent years, attempts have been made to determine the zero-temperature third- and fourth-order 
force constants from ab initio results of total energy and/or forces described in section 3.3.2. As 
with the evaluation of harmonic force constants, essentially two distinct routes have been followed 
to extract cubic force constants: (i) the finite-difference method by employing a real space scheme, 
and (ii) third-order DFPT, which is an extension of the momentum-space DFPT scheme, based on 
the so-called (27 + 1) theorem. We will provide a brief discussion of these methods. 


4.9.1 FINITE DIFFERENCE METHOD 


The finite difference method of evaluating harmonic force constants was described in section 3.3.1. 
In particular, we detailed the one-dimensional version of the finite difference method in section 
3.3.1.3. Extraction of cubic and quartic force constants has been attempted using different levels of 
generalisation of these schemes. 

In the finite difference scheme, harmonic force constants are calculated using the force- 
displacement relation presented in equation (3.76). That procedure can be extended to extract cubic 
force constants ¥ and quartic force constants ©, as follows: 


F,(I"b") 
Wop (blo lb") ~ —— 4.158 
opy( ) Ua (Ib)up(UB’) ( ) 
F. ("b"") 
Eopys (bsU'b Ib" 1") ~ a (4.159) 
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Note that for calculating the third-order force constant, F(1b") is the force on atom (Ib") when a 
pair of atomic displacements u(Jb) and u(I'b’) are made simultaneously. Similarly, for calculating 
the fourth-order force constant, F(I/"b’”) is the force on atom (I/"b'") when three atomic displace- 
ments u (Ib), u(I'b’) and u(Ib”) are made simultaneously. 

For extracting force constants, a three-dimensional supercell of an appropriate size (to allow 
for consideration of at least up to fourth nearest neighbours) is considered and forces recorded 
by applying a small atomic displacement. As stated earlier, to account for three-body (four-body) 
interaction terms, two (three) atoms need to be displaced at a time. Use of symmetry relations is 
made to help reduce the number of displacements. In section 3.3.1.3 we talked about ‘eliminating’ 
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cubic and quartic anharmonicities by considering displacements -+u, +2u. In the present context 
the force data with these displacements are used to ‘extract’ cubic and quartic anharmonicities. 
The force-displacement data is either Taylor-fitted (Esfarjai and Stokes 2008) or simply a finite 
difference formula is used (Esfarjani et al 2011, Chaput et al 2011, Togo et al 2015). For polar 
systems, long-range electrostatic interactions can be included using the scheme described in section 
3.3.1.3 (also see Togo et al 2015). 


4.9.2 THIRD-ORDER DFPT 


The DFPT discussed in section 3.3.2.1 for calculating second-order force constants has been ex- 
tended as the third-order DFPT by Gonze and Vigneron (1989), Debernardi and Baroni (1994), 
Debernardi (1998), and Deinzer et al (2003). This formalism avoids the use of supercells and makes 
use of the so-called 2n + 1 theorem of the perturbation theory. The ‘2n + 1 theorem states that in the 
case of a one-body problem, the first 2n + 1 derivatives of the eigenvalues are directly related to the 
first n derivatives of the corresponding eigenfunctions (Morse and Feshbach 1953, Epstein 1974). 
A proof of this theorem for a single particle system is presented in Appendix C. Gonze and Vi- 
gneron (1989) showed that the ‘2n + 1’ theorem is proved to all orders in the DFT of the many-body 
problem. 

Consider the momentum-space displacements X(q,b), X'(q,b’), and X"(q,b") of three atoms 
labelled b, b’ and b”. The third-order force constant in momentum space, involving three phonons 
of wavevectors q, gq’ and q”, can be expressed as 


O° Evo 
9X o(q,b)Xp(q',b')X1 (q",b") 


ypo'h" 


apy (944) = (4.160) 


Following the discussion presented earlier in this chapter, we can convince ourselves that the coef- 
ficients we (qq’q") are symmetrical in the three (i = 1,2,3) sets of (b;,@;,q;). Using short hand 


notations 1 = (b,a,q), 2 = (b’,B,q') and 3 = (b",y,q”), we express, considering permutations of 
non-distinguishable three phonons taking part in a three-phonon process (as also done in equation 
(4.88)) 


W(1,2,3) = = [Y1,2,3) +¥(2,3,1) +3, 1,2) 
(1,3,2) +¥(3,2, 1) + (2, 1,3)]. (4.161) 


As with the harmonic term, there are ionic and electronic contributions to Y 
wp = tony + ely (4.162) 


Let us first consider the electronic term. Using the (2n + 1) theorem, the following expression for 
the electronic contribution is obtained (Deinzer et al 2003) 
xk) 


O'Ves 
AXE (0) AXR (0) AX" (0) 


O Veg OO>vK 

#25503 (Out i q)ax"(0) BO) 
OOK p__2Vks OovK 

#23 (ae) “xR ne a; a) 


; Ove gl 
Esai é ae ere D) 


fpf 1 
at A (q, q'. q ") — 3 era ratoou D (Out 
rr 


ok) 


Anharmonicity 113 


1 
+. ]dr ar! for" Exc rrr") 


QP) apr’) ptr") 
OXG(G) AXp (gq!) OXH"(q"")’ 


(4.163) 


where @,,x is the pseudo wavefunction for an electron of wavevector k in the vth valence (occupied) 
state, P. is a projector over the conduction band manifold (also see section 3.3.2), and Ex¢ is an 
exchange-correlation functional. 

An expression for the ionic contribution to the third-order anharmonic force constant can be 
derived by taking the third-derivative of the ion-ion Ewald expression in equation (3.53). Debernardi 
(1998) has presented the following expression 


; 1 pI 2me7zp e &/4n 
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where the symbols are the same as used in equations (3.53) and (3.96). 

This completes the discussion of ab initio determination of the cubic anharmonic force constants 
in non-polar materials. As discussed in section 2.4.4, in polar crystals, the microscopic electric field, 
generated by long wavelength optical phonon modes, gives rise to nonanalytic terms in the electronic 
part of these coefficients. Deinzer et al (2004) have shown how these non-analytic terms in the third- 
and fourth-order force constants can be determined from considerations of other physical quantities 
including highr-order dipole moments Raman coefficients and nonlinear susceptibilities. Interested 
readers are referred to their work. 

As mentioned before, it should be pointed out that the ab initio theory discussed in this sub- 
section is limited to calculating the zero-temperature cubic anharmonic force constants. In contrast, 
the semi-ab initio theory developed in the previous sub-section (section 4.8), although rooted in an- 
harmonic elasticity, has explicitly presented temperature dependent cubic and quartic terms. Further 
development of the fully ab initio theory is required to bring in adequate temperature dependence 
of anharmonic force constants. This should happen in near future, as accurate approximations for 
ground-state DFT are being generalised to finite temperature (Pittalis et al 2011, Duffy and Trickey 
2011, Burke et al 2016). 
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5.1 INTRODUCTION 


Application of a temperature gradient across a solid excites the elementary excitations such as free 
electrons, holes and phonons which therefore acquire more energy than the average energy (for 
electrons or holes) or the zero-point energy (for phonons) and transfer or conduct heat from the 
hotter to the colder end of the specimen. In metals, both electrons and phonons play their role. 
In dielectrics or intrinsic semiconductors, almost all heat is conducted by phonons. It was first 
pointed out by Debye (1914) that if the atomic vibrations in a dielectric remain in normal modes, 
corresponding to a quadratic potential, then no equilibrium in the phonon distribution is possible and 
heat transfer would take place at the speed of sound in the solid; i.e. the phonon (or lattice thermal) 
conductivity would be infinite. However, in reality crystals are of finite size, contain defects and 
impurities, and become anharmonic at temperatures above the absolute zero. These realities lead to 
phonon scattering mechanisms. A finite crystal size leads to boundary scattering, while defects and 
impurities can cause phonon-defect and phonon-electron (hole) scatterings. Anharmonic terms in 
the crystal potential give rise to phonon-phonon interactions. These phonon scattering mechanisms 
give rise to thermal resistance (i.e. a finite thermal conductivity) and must be considered in the 
theory of lattice thermal conductivity. 

A microscopic study of phonon conductivity in solids is possible mainly from three approaches: 
relaxation time approach, variational approach and Green’s function approach (or density matrix 
approach). The relaxation time approach and the variational approach both assume that the thermal 
transport coefficient (i.e. the lattice thermal conductivity) can be studied from a solution of a lin- 
earised Boltzmann equation. The Green’s function approach, on the other hand, starts from a more 
fundamental level in that it deals with the problem in terms of quantum statistics. In this chapter we 
will present the basic treatment of these approaches. 


5.1.1. THE PHONON BOLTZMANN EQUATION 


The fundamental assumption in deriving the phonon Boltzmann equation is that there exists a distri- 
bution function 1g; (r,t) which measures the occupation number of phonons (qs) in the neighbour- 
hood of r at time ¢. In the presence of a temperature gradient across a dielectric two mechanisms are 
responsible for the rate of change of this distribution function: 

(i) Diffusion. The presence of a temperature gradient VT involves a spatial dependence of tem- 
perature: T = T(r). This causes ng;(r,t) to diffuse (vary from point to point) at the rate 


ONgs 
oT 


ONgs _ 
or laff 


—es(q)- VT (5.1) 


(ii) Scattering. Various scattering events also contribute to a rate of change Ongs/Ot|scarr Of the 
distribution function ng; for phonons in mode qs. 
The total rate of change of ng; must vanish in the steady state of heat flow through the solid. Thus 


ONngs  ONgs _ 
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This is the Boltzmann equation for phonons in its general form. 
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Equation (5.2) is an integro-differential equation whose solution is required for a calculation of 
phonon conductivity. Unfortunately, this form of the Boltzmann equation is very complicated and 
in general cannot be solved. This is because equation (5.2) requires a knowledge of the distribution 
function ng, of all possible states g’s’ together with transition rates from q's’ to qs. 

A simplification of equation (5.2) is possible. We first note that in equilibrium the phonon distri- 
bution does not change with time, 

Oiigs 
Ot 


With this in mind, we replace in the second term of equation (5.2) ngs by ngs — figs, the linear term ina 
Taylor expansion of ng, about the equilibrium distribution 7ig;. Further, we assume that in the steady 
State in the presence of a finite temperature gradient the deviation from equilibrium is small so that 
we can replace ng, by figs in the first term of equation (5.2) (which is still non-zero as Oiigs /OT #0). 
The resulting equation will be called the linearised Boltzmann equation. 
To derive the linearised form of the Boltzmann equation we consider two cases. 
(a) Elastic scattering case 
Consider an elastic process (gs) = (q's’). The transition probability for the process (qs) — (q's’) is 


=0. (5.3) 


pas = ngs(ngiy + BES ’ (5.4) 
where ae is the intrinsic transition probability (which is independent of phonon distribution) 
between the states (qs) and (q‘s’), ngs represents the phonon occupancy of the state (qs) and (ng'y + 
1) signifies that a phonon has been added to the state q's’ with an initial distribution ng y. Similarly, 
for the reverse process (q’s’) > (qs) 


Ply = = Ng's! (Ngs + 1).2e If (5.5) 
The intrinsic transition rate is the same in either direction, i.e. 
to s 
Bs = By (5.6) 


which is the principle of microscopic reversibility. The total rate of change of ng, due to the above 
elastic process is 
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scatt qs! 
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(Note that here we have worked out an increase in ng, due to scattering, hence the signs of the two 
terms in equation (5.7).) We can further express this equation in linearised form 


= 


= DAC (ng sf! — Ng! st) — (Ns — Migs) oe le ; (5.8) 


scatt 


where we have used figs = fig'y which is true for an elastic process with h@(gs) = ha(q's’). There- 
fore the linearised phonon Boltzmann equation is 


ron s a sf 
—e,(q)- ot = DAC Ngs — igs) = (0 Ngie — Tigi ) 1 Qh : (5.9) 


Equation (5.9) is relatively easy to solve, particularly if we assume that the energy surfaces 
in g-space are spherical, so that c;(q) and q are in the same direction. Let us also assume that 
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the scattering probability depends only on the angle between q and q’ and not on their absolute 
orientations in the crystal. Then we can express the right-hand side of equation (5.9) as 


(gs — igs) | (1 —cos 6). I(q,0) dH, (5.10) 


where 2(q, 0) dI1 is a differential transition probability for a phonon of momentum fg to scatter 
through the angle @ into the solid angle dIT. For conciseness, we write equation (5.10) as (gs — 
figs) / Tqs, Where Tg; is the relaxation time for the phonon qs. In other words, for an elastic process 
we write 


ONgs _ (igs — figs) (5.11) 
Ot |scatt Tqs 
so that the linearised Boltzmann equation in equation (5.9) takes the form 
Ofigs — Ngs — figs 
—es(q)- VT = —_—_. (5.12) 


(b) General inelastic situation 
Let us derive a general form for the linearised phonon Boltzmann equation. Let us introduce a new 
function Wy; defined by 


ngs = [exp(@(gs)/keT — Was) — 1] 
m~ ai "igs 
~ "as ~ Vas 5 (heo(gs)/kpT) 
= figs aT Wastigs (figs ae 1). (5.13) 


Clearly yj; is measure of the deviation from equilibrium distribution for phonons in the mode qs. 
Further, let us consider a general inelastic process of the type 


(qs) | (q's’) > qs") | (gus), 


Then, as in equation (5.7), we write 


0 Ngs 
ot 


a eat) (ate) as) 


scatt 


ONgs 


“2! {(qs) +(/s') > (g's") 4 ae) 


MM 


tok IN 
95.q's q's" gis 
Cater ss Feagis! ) 


{gn siNgits (ngs + 1) (ngs + 1) 
q's'q’s", 
gis!" 
M1 ft 


—NgsNq!s! (Ng's +1) (ngngn + 1) } is 


MH gilt 


(5.14) 


For an inelastic process the expression on the right-hand side of equation (5.14) cannot be simplified 
in the manner equation (5.7) was for an elastic process. Let us substitute ng; etc. from equation (5.13) 
and retain only terms of first order in y,,. We then can express 
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In deriving this result we have used the identity 
figsNg's! (figs + 1) ign gn + 1) = (igs + 1) (figs + 1 )fign sng gn (5.16) 


which maintains detailed balance in the forward and backward directions (and can be verified with 


the energy conservation condition @(gs) + @(q's’) = w(q"s") + w(q'"s"")) and 


WM A I If 
Be = UV ng (5.17) 
which is the principle of microscopic reversibility. P represents equilibrium transition rate. 
An important difference between the general inelastic and the isotropic elastic cases is that while 
equation (5.11) has been expressed in terms of a relaxation time for a phonon in mode qs, such a 
simple description is not in general possible for equation (5.15). 


(c) Canonical form of the linearised Boltzmann equation 

From both equation (5.9) (an elastic case) and equation (5.15) (a general inelastic case), it is clear 
that now we are in a position to express the linearised form of the phonon Boltzmann equation in a 
standard form: 


ONgs ONgs 4 @ 
ot dif f Ot Iscatt 
ONgs on 
=-; VT qs = qs 
a (q) oT Ot \scatt 
X = Py 
o  Xys = LP wy. (5.18) 
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Here Xg; is the inhomogeneity created by the temperature gradient and P**, are the elements of the 
phonon collision operator and provide a measure of phonon transition probabilities. In the rest of 
this chapter and in Chapters 6 and 7, we shall refer to this as the canonical form of the phonon 
Boltzmann equation. 


5.1.2 EXPRESSION FOR LATTICE THERMAL CONDUCTIVITY 


When a finite temperature gradient VT is established across a solid, then in steady state the rate 
of heat energy flow per unit area normal to the gradient is given by the macroscopic expression 
(Fourier law) 

QO=-XVT, (5.19) 
where .% is the thermal conductivity. The microscopic expression for the heat current Q in a dielec- 
tric solid is obtained by adding contributions from phonons in all possible modes, 

1 
NoQ 


1 ee 
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> ho(qs)ngses(q) 
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where NoQ is the volume of the solid and c,(q) is the phonon group velocity in the mode gs. The 
second equality in equation (5.20) is written by noting that it is the deviation of the phonon distri- 
bution from equilibrium, ng; — figs, which contributes to the heat current. From equations (5.19) and 
(5.20), we obtain the following expression for the lattice thermal conductivity tensor (see Appendix 
D for derivation): 
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For cubic crystals and for an isotropic medium ¢ is parallel to V7, so that the conductivity is a scalar 
quantity and we can express .%j; = “6; with 
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where equation (5.22) defines the inner product (w,X). Thus we notice that for calculating the 
lattice thermal conductivity .~ we need to solve the phonon Boltzmann equation for the phonon 
deviation function y,,. Throughout this chapter, we will treat % as a scalar quantity. 

In sections 5.2 and 5.3 we will discuss two separate methods of solving the Boltzmann equation 
for Wgs and hence for the lattice thermal conductivity, via equation (5.22). In section 5.4 we will 
develop the linear-response theory for the lattice thermal conductivity. 


5.2. RELAXATION-TIME METHODS 


The anharmonic interaction of phonons is inelastic in nature and strictly speaking it is not amenable 
to a realistic relaxation time picture. However, to make the understanding of phonon interaction 
processes easier, one usually relates the quantity Py in equation (5.18) to a relaxation time pic- 
ture. This can be done at two levels. In section 5.2.1 we will develop the theory of .% using the 
picture of single-mode relaxation time. In sections 5.2.2-5.2.7 we will develop expressions for the 
conductivity by defining effective relaxation times at different levels of sophistication. 


5.2.1. SINGLE-MODE RELAXATION-TIME METHOD 


The single-mode relaxation-time (smrt) method (Srivastava 1974) provides the simplest picture of 
phonon interaction processes. In this picture one calculates the relaxation rate of phonons in a mode 
qs, Say, on the assumption that all other phonon modes have their equilibrium distribution (Wg = 0 
for q's’ # qs). In this approximation one therefore expresses 


(PW)qs ~ PasqsWqs = Tas Was 
ONgs 


ot _l|scatt 
Ngs _ Ngs 


Tgs 
—  Mas(as+ 1) Yas (5.24) 
Tas 
where I is the diagonal part of the phonon collision operator P = I'+ A. T includes the diagonal 
part of the anharmonic N and U processes operator, as well as all operators representing elastic 
processes.We shall obtain an expression for I’ in the next chapter. Note that A (which will also be 
used in chapter 6 and 7 represents the off-diagonal part of the anharmonic phonon collision operator, 
and should not be confused with the same symbol representing force constants in chapters 2, 8, 9, 
10 and 11. The single-mode relaxation time Ty; is thus given by 


= 14s 


= REST) +1) (5.25) 


Tae 
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The expression for the lattice thermal conductivity is then 
: 1 
Hesmrt Se sae (XT _X) 
(es(q)° VT)? ep, Tqsfigs (Figs +1) 


2 Ss she 
Cera TE @ TgsNgs 1 
3NoQkpT2 Le (q) (qs) qslqs (igs TF ) 


= —____(t@’°’), (5.26) 


where the factor 4 is the average of (2,(q) WT). 
The last line in equation (5.25) uses the following short-hand notation: 


(f) =) fasitgs (figs + 1). (5.27) 
qs 


The smrt result for the conductivity will also be referred to as the Debye result: %yn,7 = Zp, as it 
is formally equivalent to the formula derived by Debye (1914). 

Limiting our discussion to insulating materials, the inverse of the total smrt tg; for a phonon in 
mode qs can be expressed as a sum of contributions from boundary scattering T s(bs), mass-defect 
scattering T;(md), and anharmonic scattering t4s(pp): 


Ts = Tqs_ (BS) + Tyg" (md) + Ts" (pp). (5.28) 


In short 
-1 -1 -1 
Ts =T +Tpp ,; (5.29) 
where Tt, is the phonon relaxation time due to elastic processes, namely boundary scattering and 
mass-defect scattering. The phonon-phonon scattering can be expressed as 


top =tw +t (5.30) 


where the subscripts N and U refer to normal and umklapp processes, respectively. Expressions for 
T, and Tp, will be derived in the next chapter. 

Although we have used the additivity of inverse relaxation times for each phonon mode in equa- 
tion (5.28), it is usually not possible to express the resistivity W = .#—! in the same fashion: i.e. the 
additivity W = W(bs) + W(md) + W(pp) (a proposition known as Matthiessen’s rule in the context 
of electrical resistivity) is not usually satisfied. This can be understood by noting that the validity of 
Matthiessen’s rule assumes that the resistivity due to one mechanism is independent of the presence 
of any other, an assumption which is not true if T is a function of qs: T = Tys. 


5.2.2 KLEMENS’ MODEL 


The Bose-Einstein distribution function in equation (2.2) provides the solution to equation (5.3) 
in equilibrium for any scattering process which conserves energy. The case of phonon-phonon N 
scattering processes is, however, special. These processes also conserve momentum, in addition 
to energy, and equation (5.3) is satisfied for the drifting distribution (Peierls 1935, Klemens 1951, 
Krumhans! 1965) 


- -1 
figs(u) = ({exp [(ho(gs) +q-u)/kpT]— 1}, (5.31) 
where u is an arbitrary vector not dependent on q. Stated differently, in the presence of N processes 
a non-equilibrium distribution is restored not towards the stationary equilibrium fig, but towards a 
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drifting distribution figs(u). As N processes conserve momentum, they cannot by themselves con- 
tribute to the thermal resistivity. However, when the steady state is maintained in the presence of 
a temperature gradient, N processes combine with momentum non-conserving processes (elastic or 
inelastic) and contribute to the thermal resistivity indirectly. 

A partial, and approximate, solution to the momentum conserving nature of N processes was 
given by Klemens (1951, 1958). Consider N processes in the presence of elastic processes which 
are governed by Tr(@). Klemens divided three-phonon N processes q +q' = q” into three groups: 


(a2) avo" >> 05q~q" 
(b) ora ~ wo" sq~ qd se q’ 
(c) a<<alno'sg ((q". 
Processes of type (a) are relatively unimportant for the equilibrium of mode q. Processes of type 
(b) are important for @ > @, =kgT /h. Since w' ~ @, we expect that the total effective relaxation 
time satisfies Te(@) ~ Ter(@’), and Tt! (@) — Te'(@) << ty'(@), where Ty is the single-mode 
relaxation time for N processes. However, Klemens simply assumed that 


Tort (@)—T'(@)=0 if w>a’, (5.32) 


where Tp ' is the relaxation rate due to momentum non-conserving processes. (This approximation 
is justified only if ty(@))Tr(@), and definitely underestimates the effect of N processes.) Processes 
of type (c) are important only for low-frequency phonons. Klemens argued that one can express 


__ Tett(@1) 
Tett(@) 


kpT 
Tort (@) = Te’ (@) + Ty (@) (1 ) if @<<@= = (5.33) 
As in this approximation the relaxation of only low-frequency phonons is modified, Klemens argued 
that equation (5.33) can apply only to transverse modes. With equations (5.32) and (5.33), we can 
write, for transverse modes, 


_ Ty,T(@) + Trt (1) 
Test. T(@) = Tr T(@) Tr (@) 7 Ty 7(@) oa< QQ 
= TrT(@) O> Q. (5.34) 


Klemens further argued that longitudinal modes can interact with modes of about the same fre- 
quency, so that they undergo processes of type (b), but not of type (c). Assuming that longitudinal 
modes are coupled to transverse modes of the same frequency, Klemens obtained the following 
expression for longitudinal modes (i.e. high-frequency phonons): 


tw (@) +r? Te ¢¢-7(@) 
Tr.T(@) + Ty T(@) 


Tete, L(@) = Tr (@) (5.35) 


where r = cy /c. and Ter (@) is given by equation (5.34). 

Klemens (1958) also laid down the foundation for an effective relaxation time for U processes. 
An extension of his basic approach will be discussed in section 5.2.5. 

With Ter as the effective relaxation time for U processes, we can write an overall effective 
relaxation time Tx in the Klemens model as T os — Ta + Toa tis and then the conductivity expression 
will read 

R2 
~ 3NoQkpt? 

As mentioned earlier, Klemens’ model for an effective relaxation time for N processes is based 

on intuitive arguments and should be regarded as very approximate. 


He (tec). (5.36) 
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5.2.3 CALLAWAY’S MODEL 


Using a more rigorous treatment than Klemens, Callaway (1959) showed that the momentum con- 
serving nature of three-phonon N processes is such that when different phonon scattering processes 
are combined with N processes there comes about an extra contribution, over and above the Debye 
term (i.e. the smrt contribution), to the thermal conductivity expression. Callaway’s final expression 
for lattice thermal conductivity can be written as 


He = Kom + AN—arift, (5.37) 


where N_arift iS a contribution arising from the momentum-conserving nature of N processes. The 
N-drift contribution may be recognised as the role of the off-diagonal N-processes collision operator. 
The fundamental principles of Callaway’s approach have been investigated and refined by several 
authors (Nettleton 1963, Krumhansal 1965, Simons 1975, Srivastava 1976a, 1980). The essential 
steps in the derivation of the above equation are as follows (Parrott 1971, Srivastava 2015). 

The rate of change of the phonon distribution function ngs due to normal processes can be written 


as 


ONgs GV u- Ws _ 
reg Pee a figs (figs +1), (5.38) 


where q-u is the drifting distribution function (equation (5.31)). Although Klemens (1951) sug- 
gested that w is some constant vector, making the assumption of isotropy, Callaway considered it 
as a constant vector parallel to the temperature gradient (i.e. u || WT). Clearly if wg; =q-u, then N 
processes can have no special effect on the phonon distribution. The magnitude of w is calculated 
by using the fact that the rate of change of total crystal momentum due to N processes must be zero: 


0 


| 
M 
sie 
4 
NS 


(5.39) 
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To evaluate the magnitude of u from this equation, we need an expression for Wg, in Callaway’s 
approximation. This is achieved by expressing the Boltzmann equation (equation (5.18)) in the 
assumed isotropic continuum case (i.e. @ = cq, which makes c || q), 


ho (qs) R ONgs _ Ings eae -1 
—aer2 OT VT Ee wt ae lel Yas (@as + 1] 
. 1 1 
nee) 40 
T™ T™ TR 


where Tp ' is the relaxation rate due to momentum non-conserving processes. Writing the total 
relaxation time T as 
-1 -1,,-1 
tet te (5.41) 


and substituting equation (5.40) in equation (5.39) we get 


vy = DIRPZalasdes)a@-ae-VF) eH" mela +1)— gy 
kpT? Yas g q: it)? Tt ngs (figs + 1) . 
h|VT al 
__nIVr| _ (@egrty~!) be 


kpT2 (etm (1 = Ttn!)) : 


In writing equation (5.43) we use used the notation (...) as defined in equation (5.27) and have 
used the factor for the averages of (q-a)* and (q-a@)(é,- VT) = (¢- VT). With this value of |z| 
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equation (5.40) yields the following expression for Wy; in Callaway’s approximation; let us call it 


qs 
Cc heal 1 (wcqtty') 
=-—h . : 5.44 
Was kpT2 (q a)t o(qs)cs(q) TN (Pty (1 = Tty—!)) ( ) 
Then from equation (5.22) the Callaway expression for the conductivity becomes 
kgT? é 
Ae = ———, X 
NoQ\VTP? & LD VasXa 
he P (a@cqtty|)* 

= ——__| (tw 5.45 
3NoOkgT? [(ra?e*) + (Pty — tty) em) 


= Kom + AN—aritt, 


where, again, the factor } accounts for the average of (¢-a)” = (é- VT). 
From equations (5.24) and (5.38) it can be seen that in Callaway’s approximation we express 


on ‘i “u 
— ar Ay = Pe igs igs +1) ~ igs igs +1) 
= FasqsVqs| + Bue: sq’ s! W's! a 
q's'#qs 
= T4s Was +y Ngsq! I Was! Ps (5.46) 
q's'#qs 


Clearly the second term with u 4 0 gives a contribution from the off-diagonal N-processes operator 
Ay. Furthermore, writing equation (5.45) in the form 


Rh 


A 
© 3NoOkgT2 


(tc@’c’) (5.47) 


we note that in Callaway’s approximation the effective total relaxation time is given by 
tT = 1(1+8/tw) (5.48) 


where 
fou 4 (@cqtty') 
o(gs)cs(q) (@?t—1(1— tt!) 


When the parameter f is set to zero, the effective relaxation time Tc reduces to the smrt T. 


(5.49) 


5.2.4 RELAXING ASSUMPTIONS IN ORIGINAL VERSION OF CALLAWAY’S MODEL 


The derivation of the Callaway conductivity formula in the previous sub-section is based on two 
assumptions: (1) the assumption of isotropy, which allowed u to be taken parallel to V7, and (2) the 
continuum, or linear, dispersion relation for long wavelength acoustic phonons @ = cq which allows 
c || g. Consideration of w in a direction unrelated to VT will make the formulation quite complicated. 
Allen (2013) has suggested how the Callaway formulation can be improved by choosing the orien- 
tation of u along a symmetry axis of a non-cubic crystal. However, Allen changed the condition of 


: : 7) 
zero-rate-of-momentum to zero-momentum in N processes: i.e. rather than )'4s ( 5) q =O he 
N 


used the condition 4, (”gs)yq = 0. For details of changes to the second term in the conductivity 
expression in equation (5.45) we refer the reader to the paper by Allen. 


0 
Here we prefer to use the condition )',, ( ae) q = 0 and will assume that the constant vector 
N 


u is oriented along the temperature gradient WT applied to the crystal (i.e. will retain the first 
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assumption), but will remove the second assumption by keeping the terms g-a# and ¢- VT where 
these occur in the formulation. 
We start by re-writing equation (5.40) as 


ho(qs) q:u 1 1 
- 3(q)- VT =-— s{— ; 
Gr? cs(q)- VT as + Wa + (5.50) 


With this, equation (5.44) reads 


(5.51) 


1 Cm GREE 
ty (Pt '(1—tty—!)(q-a@)*) I 
The conductivity expression in equation (5.45) can thus be presented in the following tensor form, 


which can be confidently used for cubic as well as non-cubic crystal structures, using realistic dis- 
persion relations for all acoustic and optical phonon branches 


a |VT| a 
Was = a a i [otas)es(a)(4 “th) + 


i (@ciqjtty—')? 


(lgillaj|tv— (1 — ttw-")) 


where qq and cq are the ath component of the phonon wave vector q and the group velocity c, 
respectively. 


(5.52) 


if 
Ae 


= Nok? [ (ea? eic;) + 


5.2.5 SRIVASTAVA’S MODEL 


We discussed in the previous subsection that Callaway’s treatment of the momentum conserving 
nature of N-processes results into a contribution from the off-diagonal N-processes operator—the 
so-called N-drift term. The effect of off-diagonal U-processes operator, within the relaxation time 
approach, has been studied by Simons (1975) and Srivastava (1976a, 1980). Here we describe Sri- 
vastava’s approach which has the simplicity of a Callaway-like approach. 

In the spirit of Callaway’s approach we write 


ngs q:u— Was _ ,_ 
a a TN * figs (figs + 1) ett as Mas + 1) 
On qs Callaway Was - 7 
=e ly | gg asae FD) (5.53) 
with 
qt 7, | elt 5.54 
ct 7 a (5.54) 


where 7, is the relaxation time due to momentum non-conserving elastic processes and a is an 


effective relaxation time due to U-processes. (With co = Ty equation (5.53) becomes equivalent to 


the Callaway’s expression). We define we by the relations 


ONgs 
at lu 


~ (Po)gs = Pe igs +1), (5.55) 
Ty 


which is obtained by approximating the phonon distribution to a drifting Planck’s distribution (see 
equation (5.31)): 
Was ~ Og =Qru. (5.56) 
A detailed discussion on three-phonon processes is presented in section 6.4.1. Using equations 
(4.45), (5.56) and (6.52) we can express equation (5.55) for three-phonon U-processes as 
| (Pas 


tt! bgliqs igs + 1) 
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7 Ya's'q Fg! silt (G- u)(P, +35 Sete a° ) (5 57) 
~ q Uiigs (Figs + 1) : 


where G is a reciprocal lattice vector and P denotes equilibrium transition rate. Using the decompo- 
sition P =I'+A we write 
_ ONgs 
ot lu 


= (Po )qs = TV 4s 9qs a + 


yA qsq 15! Ogi s! 


q's! #qs 


(5.58) 


so it becomes clear that for @,,'(q’s’ 4 qs) # 0 the second term gives a contribution from the off- 
diagonal U-processes operator Ay. The general idea behind equation (5.57) was first presented by 
Klemens (1958), as mentioned in section 5.2.2. 

Now we follow the procedure in the previous subsection and calculate the deviation function Ves 
in Srivastava’s approximation 


h|VT| [o q:it (@cqT, ty‘) 

S nA A m 

=— q, : a+ ; 
Vos (qs)cs (9)4 u TN (qty—"(1 Tmtn—')) 


wre (5.59) 


where 


male ae Sra (5.60) 


Thus the model conductivity reads 


kpT? 
Ke — 
S NoQIVT?? & VY Wi,X, qs 
= ~~, |(T,0 : 5.61 
3NoQkpT? IK oat rere — Tntn—!)) ( ) 
Writing this result as 
R2 
A = = At 5.62 
8 = 3yOkyT? °°) On 
we note that in this model 
Ts = Tm(1+ B/tw) (5.63) 
which reduces to tT when T, — =Ty. 


5.2.6 KINETIC THEORY EXPRESSION FOR .~ 


The results in equations (5.26), (5.36), (5.47) and (5.62) can all be expressed in the isotropic form 
of the kinetic theory expression 


KH = sOret et, (5.64) 


where C;? is the phonon specific heat defined in equation (2.123), @ is an average phonon speed and 
T is an average phonon relaxation time defined for a particular model (namely in Srivastava’s model 
T = Ts, in Callaway’s model T = Tc, and in the smrt T = T). 

In Chapter 6 we will derive expressions for Ty and ty which will be used to express “mrt, C 
and .# within the Debye scheme in Chapter 7. 
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5.2.7 AN ITERATIVE APPROACH 


While the Klemens model, the Callaway model and the Srivastava model described in the previous 
three subsections are based on physical considerations, Omini and Sparavigna (1995) suggested an 
iterative (but non-variational) approach to solve the phonon Boltzmann equation beyond the smrt 
method. Broido et al (2005) provided further explanation of this approach. Here we describe this 
approach with a slightly different emphasis. 

Let us express the linearised Boltzmann equation in the form [see equations (5.9), (5.12), (5.24) 
and (5.46)] 

Xqs = (PW)qs =VgsWas + Y) Ngsg's! Wa's'> (6.65) 
q's! #qs 

where I and A are, respectively, the diagonal and off-diagonal parts of the phonon collision operator. 
As expressed in equation (5.25), the diagonal part Tis related to the smrt Tg;, including all elastic and 
inelastic contributions. The contribution to the off-diagonal term A comes from inelastic scattering 
processes, such as three-phonon or four-phonon events. The iterative approach, similar to the other 
approaches discussed in previous subsections, attempts to incorporate the contribution to the phonon 
relaxation time beyond the smrt contribution from the off-diagonal part of the collison operator A. 

Considering only three-phonon scattering events, we can express (also discussed in Chapter 6) 


TP a Al 


TysWas = Vas dy [Picasa Fas 7 (5.66) 
q's! q's! 
and 
sq’ s! 1 =, Isl q's!" 
2: Ags,q's! W's! = y [Pre a's! (Vals! _ War's”) _ 5fas , (Wq's! + Vas) | . (5.67) 
q's! Ags q's! #qs.q''s"Fgs 


Jol all 


Here Lae and Pe ‘¢* represent, respectively, equilibrium transition rates for three-phonon Class 
1 and Class 2 processes described in equations (4.48) and (4.49). 

At the start of the iterative process, the contribution from the off-diagonal part of the operator 
is ignored. This is done by considering modes other than qs in equilibrium (ze. by setting Wy = 
Wars = 0). With this consideration we express the deviation function Ws for the mode gs as 


step0: yi) = TalXs (5.68) 
i 

= — GQre Olas)es VT (5.69) 
step1: yi = yl 


iz = ll jl 0 0 
We Pe ti Wir — Vege) 
q's'#qs,q"'s"Aqs 


7 shasta (y, 4 v?,)] (5.70) 
Step n: yar? = Ve 
Ire! DeSousa 
q's'#qs,q"'s"#qs 
= Soft! (yl) yD) (5.71) 


n 
= yw srZ yr, (5.72) 
i=l 


Theory of Lattice Thermal Conductivity 127 


where the term R is defined from the previous step. The values of the deviation functions vi, and 


Vol at ith iteration can be obtained by interpolation of y values taken from surrounding q-grid 
points. 

Using equation (5.69), and assuming that the nth step provides a well converged result for the 
deviation function qs, we can express the iterative solution t(gs)|!"*"""¢ to the final relaxation time 


as 


; kpT? 1 
Iterative B (n) 
T = é 5.73 
(qs)| h @(gs)e,-VT *! ( ) 
= 1(gs)/" +At(qgs), (5.74) 
where T(qgs)|*™"' = T(qgs) is the smrt and 
kpT? 
At(qs) = A ogee, VT: ue (5.75) 
is an additional contribution. And the final conductivity expression becomes 
kpT? 
Iterative __ B 
| 7 malvrp LY gs qs 
he z|lterative De 
= Se : 5.76 


A couple of remarks are in order. Firstly, it may require many iterations for achieving a well 
converged result. It is reported (Broido et al 2005) that it typically takes approximately 50 iterations 
for bulk materials containing six phonon branches per g point. Secondly, this iterative procedure is 
non-variational in nature, i.e. it does not obey any variational principle. An iterative approach based 
on a firm variational principle will be described in section 5.3.6. 


5.3. VARIATIONAL METHODS 


A variational method gives an approximate estimate of a functional by using a first-order solution 
(called a trial function) of a given equation. In most early applications of the variational principle 
only one estimate (usually a lower bound) for the quantity of interest has been reported. In many 
other applications an upper bound has been obtained. But there are examples of applications where 
both upper and lower bounds have been obtained for the same quantity. These are known as com- 
plementary variational principles (cvps). That is, cves provide two-sided (maximum and minimum) 
approximate solutions (or bounds) of a given equation. 

There are many ways of deriving cvps. We identify four approaches which can be applied in a 
systematic manner. These are: 

(1) by involving the use of involutory transformations of the Euler equations, as discussed by 
Courant and Hilbert (1953). This method is especially useful for obtaining solutions of differential 
equations; 

(2) from the hypercircle approach, as discussed by Synge (1957), applicable to a class of linear 
problems; 

(3) from canonical Euler equations, as discussed extensively by Arthurs (1970). This method pro- 
vides a systematic approach to many linear and non-linear problems involving differential, integral 
and matrix equations; and 

(4) from direct use of the Schwarz inequality. As discussed by Diaz and Weinstein (1947), and 
Jensen et al (1969), this approach is applicable to many problems. 
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Subject to their applicability to a particular problem, all these methods can be shown to be con- 
nected, and sometimes equivalent. 

The linearised phonon Boltzmann equation X = Py in equation (5.18) for its solution (w,X) is 
a candidate for the variational approach. In the following section we demonstrate this by looking at 
the structure of the phonon collision operator P. 


5.3.1 STRUCTURE OF PHONON COLLISION OPERATOR AND EXISTENCE OF A 
VARIATIONAL PROBLEM FOR THE LATTICE THERMAL CONDUCTIVITY 


As discussed in section 5.1.1, elastic scattering processes can be described in terms of single-mode 
relaxation times and in such cases; therefore, the conductivity can be calculated exactly. On the 
other hand, anharmonic phonon processes, which are present at all temperatures, are inelastic in 
nature and can only be dealt with if the deviation function y is known. In the absence of direct 
knowledge on y one can write y = P~!X, subject to the existence of P~!, and calculate .% exactly. 
In order to gain information about y and P~! it is essential to investigate the structure of the phonon 
collision operator. Guyer and Krumhans! (1966) have made a thorough study and a few important 
observations are made here. 

(i) The eigenvectors of P form a complete orthonormal set {|p;) } and in principle we can express 
P and P~! in terms of this set 


P = Yipilpi)(pil (5.77) 
1 
Pt = (=) pier 6.78) 
with 
[pi) (pil = 5i;. (5.79) 


Clearly P~! exists if p; 4 0 for all i. 

(ii) The sets of eigenvalues {p;} and eigenvectors {|p;)} are not known in any detail. Only partial 
information about the eigenvalues and eigenstates of the momentum conserving part N (where P = 
N-+R) is known. In particular, only four distribution functions are known which are the eigenvectors 
{|ni)} of N and correspond to the eigenvalue zero: 


N|no) = 0|No) (5.80) 


N|mix) =0|M1x) 
N|my) =0|nN1y) 
N|mz) =0|M12), (5.81) 


where |No) and |71) are defined by 


ngs(8T) = (Green) 


ho 6T_ 
qs "ip T igs (figs + 1) 
= figs +|No) (5.82) 


and 
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= Ngs rq: Uligs (7igs 1) 
= jigs +|m). (5.83) 


Equation (5.80) results from the conservation of energy and corresponds to an infinitesimal rise 
in the temperature of the phonon system. Since energy is conserved in general for an interaction 
process, we can express P|po) = 0|po) , where |po) is the eigenvector of P corresponding to the 
eigenvalue zero. Further, equation (5.81) results from the conservation of momentum and corre- 
sponds to the drifting distribution |n,). The fact that |7;) are orthogonal to one another expresses 
the time independence of the energy and momentum of the system. |7)0) is an even function of q, 
and the remaining three, namely |17);), are odd functions of q. 

(3) The eigenstates of N can be assumed to form a complete set of orthonormal subspace in q 
space: |No);|71);|6), where |5) = |N2),|73),..., etc, is the rest of the subspace and does not include 
zero-eigenvalue solutions. 

Since {|n;) } is assumed to be a complete orthonormal set, P can be expressed in the representa- 
tion of N eigenstates. In this representation N has a diagonal structure 


0 0 O 
N = 0 0 O 
0 0 Noa 
0 0 0 
0 0 0 
0 |0 0 O 0 
0 0 0 
= 10 0 An... . (5.84) 
0 0 O Ag... 
0 0 0 0 A 


The eigenvalues A2,A3,A4,... are all positive, since the system will equilibriate. Thus we see 
that while the operator N does not have an inverse, N22 does (actually, diagonal with elements 
As eee '..., etc). In the same representation, for dielectrics, the momentum non-conserving oper- 
ator R has the structure 


0 O 0 
R= O Ri Rj2}. (5.85) 
O Ro Ro» 


(For metals, where electron-phonon processes transfer energy out of the phonon system, the above 
structure of R is not true.) Rj; is a 3 x 3 diagonal matrix for isotropic or cubic systems, since the 
point-group symmetry operator for these systems commutes with R and the functions |71x),|M1y) 
and |11,) form a basis for one of the three-fold degenerate irreducible representations. (For lower 
symmetry the structure of R;; may not be diagonal.) The matrix R as such is not diagonal and does 
not have an inverse. Therefore, P = N + R is not diagonal in the above representation and has the 


structure 
0 0 0 


P=)]0 Ry Rj : (5.86) 
0 Ro (N22 +R22) 
If we define a projection operator Yo = |No) (No| which projects out |No) from {|7;)}, then the 
projected part of P has the structure 


PP = (l-A)Pi-A) 
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— [Ru Ri 
Ro, (N22 + R22) 


Pry Z| 
M12] (5.87) 
Py 


Obviously P* is non-singular and possesses an inverse, though P itself does not. Further reduction 
of P* is not possible for isotropic and cubic systems. 
The deviation function y can be expressed in terms of the complete orthonormal set {|1;) } 


W=aolno)+ Y aialtia) +P '-Av-A)xX, (5.88) 


O=X,Y,Z 


where Yo and Y; = |N1)(N1| are projection operators introduced to orthogonalize to the null-space 
{|No);|M1x); |My); |M1z) }. The choice in equation (5.88) suggests that we can write 


y=9-6d6 (5.89) 


with 


¢ = Y aialMe) 
= qu (5.90) 


as a drifting distribution function discussed in equation (5.83), and the error function 6@ express- 
ible in terms of the first and third terms of equation (5.88). As 6@ is an unknown part of wy, the 
distribution function @ may be regarded as a first-order solution and can be used as a trial function 
to solve equation (5.18) variationally. Thus this is the origin of a variational problem for the lattice 
thermal conductivity. 


5.3.2. PROPERTIES OF THE ANHARMONIC PHONON COLLISION OPERATOR 


Before attempting to solve the linearised phonon Boltzmann equation X = Py variationally, we 
note that the collision operator P has the following properties: 
(i) As P is a linear operator 


((v1 +¥2),Pv3) (v1, Pv3) + (v2 + Pv3) (5.91) 
P(av; +bv2) = aPv,+bPyo, (5.92) 


where v;,¥2,¥3 are any vector functions, a and b are constants, and ( , ) denotes an inner product in 
the Hilbert space which spans the field of the operator P. 
(ii) P is symmetric and real (i.e. self-adjoint): 


(v1,Pv2) = (v2, P¥1). (5.93) 


This can be proved by noting that the kernel P,,” is symmetric with respect to q and q. 
(iii) P is positive semi-definite: 
(v, Pv) >0 (5.94) 


for any v in the domain of P. This can be proved by noting that the kernel P,,:, which measures the 
transition probability for a phonon interaction process, is non-negative. 
(iv) The operator P is semi-bounded. Its eigenvalues lie between zero and some finite positive 
value Pmax! 
0< pi S Pmax < ©. (5.95) 
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The part of P projected onto the subspace of odd distribution functions (such as ¢, = q -u), namely, 
P*, is irreducible, positive definite and bounded: 


0< Pmin S Pi S Pmax < ©. (5.96) 


If we regard the operator P* as a limiting case of a matrix operator, then according to the theorem 
of Perron and Frobenius (see, e.g., Gantmacher 1959) its shortest and largest eigenvalues satisfy 


Pmin = (Ee) =u (5.97) 


qd 


(Ee) =A > Dinax; (5.98) 
¢ max 


where )',/ Pjq' represents a row sum (with gq = qs). For a proof we refer the reader to the works of 
Benin (1970) and Srivastava (1975, 1976b, 1977a). 
(v) It is possible to decompose P* as 


P*=A-—B (5.99) 
such that A > P* and A~! exists. It is also possible to express 
PR=L+F*7 (5.100) 


such that L~! exists and .7* is the conjugate of .7. It may be mentioned here that in deriving the 
theory of variational principles in this chapter we will consider .7* 7 = sul. The decomposition 
in equation (5.100) also defines (P*L~! — 1) as a positive definite operator. 

(vi) The operator P* is compact and spectrally completely continuous. In the decomposition 
P* =T'+A, the off-diagonal part A is -compact and I’-bound: 


[IT y|| > ||Avl]; Pv) > |, Av)], (5.101) 


where ||...|| represents the sup norm (see, e.g., Kato (1980), Griffel (1981) for a discussion on 
continuous operators, compactness, and sup (= supreme or maximum) norm). Thus the essential 
spectra of [ and P* are the same, and cover the range [uA]. These points are discussed in the 
works of Buot (1972) and Srivastava (1976b, 1977b). 

Before dealing with the variational problem it should be made clear that when the collision 
operator P acts on y it acts as the full operator P, but when it acts on @ it acts as the projected 
operator P*. In our discussion henceforth we will write P everywhere, but it should be considered 
as P* in the sub-space of odd distributions. 


5.3.3 COMPLEMENTARY VARIATIONAL PRINCIPLES USING CANONICAL 
EULER-LAGRANGE EQUATIONS 


Let us first review the essence of the one-sided variational principle. Consider a functional E(@) 
of functions @ belonging to a real Hilbert space #% with inner product ( , ). If E(@) is twice 
differentiable in the sense of Fréchet, then it is stationary at @ = y where y is the solution of 


5E(@) 
59 
If 5°E/5@? is positive when @ = yw, then E(@) > E(wW) for all values of @ in a neighbourhood of 


y. If 5°E/5¢@7 is negative when @ = y, then E(@) < E(w) in a neighbourhood of y. Equation 
(5.86) thus leads to either an upper or a lower bound (estimate) of E(w). 


=0. (5.102) 
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Next, let us look at the essence of two-sided (or complementary) variational principles. Let Hy 
and #;, be two real Hilbert spaces with inner products ( , ) and ( ,) , respectively. Let F(y,1) be 
a functional of the two functions y and 77. Let us also introduce a linear transformation 7 so that 
Tw belongs to Hy, 1.e. 7: Hy > Hy, with 7* : 74, + Hy, defining 7*, the conjugate of 7. 
Suppose F(y, 7)) has the form 


F(w.n) = (n,7w)—W(y,n) (5.103) 
= (7'n,w)-W(y,n) (5.104) 


with W(w, 1) twice differentiable in the sense of Fréchet, or with linear first and second Gateaux 
derivates. Consider two other functions: 


g=Y+69 (5.105) 
and 
&=n+06. (5.106) 
Then we can write 
F(9,€) =F(w,n)+6F + 8°F +0(5°) (5.107) 
with 
5F (9,6) oF (9,6) 
P ow (Q, oW(y, 
= (50.7 n- 2 ub -v) + (88, 7y- . $) = 


(5.108) 


F(@,1) will be stationary at p = w,€ = n if SF =0. If 6@ and 66 are independent and arbitrary, 
then 


TI sy = 9 in Hy (5.109) 
ow ; 
I¥-s_ = 0 in Hh (5.110) 


must hold. These equations are a generalised form of the canonical Euler-Lagrange (or Hamilton) 
equations. From these, Noble (1964) and Arthurs (1970) derived complementary variational princi- 
ples (cvps) by showing that we can always find functionals J(@) and M(&) such that 


J(o) < F(W,.n) <M(&) (5.111) 


if 5°77 <0 and 67M > 0. 
It should be appreciated that the functional F(y,1) belongs to the product real Hilbert space 
KH = Hy X Ay with inner product { , } defined by 


{hy ,ho} = (11,2) + (Wy, Wo), (5.112) 
where 


= Q) eo. (5.113) 


The functional W(y,1) also belongs to the product space # and can be obtained by integrating 
equations (5.109) and (5.110). 
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Now we apply the complementary variational principles (cvps) to the linearised phonon Boltz- 
mann equation X = Py which can be expressed with the help of equation (5.100) as 


X=(L4 7*TZ)y. (5.114) 


This equation can be written in canonical form, following equations (5.109) and (5.110), as 


OW : 
Ty = 0=5, in % (5.115) 
— ew 


Equations (5.115) and (5.116) allow us to determine the functional W. Integrating equation (5.115) 
we get 


1 
Wh= 5(0.0) in Hy (5.117) 
while integrating equation (5.116) we get 
1 F 
Therefore, a suitable functional W is 
1 1 
W(1,W) = Wy + Wy = 5 (00) + (WX) — 5 (WLW). (5.119) 


With this the functional F(y,1) in equations (5.103)—(5.104) is now defined for the problem at 
hand. 

Having defined the functional F(y,1) we are now in a position to find functionals J and M 
which satisfy the inequalities in equation (5.111). First we assume that equation (5.115) can be 
solved for 7 in terms of Y, i.e. 


Mm=Mm(W)=7y, =n (5.120) 
and then define 
J(W;)=—2F(1,W,) via (5.103). (5.121) 
Secondly, we assume that equation (5.116) can be solved for y in terms of 0, i.e. 
Wo =Wo(N2)=L'\(X- F'n) in Hy (5.122) 
and define 
M(N2)=—2F(M2,W2) via (5.104). (5.123) 
These give 
J(Wi) = —2(M1,™) +2W(01, Wr) 
= 2(W,,X)—(W,,PW;) (5.124) 
and 
M(N2) = —2(7°N2,W2)+2W( 2, Wo) 
= (12,12) +(X- F*my,L | (X-F*Np)). (5.125) 


J and M are stationary at y and 1, respectively. At these values 


6J/Sy, =0 =2X —2Py, 
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and 
2 2 
8° /Sy? = —2P 
which is negative since P is positive definite operator (this is so because W, which is a trial function 


can be recognised as @ of equation (5.90) and hence P can be recognised as P*, the projected 
operator). Similarly 


6M/dn, =0=2n,-27°L 1X+2L'F'* Fn, 


and 

5M /dn? =2(F+019* 7) =2PL| 
which is positive if L is. Thus we have shown that the cves for the lattice thermal conductivity are 
given as 


IW) <I(W) = (WX) = M(N) < M(M)). (5.126) 


The lower bound J(w,) provides a maximum variational principle and the upper bound M(1,) 
provides a minimum variational principle. 

If we write wy, = @ = w+ 69, where 6@ is the error function defined in equation (5.89), then, 
as stated above, the functional 

J(9) =2(0,X) — (9, P0) (5.127) 

gives a maximum variational principle. In fact J(@) is the functional used by Leibfried and 
Schl6mann (1954) and by Roussopoulos (1953). 

The functional M(1,) is in an inconvenient form, since it contains the conjugate operator 7*. 
However, we do not need to know either 7 or 7*. The knowledge that they exist is sufficient, since 
we can solve for 1), in terms of Wy, ie. 


12=12(W2)=7W=W3 in Hy (5.128) 
and define another functional M(.7 y,) =M(w3) in Hy: 


M(W3) = (TW, 7W))+(X-T*Ty,L'|X-F* Tw) 
2(W,X) — (Wa, PW) + ([X —Py,],L7'[X — Py,]). (5.129) 


If we consider yw, = @ = w+ 6@, then M becomes 


M(o) = 2(9,X)—($,Po) + ([X—P9],L'[X —P9}) 
= J(¢)+(¥,L'Y) (5.130) 
with 
Y=X-—P9. (5.131) 
The complementary variational bounds J(@) and M(@) can be obtained as normalisation- 


independent results. In J(@) we include a variational one-parameter @ and talk of @@ instead of 
@ and maximise J(@@) with respect to @. The optimum value of a is 


a= aoe (5.132) 
yielding 
bh) =< — OX) 
J(a9)=K* = PO)" (5.133) 
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Similarly we include a variational one-parameter B with @ and minimize M(B @) with respect to B. 
The optimum value of f is 


x (X,(PL"'—T)@) 
= ) 5.134 
P ipg. (PL 16) oo 
yielding! ; 
M(B) =k =(X,L'X) ee over (5.135) 


(Po,(PL~!—f)o) 


The normalization-independent results J(@@) and M(B) are more convenient than J(@) and 
M(@), respectively. /(@@) has been used by many authors (Kohler 1948, Sondheimer 1950, Zi- 
man 1960, Levine and Schwinger 1949) and in the context of thermal conductivity this result is 
generally known as Ziman’s variational bound. 

A more general variational trial function 


N 
=) o¢, (5.136) 


can be used to convert J(@) to an improved normalization-independent lower bound by maximizing 
the result with respect to all the @,. Similarly, an improved normalization-independent upper bound 
can be obtained by using equation (5.136) and minimizing M(@) with respect to all the a. We will 
come to this issue in section 5.3.6. 


5.3.4 COMPLEMENTARY VARIATIONAL PRINCIPLES USING SCHWARZ’S INEQUALITY 


The cvps derived in the previous subsection can also be derived from simple applications of the 
Schwarz inequality. 
First we note that since P is positive semi-definite 


(f, Pf) 2>=0 


for all vectors f in a Hilbert space #@ in which P is a correspondence. To derive the maximum 
variational principle consider f = y— @ = —d@. Then 


((W—$),P(W—)) ==. (5.137) 
As P is symmetric, the above inequality leads to 
or 
J(w) 2 J(g) (5.139) 


where J(@) is the functional in equation (5.127). Introducing a variational parameter q@ and replac- 
ing @ by a@ in equation (5.137) gives 


((W, a), P(w—ag)) > 0. (5.140) 


From this we get 


(yw, Py) —2a($,Py) +a°($,P@) > 0. (5.141) 


‘Equation (5.194) at the end of section 5.3.6 shows how the coefficients «< and «* can be used to obtain the correspond- 
ing bounds on the lattice thermal conductivity .% defined in equation (5.23). 
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The left-hand side of this inequality has a turning point with respect to @ when 


(9,X) 
(9,Po) 


The second derivative of the left-hand side in equation (5.141) is 2(@,P@), which is positive as P 
acting on @ is positive definite. Substituting equation (5.126) into equation (5.141) we get 


(w.PW)(o,PO) > (¢, Py)? (5.143) 


a=a= 


(5.142) 


which is the Schwarz inequality. From here we get 


J(W) = (WX) = (W,Py) > 7 = (5.144) 


where «< is the lower bound derived earlier in equation (5.133). 

The Schwarz inequality in equation (5.143) is in general applicable to any operator P; which has 
the formal properties of the operator P. To derive the minimum variational principle we consider an 
operator (PL~! — f)P which obviously has the formal properties of P. Then the Schwarz inequality 
in equation (5.143) can be extended to 


(y,(PL~' —D)Pw)(¢, (PL! —1)Pg) > (9, (PL! — IP)’. (5.145) 
Using X = Py and the symmetry property of P this gives 


(@,(PL~! —f)Px)* 


X,L7'X)-J(w) > : 5.146 
( )-J(w) 2 (¢.(PL —1) Pd) ( ) 
From this we get 
x Lx (X,(PL™' 1) Po) 
1H) Ss OGCDP) 
= (5.147) 


where «7 is the upper bound derived earlier in equation (5.135). Notice that equation (5.146) gives 
a maximum principle for the functional (X,L~!X) —J(w) = (w, (PL~! —1)Pyw) which becomes a 
minimum principle for the functional J/(w) = (w,X). Furthermore, it is easy to show that replacing 
P by (PL~! —1)P in equation (5.137) leads to the unnormalized upper bound M(@) of equation 
(5.130). The upper bound «~ was originally derived by Jensen et al (1969). 


5.3.5 SEQUENCES OF BOUNDS AND THEIR CONVERGENCE 


In the above two subsections, we have essentially derived the cvps, obtaining a lower bound «< and 
an upper bound «~ for the conductivity coefficient J(w) : K< <J(w) < «7. In this and the following 
subsections we will demonstrate that the bounds «< and «7 are actually the endpoint results for a se- 
quence of lower bounds {5 }(m = 0, 1,2,...) and a sequence of upper bounds {7 }(n = 1,3,5,...), 
respectively: KS = kK) and k~ = k;. We will also show that the sequences {«,} and {k,’} are 
monotonic and converge towards the exact solution J(Y) in the limits m — co and n — ©, respec- 
tively. 
Let us define a set of equations 


Xj=Pjwy j2=0, (5.148) 
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where X ; and P; bear the formal properties of X and P, respectively. As before, for a trial function 
o@ we find an optimum value of @ which makes ((W, a7@),P;)(w— a@)) an extremum, i.e. 


a= ee (5.149) 
Since P; is positive semi-definite, 
((W,@o),Pi(W,a)) > 0 (5.150) 
which becomes the Schwarz inequality 
(V.P;W)(O,P:9) = (OPW). (5.151) 


The sequences of normalized lower and upper bounds can now be derived. 


5.3.5.1 Sequence of lower bounds 


We define 7 
Xm = (f—PA~!)"X 
Pm = (f— PA~!)™P 


with P =A—BandA > P such that A~! exists. Then from equations (5.148) and (5.151) we have 


\ m=0,1,2,... (5.152) 


Xm)? 
Kn = (W,Xm) = (W,PnW) > oe (5.153) 
For m = 0 this gives 
X 2 
ky =J(w) > ose = Kx (5.154) 


thus showing that in fact K< of the previous subsection is Kp. 
For m = | we get 


Ki =(W.X1) = (w,X)—(y,A-'Py) 
= J(w)—(X,A™'X) 
2 
5: AWA) . 
(9,Pi¢) 
where the last inequality is from equation (5.153). Thus 
= X,)° 
J(w) > (X,A7 LX) + Aya) om (5.155) 
eae TLC aa 
And so on. 
Writing explicitly, we have 
x)? 
m=0 KG = (9 (5.156) 
‘ (w.Po) 
7 pa-lyy)2 
9, I—PA~')P@) 


etc. 
This way we can obtain expressions for all the terms in the sequence of lower bounds {«*},m = 
Oj 2 cress 
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To examine the nature of the sequence {«;<} we will find it convenient to use the unnormalized 
expression for K*. We define 


In(@) az 2(@,Xm) — (9, Pin) 
= (W,Xm) — (6, Pnd@) 
Jn(W) — (69, Pind), (5.158) 


where equation (5.105) is used. Now we can express J;,() as 


Jn(W) = (W,Xin) 
= (W,Xm—1)—(X,A 1X1) 


1=0 
m—1 
= J(y)- (x0 ss x) (5.159) 
1=0 
Putting equation (5.159) into equation (5.158) we get 
m—1 
JW) =In(W) + (x0 y x + (59,Pn5) (5.160) 
I=0 
or 
J(W) = Kn ($) + (5, Pnd9), (5.161) 
where 
m—1 
Kn (0) = 2(@, Xm) — (9, Pn) + (x0 Ea) (5.162) 
1=0 


is the unnormalized lower bound on J(y). The expression in equation (5.162) can be simplified by 
summing the geometric series 


m—1 m—1 
A'Y xX, = A!Y (f-Pa'ly'x 
1=0 1=0 
= (f-(f-pa)")P lx. (5.163) 


(Notice that here we have an expression which has P~!. This is no problem, as in this context P acts 
on the subspace of @ and is positive definite so that its inverse exists.) Thus 


Km (@) =2(6,Xm) — (0, Pind) + (X, [P— (P— PA!) ™|P 1X). (5.164) 


m 


Note that kK (@) =J(@) of equation (5.127). It is easy to show from this expression that K>(@) 
satisfies the following recursion relation: 


Kaui) — Kn (@) = (YA PY), (5.165) 


m 


where Y = X — P@ as in equation (5.131). Since (Y,A~!PnY) > 0, the sequence {«<(@)} increases 
monotonically. It must therefore necessarily converge. To find the limit of its convergence, we ex- 
pand 6@ in terms of the complete orthonormal set {|p;) } 


15) = )icilpi). (5.166) 
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If {a;} are the eigenvalues of A, then in equation (5.145) 


(56,7956) = DlaPe:(1-2) 


—> 0 for large m. 


Thus for m — ©, J(W) = KS, i.e. the sequence {5} converges to the exact coefficient J(w) from 
below. 


5.3.5.2 Sequence of upper bounds 


We define 
X, = (PL-'—fy"x 
Py = (PE STP 
XxX, = Pw n = integer (5.167) 


with L defined in equation (5.100). From equations (5.148) and (5.151), we have 


2, 
In(W) = (W.Xn) = oe (5.168) 
This gives 
ae 1 (9, (PL7! —f)x) 
forn=1: Jiw) <= (X,L7°X) (o. (PL! —1)P@) 
= (5.169) 
fon=3: Jw) < (X,L'X)-(X,L'X)) 
-1 (@,X3)° 
FO) 6.28) 
= K (5.170) 


and so on for n = 5,7,.... Thus with n as odd integers we get a sequence of upper bounds on 
J(w) : {«7 }n = 1,3,5,.... For clear identification we rewrite the first two terms of the sequence: 


‘ae axinix)— BO (5.171) 
n=3: Ke = (X,07'X)-(%,0'X)) 
2 

+(X,L7'X,) — Sea (5.172) 


It can be noticed that when n stands for an even integer we get a lower bound (which for n = 0 is 
the same as in equation (5.154) but yields new results for n = 2,4,6,...). 

To examine the nature of the sequence {«,7 },n = 1,3,5,..., we will again find it convenient to 
use the unnormalized expression for K. We can express 


In(W) = (WXn) = 2(9,Xn) — (9, PrG) + (59, P59). (5.173) 


Further, we express 
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= (X,L7'Xn-1) —(W.Xn-1) 


= (XL Xp) — (XL X ya) to + (-1Y"(W.X) 
n—1 

7 aU nc aa Kear 
1=0 


(-1)" {4(w) - (x, [P- @-PL'y"|P'X)}, (5.174) 


where the last step is written after summing the geometric series. When n is an odd integer, we can 
write from equations (5.173) and (5.174) 


J(W) = —2(9,Xn) + (9, Prd) + (X, [(PL“ —f)"+IP7'X) 
—(5¢,P,56) 
= Kr (9) — (56, Prd). (5.175) 
Thus 
Kn (@) = —2(9, Xn) + (@, Pi) + (X, [(PL “| — 7)" + f]P'X) (5.176) 


is an unnormalized upper bound for k = J(y). Note that, for n = 1, Kf (@) = M(@) of equation 
(5.130). As n has to be an odd integer, the required recursion relation is 


ka (@) — Keo (6) = (Y,L7!(2f—- PL) (PL! —f)"¥), (5.177) 


n 


where, again, Y = X — P@ as in equation (5.131). The right-hand side of equation (5.177) is 
(semi)positive if 27 PL~! is. Thus the sequence {«>(@)} is monotonically increasing if 2L > P. 
It must necessarily converge for this condition. To show that it converges to the exact coefficient 
k = J(wW), we expand 6@ as in equation (5.166). If {/;} are the eigenvalues of L, then in equation 
(5.175) 


(69, P59) Vleil*pi(pil; * — 1)" 


cua EX" 
= Yate (#) (1-4 
i li Pi 


> 0 for large n. 


Thus for n + «, KZ — kK, i.e. the sequence {7} converges to the exact coefficient J/(w) = « from 
above. 

Before we close the discussion on the derivation of the cvps, it should be noted that we have 
considered a common set of eigenfunctions for the operators P, A and L. This is equivalent to 
assuming that the operators P, A and L are mutually commutative. Mikhail (1985) has shown that it 
is possible to derive the sequences {«>} and {«,} without supposing a commutative nature for the 
two parts of the operator P. 

In the evaluation of lower bounds {«<} the operator A can either be considered as A/ (Benin 
1970) with A as the biggest eigenvalue (or the maximum of row sums) of the phonon collision 
operator P, or as T, the diagonal part of P (Srivastava 1976c). In the evaluation of upper bounds K7 
the operator L can be considered as L = P — 5 ul, with 1 as the smallest eigenvalue (or the minimum 
of row sums) of the operator P (Srivastava 1975, 1976b). 

Thus we conclude that the method of cvps provides sequences of lower and upper bounds which 
bound the exact coefficient J(w) = « from below and above, respectively. Calculation of a pair of 
bounds «* and «7 will provide a width Aj», = «7 — «= around the exact coefficient «. The width 
Amn can be made desirably small by making appropriate choice for m and n in the sequences of 
lower and upper bounds. This feature increases the applicability of the method of cvps not only for 
the problem of lattice thermal conductivity but for any linear equation which can be expressed in 
the form of equation (5.18). 
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5.3.6 IMPROVEMENT OF VARIATIONAL BOUNDS BY SCALING AND RITZ PROCEDURES 


In the preceding subsections, we have derived sequences of cvps for the conductivity coefficient k. 
Both unnormalized as well as normalized bounds were derived: K>(@) and «> (@) denoted unnor- 
malized bounds and «> and and «7 denoted normalized (or scaled) bounds. 

In this section we first prove that normalized (or scaled) bounds are more convenient and im- 
proved (more accurate) results than unnormalized bounds. This is easily seen from the inequality 


2 
et — (5.178) 


i.e. Ky > Ky (@), where Kp is the optimized version of kK) (@@) with respect to the one-parameter 
a (a scale factor). This is what was done in section 5.3.4. The scaling procedure is common and is 
widely used in variational calculations (Robinson and Arthurs 1968, Pomraning 1967, Benin 1970, 
Jensen et al 1969). 

Next we point out that the accuracy of improvement can be increased by adopting a Ritz pro- 
cedure. Robinson and Arthurs (1968) and Arthurs (1970) have discussed the method of Rayleigh 
and Ritz. In this, one maximises k= (@) or minimises Kk (@), not for the complete set of admissible 
functions in the domain Dp of P, but by using a smaller set of functions in Dr, a R-dimensional 
space of a linear combination of R independent admissible functions @,,7,03,.--,@z. Thus we 
write 


Ky ($) = 2(¢,X) — (0, P@) < 


= > SS < 
(y,X) par (9) >= Hea (o) (5.179) 
and 
= min k, (@) < min ky 
(w,X) aan (¢) < pa (¢). (5.180) 


For selected @ optimised complementary bounds on J(y) = (w,X) are obtained by evaluating the 
right-hand sides of equations (5.163) and (5.164). 

To see explicitly how these optimised bounds are derived, we note that a selected @ in the space 
Dr can be written as 


R 
9=)) %4,, (5.181) 
r=1 


where {@,} are now R real constants (rather than a single constant as we considered earlier in scaling 
k= (@) and «7 (@)). The constants {a} are determined by maximising K>()., 0@,.), i.e. by solving 


O Kin (Li Or @,) 


= OD sie R, 182 
00h, 0 r Ayres (5.182) 
Similarly, we can write 
R 
=) 6-9, (5.183) 
r=1 
and determine {8,} by minimising k>()., B,@,), i.e. by solving 
De 
EO P#e) 9 PA Duk. (5.184) 


With the optimum {@,} and {8,}, the optimum functionals thus obtained, say [K<]r and [k?]p, are 
the improved bound results. Obviously R = 1 is the case of scaling by one-parameters @ and B. 
Let us explicitly write the optimised functional [K>]. We have 


ni (La) = 20 o(6,.X)-Y a,a(,.P,) 
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= 2) 0,X,-) a,P Oy, (5.185) 

where X; and P,.,. are defined by 
X, = (@,,X) (5.186) 
Py =Pyp = (9,,P9,1) (5.187) 


P being symmetric. From here we can write 


OK (L,Or9,) 
0 rar 
4 —— =0=2X, -2 Pry! 
0G, P ’ Le 
or 
X=) oy (5.188) 


and hence 
a, > O, = YPN) Xp. (5.189) 


With this optimum @,, the functional K>(@) becomes the optimised version of the Ziman bound 


R 
[Ko Je = VX (Po) Xp. (5.190) 
rr 


Hamilton and Parrott (1969) used the method of Lagrange multipliers to derive this expression. In a 
similar way we can obtain all the optimised bounds [k= ]r and [7 |r. 

An alternative, but equivalent, procedure for deriving the optimised bounds [k=] and [|r is 
to follow the procedure described in section 5.3.5. The extremum condition for the left-hand side of 


((v-La4,) Bi (v- dae.) ) >0 (5.191) 


will directly result into equation (5.189) for the optimum @,. With that the left-hand side in equation 
(5.175) will yield the desired expressions for [kK] and [K; |p. 

In equation (5.178) we proved that the scaled result K> is an improved version of the unscaled 
result Ky (@). Now we show that the Ritz procedure yields a more improved result. For simplicity 


take R = 1. Then from equation (5.190) 
[Ky] = X1(P7') 1X1 (5.192) 


while from equation (5.162) we have 


=—., (5.193) 


From the Schwarz inequality we have 
7 Xx? 
Xi (P7')Xi = a 
i 


so that [Kj]: > kp, which proves the point that a more general trial function yields a better varia- 
tional result. 

Details of numerical calculations of some bound results for the lattice thermal conductivity will 
be presented in chapter 7. More details can be found in Srivastava and Hamilton (1978). Before 
closing this section, it should be mentioned that the lattice thermal conductivity is related to the 
functional J(y) (or, equivalently the coefficient «) through the relation (see equation (5.23)) 


kpT? 
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5.3.7 THERMODYNAMIC INTERPRETATION OF THE VARIATIONAL PRINCIPLE 


The mathematical description of the variational principle given in this section can be given a phys- 
ical interpretation on the basis of steady-state thermodynamics. We will do this by expressing the 
variational integrals (y,X) and (w, Py) in terms of the rate of change of the entropy of the system. 

We can associate with a heat flux Q an entropy flux Q/T. The rate of change of the entropy due 
to the presence of a temperature gradient is given by 


Siaers = V- (2) NoQ 


2. OE (5.195) 


Using equation (5.20), we can express 


: Oiigs 
Smacro — kp ) Vas 


= kp(w,X). (5.196) 


Phonon scattering processes increase the entropy of the system, with the rate given by (Ziman 1960) 


: ONgs 
Sscatt = ke Yas 
qs scatt 
= ke(w,Py). (5.197) 


Since (w,Py) > 0, Scat? always tends to increase. In the steady state the increase in the entropy 
due to the microscopic scattering processes is balanced by the dissipation of existing temperature 
gradients 

Smacro = —Sscatt+ (5.198) 


This balance relation is similar to that in equation (5.18) for the rate of change of the distribution 
function. 

In the simplest form of the variational principle, we proved that the quantity (@,X)*/(@,P@) 
provides a minimum estimate for the coefficient (y,X)*/(w,Py) = (w,X), where @ is a trial 
function for the generally unknown function yw. In the language of the steady-state thermodynamics 
we then can say that the ratio kg(@,X)*/(@,P@) provides a lower bound for the entropy production 
ratio (Sanne ) 2 / Seog . 


5.4 GREEN-KUBO LINEAR-RESPONSE THEORY 


In this section, we derive an expression for lattice thermal conductivity based on the Green—Kubo 
linear-response theory. The Kubo linear-response formula for phonon conductivity is (Kubo 1957) 


2 co 
= sor es | (Q(0)- Q(t) dt. (5.199) 
3 0 


Here Q(t) is the heat current operator in the Heisenberg representation, and (...) represents the 
canonical-ensemble average with respect to the total Hamiltonian H: 


Tr(e~B# 0) 


(0) = Te A B =1/kpT. (5.200) 
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From equations (5.13) and (5.20), we write 


Q(t) = ™ ma Lo gs) 5ngs(t )es(q). (5.201) 


In writing this expression, we have recognised that it is the deviation function ONgs = Ngs — Nigs 
which is responsible for heat current. Also, the distribution function ng; is now regarded as the 
number-density operator for phonons in mode qs in the Heisenberg representation: 


Ngs(t) = 44s (t)aqs(t)- (5.202) 
With this, equation (5.199) becomes 
h’kpB 
Me 3NoQ x |” ob @ (qs)@ (q’ s' )es(q) Cs! (q')Gasqis'(t), (5.203) 


where 


G(t) = (Ongs(0) Sng (t)) = Cqsqs (1) (5.204) 


qsq's 
is a correlation function. Calculation of Y(t) can be made by several techniques, such as 
(i) the Zwanzig—Mori projection operator approach, 
(ii) double-time Green’s function technique, and 
(iii) imaginary-time Green’s function technique. 
Here we will discuss the first two of these techniques. 


5.4.1 EVALUATION OF THE CORRELATION FUNCTION %(7) BY THE ZWANZIG-MORI 
PROJECTION OPERATOR METHOD 
5.4.1.1 Derivation of an integro-differential equation for ¢ (t) 


We describe here the evaluation of Y(t) by means of the Zwanzig—Mori projection method (see, 
e.g., Zwangig (1961), Mori (1965), Jancel (1969), Wilson and Kim (1973), Knauss and Wilson 
(1974) for a detailed description of the method). Let us define a projection operator Y which picks 
out that part of 6ng;(t) which contributes to Y(t), i.e. 


(51qs(0)PSngy(t)) = (8ngs(0) Sng (t)) = (0). (5.205) 


In doing so we consider that the operations on d1qs(t) by Y and (1 — #) yield, respectively, the 
relevant and irrelevant parts of 615 (t): 


Ongs(t) = drgs(t)|- + Orgs (t) irr, (5.206) 
where 
Ongs(t)|- = PAdngs(t) (5.207) 
Ongs(t)lar = =P )6ngs(t). (5.208) 
Let us introduce FY as 5 
PO(t) = iO) = dn((SnO(t))) (5.209) 
(dndn) 
where 6n stands for 6n(0). It is easy to prove that Y thus introduced is a projection operator: 


dnO(t)) 


= ( 
Foot) = PSnA— Endn) 
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(Sndn(SnO(t)) /(Sndn)) 


(dndn) 
_ 5,,(dn0() 
(dndn) 
~ PO(t) (5.210) 


= 6n 


ie. Y* = Y, thus proving the assertion. 
To derive the equation of motion for Y(t), we use Neumann’s equation for d7gs(t), given by 


© Sng) = = (Hd =iFL5ngs(t). (5.211) 


Here & is the Liouville operator. In Zwanzig’s method we look for an equation of evolution for 
the ‘relevant part’ d1gs|, only. To eliminate the ‘irrelevant part’ Sng;(t)|izr, we calculate the time 
derivative of d1g5(t)|, and Ongs(t) irr: 


d d 
oa (e) [a ee a Olas (t) 
= iP L8N4q5(t)|- Fi PL S145 (t) irr 
= iP Lnqs5(t)|- +i PL (1— F)dnq5(t) irr (5.212) 
and 
d d 
q ola (2) a ae — P)dngqs(t) 


s(t)|-+i(1 — F).LNgs(t)| irr 
s(t)|, +i — P)L(1 — P)Sigs(t) irr 


(5.213) 


where we have used equations (5.206)—(5.208) and (5.211). 

We first write the formal solution of equation (5.213) by considering it as a linear equation in 
Ongs(t) |irr With the inhomogeneous term (1 — FY) @dng5(t)|-: 

(i) homogeneous solution: 


d 
<Sngs(t)| = (1 — P)-LBnqs(t) ir 
Sngs(t) ("= S ngs (0) exp [i(1 — A) F1}. (5.214) 


irr 


(ii) inhomogeneous solution: 
irr 


: t 
Sng) re = [ dt’ exp [i(1 — P) Lt'|(1— P)_L8nqs(t — 1’) |p. (5.215) 


The homogeneous solution can be discarded by the ‘molecular chaos hypothesis’ ONqs irr = 0. 
Therefore we have 


S1tqs(t) lire =i [ ‘dt! exp[i(1 — P).Lt'|(1— P)LEngs(t —1’)|>- (5.216) 


Substituting this result into equation (5.196) we get the equation of motion of the relevant part of 
Ongs 


t a ‘ 
< digs) =i PLBn4s(0)|,— PL | dr’el-)-20 (1 — DB) YSngs(t —1')|p- (5.217) 
r 0 
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This form of Zwanzig’s equation is equivalent to Liouville’s equation. 
Using Zwanzig’s equation, we finally have the equation of motion of Y(t) 


fo) = (Bg. Sng (0) 


dt : 
= (Sitgs = Orq's'(t) 2 
= i(SngsPLSngy(t)|+) 
= dt! (Sng, PL exp [il — P-L1\(1— P)L8ngg(t—1')|r). 


(5.218) 
Now from equation (5.209) 
(Ongs PL 8Ng'y(t Ir ) = (OngsdNgs((Ongs-L’6Ngs (t)|r))) 
=  bngsdngs((Ongs-L PO Ng's (t)|r))) 
= (Ongs Ong! (t) |) 
= SrgsOrgs\{Ogs-ZOMgs Te sy 
~  (ngs6 Ng's (t)|r) ((Ongs-LSngs)) 
= gG(t) (5.219) 
where the so-called natural frequency is given by 
ma ((6ngs-L6Nqs))- (5.220) 


Also, from equation (5.209) 


(Sng: P-Lexp [i(1— P).Lt'|(1 — P)_L8ng y(t —1')|,) 

= (8ngs6ngs((Sngs-L exp [i(1 — P)-Lt'|(1— P)_LEngy(t—1')|,))) 
(Snqsngty(t—t')|-) ((Sngs-L exp [i(1 — P)-Lt"|(1 — P) L6ngs)) 
= ¥(t-?)f(r), (5.221) 


l2 


where 


f(t’) = ((Sngs-L exp [i(1 — P)_Lr'|(1— P)LSn4qs)) (5.222) 


is called the memory function. 
Zwanzig’s equation of motion for Y, therefore, is 


d 
9 (1) =ig9(0) -[ at'G(t—1') f(t’). (5.223) 
We must now calculate the natural frequency g and the memory function f. 


5.4.1.2 Evaluation of f(*) and g 


We first write the Hamiltonian in the linear-coupling form 
H=H)+AH', (5.224) 


where Ho is the harmonic or unperturbed part given by equation (4.37) and H’ is the anharmonic 
part or perturbation given by equations (4.43) and (4.44). For simplicity we express H’ in the form 


= E Silay — aqs) (5.225) 
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so that Sg, could be regarded as the linear coupling coefficient of the phonon mode qs to its surround- 
ing or bath (namely the crystal). In equation (5.224) A is a measure of anharmonicity, assumed to 
be small. 

With equation (5.224), we have 


1 
Longs = i [H, 6145] 
= aH longs 
a AL" 84s, (5.226) 
where 
L=LH+AL' and LoOngs = 0. (5.227) 
Therefore, 


AM? ((ngsL' exp [il — FP) Lt'](1 — P)_L'nqs)) 
= -A?(((L'ngs) exp fil — P)Lt'](1— P)(-L'Nngs))) (5.228) 


f(¢) 


as ((AYB)) = —(((A)B)). It is sufficient to evaluate f(t) up to A? only. Therefore, we replace 
P by Aoand L by Lp in equation (5.228). This gives 


f(t) =A? (((L' qs) exp [i(1 — Po) Lot’|(1 — Po)(L'1qs))o, (5.229) 
where 


PoO = Sngs((6NgsO))0 
Tr(e~B#00) 
=> ————\—. 2 
(O)o Ti(e-Bihy (5.230) 
Next we write, using Yo(1— Yo) =0, 
exp [i(1—- Po)-Zor'(lL-Ao)O = expliZ(1— Ao)t'](1— Ao)O 
~ eX" (1 iA, Pot')(1— Po)O 
eZ’ (1 — A)O. (5.231) 


Therefore, from equations (5.209) and (5.229)-(5.231) 


! 2) —)? 
f(t) = Ginoedo {(( 
—((L'ngs)e" (L'nqs))o}- (5.232) 


L! qs" Py L'ngs))o 


Now 


(dNgs ONgs)0 


(ng 

(a9s4qs4qs4qs)0 me iigs 

(aijsttqs)o(agsdqs)0 + (dgs44qs)0(gstgs)0 
+(a}.,aqgs)0(aqsaj.s)0 — Ags 

= #2, +0 + figs figs +1) — 72, 

= fgs(figs +1), (5.233) 
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where we have used Wick’s factorisation scheme (Wick 1950), namely 


(abcd) = (ab) (cd) + (ac) (bd) + (ad) (bc) (5.234) 
and 
(aj ,aqs)o = Ngs (agsqs)0 = Nigs +1 

figs = (eP"® — 1), (5.235) 

Thus we have 

1! = —A? g! iLot! D(f! 
ft) = figs (figs +1) ((H'ngs)e 0(Lngs))o 

—((L'1tqs)e 20" (ng) . (5.236) 


Let us consider the following in the first term: 


Ppl ngs = Higgs Gig?” Ng) 6 


= rico ((NgsSqs [aj — Ms, a4sqs]))o 
1 


-las\ ((agstqs — figs )Sqs las — Ms; ajsqs]))0 
0 (5.237) 


as (a), dgsAqs4js4qs)0 =0, (aqsa),5Qqs)0 = 0, etc. This reduces equation (5.236) to 


2 Sat! 
ft) = Figs (Migs +1) ((-2'Ngs)e ve (L'ngs))o 
2 Dat! 
= Figs figs +1) (Sqs [al — Ags, Ngs|e a Sqs [af — Ags ,Nqs})0 
a2 
= Figs Ags +1) (Sqs (af, — dgs|Sqs(t’) [aj,(t’) — ags(t’),Ngs(t")])o, 


where e-“’A = A(t’) is used. We can further simplify terms so that 


a2 
fe) = Wigs ga #1) OSHC Ulta — Aas, aslltga() — Ags") ngs’) 
2 


A 
: Pigsliig i) Se 80 "V0 (aptast))0-+ (dasage(t))0} 
2 


A —iw(qgs)t' Ss ia(qs)t! 
= Phnigg 1) Se )othase O45)" + (Figs + 1) ela)" }, (5.238) 
qs \l*qs 


where we have used the following relations: 


[ags,a},] = 1 
dgs (t) a agse (95)! 
ag) Segoe”, (5.239) 


Furthermore, using figs + 1 = figs exp (Bh@(qs)) we can finally express 


a2 ! P 1 
f(t’) = =a (SqoSas(t")) of" +e 1@(9s)t en Pialas)y. (5.240) 
qs 
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We can similarly evaluate g: 
g = (Ongs-L’5ngs) /(Sngsdngs) 
= : (ngs-L gs) /(ONgsNgs) 
= h (Ngs [H’ ,qs]) /(Ongs5Nqs) 
A Tr{e~P4 a} ags[H! a’ .dgs|+ 


2 vat, 
~ i(Sngs5rqs) Tr(e BA) (5.241) 


To proceed we use the well-known perturbation expansion 
iA inB 
e BH — 9 BMo (1 + —{ aH (-1) +...) ‘ (5.242) 
0 


The terms shown are sufficient to evaluate g up to A. We can easily verify that the contribution to 
g from the term with A vanishes, leaving 


iA? 
h? (Sngs5Nqs) 


Trf{e~BMo 3? dtsqs( t)(ajs( t) — dqs( t))a},aqs[H',a},aqs] } 
% Tr(e—P 4) 


iA? 
A igs (figs + 1) 
me i t t t 
x 5 dt (Sqs(—t)Sqs)o( (aj,(—t) Fe dgs(—t)) aj ,aqs [ags — 4s; 4qs4qs])0 
iA? 
I figs figs + 1) 
inp 
x i dt (‘Sqs(—t)Sqs)o {fizse 14 — (Figs + Le}, (5.243) 
0 
where we have used Wick’s factorisation scheme given in equation (5.234). The above result can be 
rewritten as 
a2 
Wigs (figs +1) 
B 
x i dz(SqsSqs(iftz)) of (igs + 1)2e (4) — 92, efeOlas) } (5.244) 


8 = 


where ¢ = ifz and use is made of the cyclic invariance of trace 
Tr(AyA2 ee Am) = Tr(A2 as -AmA1) 


so that 
(Sqs(t)) = (Sqs(t — B)) 0<t<fB. (5.245) 
Finally, we change B to t by using the identity 


B 
in [de exp (4:hz00(qs))(SqoSqs(ite))o 
= i exp (Fico(qs)t) (SqsSqs(t))o — exp (Ehiz@(qs)) 


x [ ” dt exp (Fi@(gs)t) (Sgs(t)Sqs)o- (5.246) 
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With this equation (5.244) becomes 

iA? 
Wi iigs (igs +1) 
— (figs + 1)? [ dt exp (i@(qs)t) (SqsSqs(t))o 


Figs [dt exp (—ieo(qs)t)(SqoSqs(t))0 


‘figs figs +1) i, ” dt (Sqs(t)Sqs)o€xp (i00(gs)t) 


7 [ ep (io1anSol0S0) (5.247) 


5.4.1.3. Solution of Zwanzig’s equation in the weak-coupling limit 


In the van Hove weak-coupling limit, we let A + 0, t > 00, but A?t = y = finite. Zwanzig’s equation 
in (5.223) then becomes 


og (2) = (a) (ie- [-are) 
- 9 (35) fig — f(0)}, (5.248) 


where 


f(0) = [ "at f(tje i (5.249) 


is the Laplace transform of the memory function f(t) at g = 0. Integrating equation (5.248) we get 


g=0 


Ing (5) = lig — f(0)}y +constant(= InY(0)) 


or = G@(t) =¥(O)e/™, (5.250) 
where 
= ay{-ie + F(0)} (5.251) 
is the inverse relaxation time for phonons in mode qs. Also, note from equation (5.204) that 
G (0) = Cogsg's' (0) = (OngsONg's')0 = qq’ Sss'7qs (figs + 1) (5.252) 
so that 
Casqis' (t) = Sqq' Ses'figs (figs + 1071! (5.253) 


becomes the final solution for the correlation function. Furthermore, from equations (5.251), (5.238) 
and (5.247) we get, after some manipulation, 


a 
II 


a 1 a i s -i AY 
- ie (/ dreio(as)! (Sqs(t)Sqs)o +f dt e104 MSS] 


tye. 
ae / drei)! (5, .(t)Sqs)o (5.254) 


= real and positive. 


In Chapter 6, we show that this result is identical to the smrt result in equation (5.24). 
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5.4.1.4 Conductivity expression 


The expression for the conductivity in equation (5.203) now becomes 


hi’kp Bp 
x = INO sy alana a) [ dt Cysqis (Oe 
gsq' s 
i’kp Bp? 4 i 00 
= o* (qs)c; ny dte*/%s 
3N)Q X (q ) 5 (4) qs( qs ) - 
hkp B2 
~ ee Y" w? (qs)c3(q) igs (figs + 1) Ts, (5.255) 
qs 


with 7; given in equation (5.254). This result for the conductivity is the Debye term or the ‘smrt’ 
result .%p (i.e. Art) derived in section 5.2.1. 


5.4.2. EVALUATION OF THE CORRELATION FUNCTION “%(7) BY THE DOUBLE-TIME 
GREEN’S FUNCTION METHOD 


In the previous subsection we evaluated the correlation function Y(t) by using the Zwanzig—Mori 
projection operator method. In this subsection we evaluate this correlation function by using the 
double-time Green’s function method. This technique is well explained by Zubarev (1960). 

We first express Y as 


- = lim [ dre“® [Pas (Srtgsdngy(t-+ihB’)), (5.256) 


~ B e>0t 


with (...) as defined in equation (5.200). Here the factor e~ is introduced to deal with any diver- 
gence problem in the evaluation of Y using the Green’s function method. We next simplify Y using 
the Wick’s decoupling scheme, so that 


2 5 aim, | dre a dp" (ag5q's (t+ihB")) (agsa I g(t +ihp’ )) 
= 5 dim, | dre a dBc), s(t +ihB' CO, y(t +ihB’). (5.257) 


The Fourier transforms of the single-particle correlation functions C () and C®) are related to the 
following one-particle retarded Green’s functions: 


1 i : : 
Coy = fia —y | Casas (@ +i€) — Gysq'y (@ — ie)] (5.258) 
1 apho 
(2) ie 
I i [Gauge (@ +ie) — Giggs (0 — ie). (5.259) 


Using the Fourier transform 


Cosq'st(t + ih") a deOC gug's'() exp [ie (1 + iMB")] (5.260) 
we express 
1 
G = —— lim ” dte~é a da; 
e>0+ 
= ebhian 
a i(@ — @)r] 
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B 
x [ dB’ exp [B'h( a, — @>)] [Gasq's! (1 +i€) - Gosq's! (1 — ig) 
X [Gosqis/ (@2 +i€) — Gasq's (@2 — i€)]. (5.261) 
Integrating over ¢ and B’ and then interchanging @, <+ @ we get 


g I d d ina 
= wap ip [tof tema i= y= 


x a 
5s (sors 2 — @ +i€ 
x [Gasq's! (@ +i€) — Gasq's! (@ — i€)| [Gasq's! (@2 +i€) — Gasq's! (@2 — i€)| . 


(5.262) 
Using 
—— + —— = —i276(@ — @) (5.263) 
we reduce the above expression to 
G = — a sim J ” doy [Gasq's! (@1 +i€) — Gasq's(@1 — i€)] 
x i dO [Gasq's/ (@2 +1€) — Ggsgis (Wz —i€)] 
i i L$ (oy). (5.264) 


* (eBia, — 1) (eBli — 1) @ — wp 


If we write F(@2) = Ggsg'y'(@2 + i) — Ggsq’s/(@2 —i€) and let @; — @) = x, then the integration 
over @ gives 


eo eho, — ebha, F(@2) 
[8° 6 AVERY To, = 05 
ePhor " p>  (1 —e- Bh) F(ep, — x) 8(x) 
Wie 7 


= (eBha, _ | eBho e—Bhx _ | Xx 


5(Q@1 — @2) 


Since the integrand peaks around x = 0, we can express | — e Bix ~ Bhx, reducing the above integral 
to 

BheBro po F(@ —x) 

eho —] J_..  ebhar eBhx _ | () 


eBho, 
a a Bho ph (1): (5.265) 
Thus equation (5.264) becomes 
oo ebho > 
GY =—n lim CO a a5 [Gasq's! (@ +i€) — Gasq's! (@— ig) : (5.266) 


€>0+ J 00 (eBho —1) 


Now we follow the double-time Green’s function (or the equation-of-motion) method to evaluate 
Gosq's(@). We write 


Gasq rst ( w= | dte!® "Gagislt ) (5.267) 


and note that the one-particle retarded Green’s function is defined as (Zubarev 1960) 


Gasqis! (t) = ((dgq's! (t);aj,)) 
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= -i0(t) ([agy(t),a),]) (5.268) 


where @(r) is the step function (1 for ¢ > 0 and 0 for t < 0). The equation of motion of Ggsgry is 


d 
hey Gasa's (t) = [Gasq's! (t),AH(t)], (5.269) 


where the Hamiltonian of the phonon system is (see section 4.2) 


1 
H = Violas) (ajsaqs + 5) + ¥ Vs(4151,4252,9383 )Ag,s;AqusyAq3s3 


qs 91519952 
49383 
+higher order anharmonic terms + other phonon scattering terms. 


(5.270) 


In the following discussion we will only consider the third-order anharmonic term. The coefficient 
V3 is defined in equations (4.43) and (4.44) and we have used 


Aje= (al age): (5.271) 


Using equation (5.268) for Ggsg’y(t) and noting that dO(r) /dt = 6(t) we can, after a little algebra, 
arrive at the following equation of motion: 


_d 
i Casa's' (1) = 6 (t) Ogq! gs! + 0(q's')Gasq's (t) 
3 
ae y? V3(G18159282, —q's')D,(t) (5.272) 
418159252 
with 
Dy (t) = ((Agys, (t)Agyss(t)sa,)). (5.273) 


Taking the Fourier transform of equation (5.272) we get 


1 
( ~~ (q's) Gasq's' (@) = Fq On! Oss! 
3 
oars 3 Vs(q181,9282, —4'S' )Dgys1,qy59:9s(@)- (5.274) 


91519282 


Notice that the equation of motion of the one-phonon Green’s function leads to a higher-phonon 
Green’s function. To evaluate the Green’s function D,(t) we need the Green’s functions 


Do(t) = ((Bgys, (t)Agns, (t)saqs)), -D3(t) = ((Aqis; (t)Bgys (t)s.aq5)) and 
Da(t) = ((Bg,s; Bays (t);4qs))» 


where Bgs = (a9, + dqs). 

These three-particle Green’s functions are usually reduced to two-particle Green’s functions by 
using Wick’s decoupling scheme. Details of this are given in Pathak (1965). The final result can be 
written as 


1 
D\(@) = F(q151,9252; ) = Y" Vs(—4151,-4252,9'5' )Gqsiqs(), (5.275) 
q's! 
where 
@ S,) + @(qQos 
F(qis,4os0,00) = 6(N,-+Nz) a1) + O@a82) 


2 — (@(9\51) + @(qy52))” 
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(9151) — @(4252) 
+6(N> —N1) = aaa (5.276) 


= - (9151) + @(q252) 
= 12) (Ags, +Hgys, +1 

(( il = (oat olesay. 
(9151) — ©(452) 


+ (Aigysy — Migs; ) 5 (5.277) 
0? — (@(q151) — (4252) 
with 
Ni= (Aj sq isi) _ (Gl Ge.) + (aq,s,a4 qi sy) = 27iq, Si +1. (5.278) 
From equations (5.274)—-(5.277) we get 
Saya! Ogs! 
Gosq's!(@) = ee 5.279 
at (©) = Fra — (gs) —Myu(0)] Ont) 
with ; 
2 
Mqs(®) = = Y | %(4151,9252,-48)|F (q151,4952, @). (5.280) 
91519252 
Writing 
Mgs(@ £i€) = Ags(@) Fi gs(@) (5.281) 
we express 
: F Ygs(@) +€ 
Gasaq's! (@ +i€) _ Gasqis! (@ - i€) = as( ) 5) 5) 
(@ — w(gs) — Ags(@))” + (Yqs(@) +€) 
x — Sf Syql- (5.282) 


Therefore, from equation (5.266) we get, after setting € = 0 
Bho Sq! Sas! V2, (@ 
G = - |" do aes aa! Buy Vag ») f (5.283) 
1)? [(@— @(gs) —Ags(@))” +¥3,(0)] 


Thus within the Green’s function scheme the final result for the lattice thermal conductivity 
becomes 


2 2 
ba he YL o(gs)o(q's'Jes(q) ey (q')Y 
qsq's! 
2 2 
= Se ¥0(gs)2(@) 
qs 
x [do ae Yos(@) 
—o  (eBho _ 1)2 [(@ — @(gs) —Ags(@))° +¥2,(0)]° 
fi’kpB? eBhe(qs) 1 
~ Bangs 20°09 (0) cana —ip Fasteta) 
2D: 
~ a Yo (as)e5(a)iigs(€(4s)) (Fgs(€(gs)) + 1) Tgs(€(@s)) 
qs 


(5.284) 


with 
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1 


figs(E(qs)) = Siena (5.285) 


In evaluating the integral in the equation above we have assumed small values of Yg;(@) for which 
the integrand peaks around @ = €(qs). The result in equation (5.284) is the familiar single-mode 
relaxation-time expression (equations (5.26) and (5.255)), with the exception that the frequency shift 
Ags appears in the arguments of fig; and Ty. In this result €(gs) is the frequency of the perturbed 
normal modes (due to anharmonicity in our case). The term Mg; may be called ‘self-energy’ and the 
perturbed normal modes may be treated within a pseudoharmonic model. In this model phonons in 
mode qs are characterised by renormalised frequencies €(gs) and have a finite life-time given by 
ti. =p, 
We can derive explicit expressions for Tas. and A,;. Using the relation 


Tqs(E(Qs)) = 


1 1 
li = Find 5.286 
eon ETE o(:) a (); ( ) 
where g2 is the principal value, we write 
Ts (€) = 2Y%gs(€) = —23Mgs(€ +i) 
720 2 
= => YZ |Alas1,4252,-9s)| 
h 1519252 


x [(ig,s, +Ngy 59 + 1)(@ (4151) + (425) 
xd(e*—(@ (4151) + @ (qo82 ) ))) 
))’ 


+(igysy — qs, ) o(q 181) — 9252)) 
x6 (€? — ((q151) — @(q252))°)] (5.287) 
and 
Ags(@) = -30 y | (918159252, — ~gs)|° 
91819252 
- . (9151) + @(252) 
(1 +fig,5, +7g55) % ; 2 
co? — (@(q151) + ©(452)) 
@ 5,)—-—@ S 
+ (Figysy — fig, sy ) (151) ~ @(4282) ; (5.288) 


> — (@(9\51) — @(g952))” 


[Note that the minus sign is missing in Pathak’s article.] The relaxation-time result in equation 
(5.287) will be evaluated in Chapter 6 where it will shown that it is identical to the smrt result 
provided that the energy of the relaxing phonon in mode qs is normalised to include the shifted 
frequency €(qs). 


5.5 SECOND SOUND AND POISEUILLE FLOW OF PHONONS 


In the previous sections we have discussed the theory of lattice thermal conductivity in the steady 
state of heat current flow: i.e. @ was considered to depend explicitly on the direction of heat flow 
r but not on time ¢. If the heat current is time dependent (e.g. pulsed heat), then the Boltzmann 
equation (for slow spatial variation) is given by adding dn/dt to equation (5.2) 

on on on 


ey: c-VT ay + Aa lua =0. (5.289) 
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If it is assumed that the pulsed heat has a wave-vector k and frequency @ dependence: 
T = 1+ OT exp [i(k -r— 9t)] (5.290) 


then the corresponding thermal conductivity depends on k and 9: # = %(k,@). In the steady 
state On/Ot > 0 and .#” = .# (0,0). When the normal processes are very slow compared to the 
resistive processes, N << R, the expression for the conductivity .% (k, @) leads to strongly damped 
temperature oscillations. 

An interesting phenomenon occurs in the limit when the normal processes are infinitely rapid 
(ty — 0). In this limit the temperature wave satisfies a dissipative wave equation (Guyer and 
Krumhans! 1966, Jackson and Walker 1971) 


Tr 1.0T 15 
WT =0. 291 
HE t ae or 13° 0 (5.291) 


If the resistive processes are very rare (Tr —> ©), then the temperature disturbance propagates un- 
damped with speed c/./3, where c is the phonon or ‘first-sound’ velocity. This phenomenon rep- 
resents a collective propagation of phonons and is called ‘second sound’. Detailed reviews of the 
theory of second sound in dielectric crystals have been given by Enz (1968), Hardy (1970) and Beck 
(1975). 

The criteria for observation of second sound are 


An << Ass << d << dp 
At << dvV3/c, (5.292) 


where Ay and Ag are the phonon wavelengths for normal and resistive processes, respectively, and 
Ass is the second-sound wavelength. d is the sample thickness and At is the heat pulse duration. The 
condition A << Ag can be met in pure crystals at low temperatures. 

The possibility of observing second sound in solids was first suggested by Peshkov (1947). Suc- 
cessful observation of second sound has been made in solid helium, solid NaF and in Bi (see Beck 
(1975) for a list of successful experiments). Figure 5.1 shows the appearance of second sound in a 
pure NaF sample at 11 K, observed by Jackson and Walker (1971). 

Under more stringent conditions 


An <<r 
AvAr>>?r’, (5.293) 


where r is the radius of (cylindrical) sample, Poiseuille flow of phonons may be observed. These 
conditions may be met in a small temperature range in a pure crystal in which the resistive processes 
have become negligible but the normal processes are still frequent in comparison with scattering by 
the boundaries. Poiseuille flow of phonons has been observed in solid helium (Thomlinson 1969) 
and in Bi (Kopylov and Meshov-Deglin 1971). 

A recent theoretical study by Cepellotti et al (2015) suggests that criteria for the development 
of the hydrodynamic Poiseuille regime in two-dimensional materials with low isotopic disorder are 
less stringent than in conventional solids. This study is based on first-principles thermal conductivity 
calculations, employing the Callaway theory described in section 5.2.3, of five two-dimensional ma- 
terials: graphene, graphane (hydrogenated graphene), boron nitride (BN), flurographene and molyb- 
denum disulphide (MoS2). It is found that N processes represent the dominant scattering mechanism 
in these two-dimensional materials at any temperature (with the exception of BN and MoS, where 
isotopic scattering is comparable to N-scattering because of the large isotopic disorder of Mo and 
B). This work emphasises that graphene, graphane and BN admit wave-like heat diffusion, with 
second sound present at room temperature and above. 
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Figure 5.1 Heat pulse signals in a pure NaF sample in the (100) direction for several different temperatures. 
L and T are the longitudinal and transverse ballistic phonon pulses, and the third peak is the second-sound 
pulse. (From Jackson and Walker (1971).) 


Cepellotti et al (2015) expressed the second-sound speed css, the second-sound relaxation time 
Tss and the second-sound length A,; using the equations below 


2 (S002) 
(css) = “(o2) (5.294) 
—1 
gee) (5.295) 
(@cq) 
and 
Ass = Css Ts 5 (5.296) 


where c is the phonon (or first-sound) velocity, g is the phonon wave vector, and we have used 
the notation (f) = Ygs fgstigs (figs + 1) as described in equation (5.27). Numerical evaluation of T;5 
was made for infinite materials characterised with only naturally occurring isotopic mass defects. 
Furthermore, in expressing equations (5.294) and (5.295), the authors restricted themselves to an 
isotropic two-dimensional material (so that c and q are parallel to VT, and there is no directional 
dependence of Tp ' (see Supplementray Note 3 in Cepellotti et al 2015). With these considertaions 
Tt = 0 (no boundary scattering) and Tp —_ a + Ty ' Figure 5.2 shows the second-sound prop- 
agation length A,, over a large temperature range for the five two-dimensional systems. As can be 
seen from this, the room-temperature propagation length A,, for the second-sound wave is of the 
order of microns for graphene and graphane, and about a tenth of a micron for BN. 
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Figure 5.2 Second-sound scattering length A,, in two-dimensional materials. From Cepellotti et al (2015). 


6& Phonon Scattering in Solids 


In Chapter 4 we developed the concept of anharmonicity in crystals and its role in generating 
phonon-phonon interactions. That concept was used in Chapter 5 to develop the theory of lattice 
thermal conductivity. The results from the relaxation-time and linear-response approaches lead to 
the concept of phonon relaxation or damping. The formalism of complementary variational princi- 
ples used the terminology of the phonon scattering operator P, whose diagonal elements are directly 
related to the single-mode phonon life-time (or relaxation, or damping). To make a quantitative 
calculation of lattice thermal conductivity it is, therefore, essential to obtain expressions for the 
phonon relaxation time c. and the kernel Pysgy of the collision operator P. In this chapter we 
will derive expressions for both te and P4sq7 by considering a few examples of phonon scattering 
processes in non-metallic crystals: such as boundary scattering, scattering with static imperfections, 
three-phonon scattering, four-phonon scattering, phonon-electron and phonon-hole scatterings in 
doped semiconductors, phonon scattering by magnetic impurities and phonon scattering by tun- 
nelling states. We will present the theory of phonon—photon interaction related to the processes of 
infrared absorption and Raman scattering in crystals. Some applications of these scattering pro- 
cesses will be discussed in Chapters 7-12. 


6.1 BOUNDARY SCATTERING 


The boundaries of a crystal of finite size act as scattering regions and limit the effective mean 
free path of phonons. As boundary scattering does not occur uniformly throughout the crystal, it is 
essential to consider an explicit spatial dependence of the distribution function: ngs = ngs (r). The 
problem of boundary scattering of phonons has been discussed by Casimir (1938), Berman (1953), 
Berman et al (1955), Ziman (1960) and Carruthers (1961). Here we follow the treatment given by 
Ziman (1960). 
Let us express 
Ngs = figs + Was (1 )iigs (figs +1), (6.1) 


where the explicit r-dependence of ng;(r) comes through the deviation function W;(r), and the 
equilibrium distribution depends on the position only through the temperature: figs = figs(T (r)). In 
the steady state the distribution ng;(r) satisfies the Boltzmann equation given in equation (5.2) 


_ ONgs 
Ot scat 


—€qs + Vings(r) = (6.2) 
Substituting equation (6.1) in equation (6.2), we obtain the following linearised form of the Boltz- 
mann equation: 


Oitgs Was (r)ii 3 (fi s+1) 2 he 
€qs° VT a7 = 14 a (as) +€gs + VWos(F\igs (figs +1), (6.3) 


where we have expressed the right hand side of equation (6.2) in terms of a bulk relaxation time Tpyix. 

Let us consider the situation at very low temperatures when the relaxation time for bulk processes 

is very long compared to boundary relaxation time, i.e. 7,7, —> o9. In this limit equation (6.3) is 

reduced to Dfigg/@ 
figs /OT 

Cqs* VWgs(r) = gs: VT —* 


Figs(igg +1) (6.4) 


DOI: 10.1201/9781003141273-6 159 


160 The Physics of Phonons 


The solution to this first-order differential equation is 


Digs OT 


Se Pip ey (6.5) 
figs (figs + 1) 


Wqs(r) 


where & is a constant of integration. To determine @ we express the following simple boundary 
condition: 


Ws (rB) ' = PWq's (FB) | ie (6.6) 


which assumes that the fraction p of all phonons arriving at the surface rg are reflected with their 
normal velocity c, reversed. For the purely diffuse scattering (as in the theory of black body radia- 
tion) p = 0 and the boundary condition becomes 

diff 


Wes(re)| =O. (6.7) 


Cn 


This represents the Casimir limit in which all phonons, which have a positive normal velocity when 
they reach the boundary, lose the sense of their directionality and obey the equilibrium distribution. 
With equation (6.7), equation (6.5) becomes 


Oitgs 
figs figs + 1) Was (r) = orf VT: (r—rp). (6.8) 


The heat current over a cross-sectional area S, is (see equation (5.20)) 
1 
OS. = nae & | Hever a + 1)es(q) dS. 


1 Digs 
— —— —V . = y : ° 
ae [re GET (r—re)es(a) AS. 


1 on 
= yf [ros Se |VT||r —ral|es(q)| cos” OdS.dQ, (6.9) 
rr OT 


NoQ 
where (r —rg) points in the solid angle dQ and 6 is the angle between r—rg and VT, and between 


cs(q) and dS, (phonon velocity c(q) is in the direction of r—rg and VT is in the direction of dS,). 
We can further express equation (6.9) as 


1 
Q = 3Cv CLolVT| (6.10) 
= K|\VT|, 


where C;? is the phonon-specific heat defined in equation (2.123), ¢ is an angularly averaged phonon 
velocity, and Lo is an effective boundary mean free path in the Casimir limit 


a Fax. | | ir -raleos* eanas.. (6.11) 


The mean free path Lo can be worked out for a given geometry of the crystal. For a cylindrical shape 
with circular cross section of diameter D, it can shown that Lo = D. For a square cross section of 
side d, the result is Lg ~ 1.12d. 

In order to include the effect of specular reflection (p 4 0) we use the boundary condition in 
equation (6.6). In this case equation (6.8) must be replaced by (Ziman 1960) 


Oiigs 


figs (figs + 1) Was (Vr) = OT bs de (G Ptr rp) + p(r rz) 
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+p°(r—rp)+...}], (6.12) 


where rp,r, etc, are the points on the surface where specular reflections would have taken place 
before the point rg is reached. With this the expression for an effective boundary mean free path 
becomes 


3 2 
= gas | [4208.00 a[(1 —p){\r—ra| 
+p\r—rp|+p?|r—r4|+...}). (6.13) 


If we assume that the average position of r is in the middle of the circular cross section (for a 

cylindrical sample), then |r —r’| = 3|r —rg|, |r —r'g| = 5|r — ral, etc. Equation (6.13) then can be 
expressed, after summing the series, as 

_ l+p 

b=p 


Ey: (6.14) 


Thus the boundary mean free path becomes longer when specular reflections are present. However, 
the factor p varies with the surface condition and may also depend upon temperature. With decreas- 
ing temperature the average phonon wavelength increases and a surface of given roughness appears 
smoother. 

As L does not depend on q, we can define a constant relaxation time for a phonon with speed c,; 
in the polarisation mode s 


Sa —. (6.15) 


This expression can be used to express, in the notation of equation (5.18), the elements of the phonon 
boundary operator: 
vol C 
Ey (bs) = 7 Figs (igs +1) 8, Saga! - (6.16) 


6.2. SCATTERING BY STATIC IMPERFECTIONS 


Klemens (1955) has studied the scattering of phonons by static imperfections. By using perturbation 
theory, he has derived expressions for the single-mode phonon relaxation time due to scattering by 
a substitutional atom of different mass, by an atom of different binding force, by dislocations, and 
by grain boundaries. In this section we will derive an expression for phonon scattering due to mass 
difference (isotope mixing) and present a discussion of scattering by dislocations, stacking faults 
and grain boundaries. 


6.2.1 MASS DIFFERENCE SCATTERING 
Let i 
M=)'fM;=— YM, (6.17) 
I No n 


be the average mass in the solid, with f; the fraction of unit cells having mass Mj; and No the number 
of unit cells in the solid. Then up to quadratic terms the crystal Hamiltonian is 


1 
H = Matin + % 
n 
= Ho+Hna; (6.18) 


where 1 
Ho = ) =Mu 2 + > 6.1 9 
0 2 n z ( ) 
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is the unperturbed part and 
1 FW) 2 1 42 
Ama =) = (My — Mi, = Yo AM it, 
n 2 n 2 


is the perturbation due to mass difference. 
From equation (4.79), we write 


h 1 
u,(r) =i € qs (Ajs a_gs) exp |i(q “Tn — t)], 
2PN0Q TF \/a(qgs) : 


where p is the density of the solid. With this H,,,~ becomes 


h 
Ana = Fa (qs) @(q's’ 
md 4pNoQ ,» (qs) (q s ) 
X€qs g's! (aj, = a_qs) (ah = q's! ) Mag! 
= DY Ana(qs,q's'), 
qsq's! 


where 
Magy = YAM, exp [i(q—') “ral. 
n 


(6.20) 


(6.21) 


(6.22) 
(6.23) 


(6.24) 


In a typical phonon scattering process due to isotope mixing we are interested in the transition 


Jf 
probability Pf,” between an initial state |i) = |"qs,Mq's') and a final state |f) = |nqs = Lage 1). 


From the golden rule formula we have 


2 


ee 5(Ey —E)). 


1 F 
Pas — 2) (F\Hna(gs.4's")|) 


Using equations (4.38) we obtain, with E; = h@(qs),E¢ =ha(q's’), 


I sf 1 


* 2: 
Fis = 2(pMaQyz ” (Ng's +1 )o (qs) @ (q's') (e. g's! ) 


x | Masa)s! |'5((gs) —o(q's')). 


To evaluate |. Zqsq's! |? we assume that the isotopes are randomly distributed. Then 


2 3 
|Aqsq's'| = YAM, AM, exp [i(q—4')- (tn — 11) 


nn 


= Y(AmM,)? + Y AM AMy exp [i(q—4')- (ta — Fn’) 


n n’A~n 
= )(AM,) 
n 
= No) fi(AM;)’. 
The second term in equation (6.27) vanishes on average for a random distribution. Hence 
I of 1 
Pas (md) = Tp iNocas a +1)@(qs)a(q's')5 (@(qs) — @(q's')) 
x 2 
x (YL fi(b)(AMi(b))? (€* (:4s)-e(b:4's'))”) 
ib 


(6.25) 


(6.26) 


(6.27) 


(6.28) 
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ON = ngs(ng 1s + 1) @(gs)@(q's')6 (@(gs) — o(q's')) 
x PTina(b)|e* (69s) -e(b:q's’)|, (6.29) 
b 


where the isotopic mass defect coefficient for the b" atom in the unit cell of average mass M(b) is 
Mi(b))? AM;(b) \? 
b)= i(6)(1- = ye i(b) (= ) 6.30 
)= LAO) aay) = LAO) ae (6.30) 
with f;(b) as the fraction of the i'” isotope of mass M,(b). 


Following the discussion in equations (5.4)—(5.8) and (5.13)-(5.18) we can calculate the rate of 
change of ngs, 


Flas = 3 a (G's g's +1)8 (las) — (4's!) (are — Vas) 
leas (631) 
~ re "(gts — Yas) 
= ee ae Spite oaee 
; “pe ia! (6.32) 


(Note that Wg; will sometimes be expressed as yj.) Thus the elements of the phonon mass-difference 
scattering operator are given by 


Be =) Pp pa" aaa 5,5) Ogg! = Oot si 6g! ig!) (6.33) 


q! gl 


with Pa given by equation (6.29) after replacing ngs by figs, etc. 
The expression for the single-mode relaxation time is obtained by setting Wgy(q's' A gs) =0 in 
equation (6.31): 


ONgs —1 ery 
=e = Dg by PASO Sas Fare + 1)5( (G8) — (45) Wes 
x PT na(b) e* (b:qs) -e(b:q's!) |? 
b 


= figs (Figs +1) WqsTqq' (md). 


Thus 
Ts (md) = *(qs) Y) 5 ((gs) — @(q's’)) 
q's! 
ee )le*( ee (6.34) 
b 


When using the isotropic continuum approximation, the summation over q’ in the above expres- 
sion can be changed to integration. Considering a single atomic species, we get 


TngQ wo ( 


tgl(md) = = o%(as)Y [del a?leqy e's)? (0(gs) — 14's) 


164 The Physics of Phonons 


TyndQ 1 x 
= ora) Ds [dota's)0°(a's)(e.-e9s) 
igh gh 
x 5 (@(gs) — o(q's’)) 
Vina 


1 
== 4 * 2 
= Gg O(a) eee eas) Lz (6.35) 


Further, approximating (e, - eqs)” = 1/3, we finally obtain 


Pind 654 (gs) = Pma 0° gs)¢(@) (6.36) 


“4 
d — 
Mes (td) aes 6No 


‘qs 


with 3/@ =Y,c,3 and the density of states g(@) defined in equation (2.115). 
For the general case of an impurity Klemens (1955) suggested the following form for D4: 


Tina = )o fi[(AMi/M)? + 2(Agi/g —6.4yA6;/5)”], (6.37) 


where 6; is the radius of the impurity atom in the host lattice, 6 is the radius of an atom in the virtual 
crystal, g; is an average stiffness constant of the nearest-neighbour bonds from the impurity to host 
lattice, g is the average stiffness constant for the host atoms, Ag; = g; — g, Ad; = 6; — 6, and y is an 
average anharmonicity of the bonds. 


6.2.2. SCATTERING BY DISLOCATIONS, STACKING FAULTS, AND GRAIN BOUNDARIES 


Time-dependent perturbation theory can also be applied to study scattering of phonons by other 
kinds of crystal imperfections such dislocations, stacking faults, and grain boundaries. However, 
numerically accurate results are not available, mainly due to uncertainty in the precise form of the 
strain field around such extended impurities. In this section we will, therefore, present a very simple 
qualitative picture of phonon scattering by such imperfections. 


6.2.2.1. Dislocations 


A dislocation is a line imperfection in a solid, with its strain field falling off inversely as the dis- 
tance from the dislocation line. The region near the dislocation line where the crystal distortion is 
extremely large is called the core of the dislocation. The region outside the core, where the strain 
is small, is called the elastic region. The direction and the magnitude of the rigid displacement of 
the atoms causing a dislocation is given by the Burgers vector b. There are two simple types of dis- 
location: an edge dislocation is characterised by b being perpendicular to the dislocation line, and 
for a screw dislocation b lies along the dislocation line. A general dislocation may be expressed as 
a mixture of edge and screw types. 
The elastic strain field around a dislocation is of the form (Cottrell 1953) 


b f sin@ 
a so {one} eo 


where (7, 0) are cylindrical coordinates relative to the dislocation line as z axis. This strain gives rise 
to a change dv in the velocity of sound, where we can write (Ziman 1960) 


Ov/v = YY, (6.39) 


where ¥ is Gruiieisen’s constant. An effective perturbation energy due to the dislocation strain field 
is 


5Y(r) = hda(q) 
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= hqdv 
ybhqv { sin@ 

= ; A 
2ar eee oy) 


Using the golden rule formula of time-dependent theory, Klemens (1955) and Ziman (1960) 
arrived at the following result for the phonon relaxation time due to scattering by dislocations: 
Tice ce -_ C\Nab’o, (6.41) 
where Ny is the number of dislocation lines per unit area and C; is a numerical constant which 
depends on the type of dislocation. The result in equation (6.41) should be regarded as crude, as no 
distinction has been made between dilatation and shear strains, or between transverse and longitu- 
dinal phonons. 
For the effect of the dislocation core Stehle and Seeger (1956) proposed that there shold be a 


dilatation of amount 
a8” r<a (6.42) 
47272 = t: : 
where a is the core radius and g measures the strength of the anharmonic terms. Klemens (1958) 
estimated that this will cause the phonon relaxation as the square of the frequency 


Toore = C2NgO”, (6.43) 


where C> is a constant. 


6.2.2.2 Stacking faults 


A two-dimensional imperfection may be a stacking fault or a twin boundary. A dislocation in a 
crystal may split into two partial dislocations, leaving a sheet of atoms in between, called a stacking 
fault. Klemens (1957) has estimated that an effective phonon relaxation time due to scattering by 
stacking faults is given by 

t! =(C3N,0”, (6.44) 


stacking fault 


where C3 is a constant and N, is the number of stacking faults crossing a line of unit length. 


6.2.2.3. Grain boundaries 


A grain boundary can be considered as an array of dislocations lying in the plane of the boundary. 
A grain boundary separates two regions of a crystal rotated relative to each other. The strain field 
of a grain boundary can be obtained by summing the strain field due to the individual dislocations. 
Neglecting the disorder in the immediate vicinity of each dislocation, Klemens (1955) showed that, 
if the spacing between dislocations is much less than the phonon wavelength, the phonon scattering 
by a grain boundary varies as @”. If the spacing between the dislocations is larger than the phonon 
wavelength, the dislocations scatter independently and the scattering varies as w”, with n between 
0 and 1 (Klemens 1958). 


6.3. PHONON SCATTERING IN ALLOYS 


The high-temperature lattice thermal conductivity of a semiconducting or insulating single crystal 
alloy is usually lower than the average of the thermal conductivities of the constituent materials. 
To understand this we assume the alloy to be a random mixture of atoms, with different masses 
and volumes, arranged in a lattice. For example, for Gaj_,In,As alloys we can assume that the 
cations Ga and In are randomly distributed on the Fcc sites, with each atom tetrahedrally bonded to 
its neighbours. To calculate the lattice thermal conductivity, we consider an ordered virtual crystal 
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and treat disorder as a perturbation (Abeles 1963). The ordered virtual crystal has an average lattice 
constant (obeying the Vegard’s law), and an average atomic weight M = Y; fiM;, where M; and f; 
are, respectively, the atomic weight and fractional concentration of the ith component of the alloy. 
In such a virtual crystal phonon scattering from boundary, isotope mixing and anharmonicity can be 
treated as discussed in sections 6.1, 6.2 and 6.4, respectively. 

When an atom of the virtual crystal is replaced by an atom of the alloy, we introduce a virtual 
impurity (of mass AM; = M; — M). This virtual impurity atom differs from the atoms of the virtual 
crystal in its mass, size and in the coupling forces to its neighbours. Thus phonons suffer scattering 
from the virtual impurities. This scattering can be treated using the theory of point-defect scattering 
as discussed in section 6.2. In highly disordered alloys high-frequency phonons are very strongly 
scattered by disorder scattering (« @*) and thus most heat is transported by low-frequency phonons 
of long mean free path. 

Sintered (hot pressed) alloys prepared from powder of small grain sizes (linear dimensions typ- 
ically of the order of one micron) show marked relative increase in thermal resistance over their 
single crystal (zone-levelled) counterparts. Phonons with mean free path comparable to grain size 
are likely to suffer strong boundary scattering, over and above the disorder scattering due to point 
defects, and thus generate extra thermal resistance in sintered semiconductors or insulators. Both 
theoretical and experimental confirmations of this effect have been presented in the works of Parrott 
(1969b), Meddins and Parrott (1976), Bhandari and Rowe (1977), and Gaur (1978). Phonon scatter- 
ing at boundaries of grains, characterised by grain size L, can be described by the analysis presented 
in section 6.1. 

The influence of phonon-electron interaction on the lattice thermal conductivity of doped alloys 
(single crystals or sintered) has been studied by Steigmeir and Abeles (1964), Gaur et al (1966), 
Meddins and Parrott (1976) and Gaur (1978). The theory of phonon-electron scattering will be 
developed in section 6.5. 


6.4 ANHARMONIC SCATTERING 


The concept of non-interacting phonons (normal modes) in a crystal arises solely within the har- 
monic region of the crystal potential. In reality a crystal potential is anharmonic. This destroys the 
concept of non-interacting phonons. However, in most practical situations anharmonicity is only 
a small proportion of the whole crystal Hamiltonian. Therefore, in practice we retain the concept 
of phonons as quasiparticles and consider the picture of phonon-phonon interaction arising from 
anharmonic perturbation. This was assumed in developing the theory of lattice thermal conductivity 
in Chapter 5. 

In this section we derive expressions for the single-mode relaxation time te and the matrix ele- 


ments Ll for three- and four-phonon processes due to cubic anharmonicity in the crystal potential. 


6.4.1. THREE-PHONON PROCESSES 


The plan of this section is as follows. In section 6.4.1.1 we will derive the expression for the single- 
mode relaxation time Tg; and the expression for the matrix elements P°’, for three-phonon processes 
from first-order time-dependent perturbation theory. The expression for T,, will also be derived from 
the projection operator method in section 6.4.1.2 and from the double-time Green’s function method 
in section 6.4.1.3. It will be noticed that the three methods give identical expressions for Tg,. The 
Debye method will be used to express tT !(smrt) and oF rp (the effective relaxation time for U 
processes in Srivastava’s model, described in section 5.2.5) in integral form in section 6.4.1.4. In 
section 6.4.1.5 we will derive simple expressions for the relaxation rate for ac — op three-phonon 
interaction. 
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6.4.1.1 Expressions for t,, and joue from time-dependent perturbation theory 


Let us consider an initial state of the phonon system in which three phonons are identified with their 
modes: |i) = |ngs,Ng's',Ng’s”). Following the discussion in section 4.3, we consider the presence 
of anharmonic perturbation % to cause the system to change in time f to a final state: for class 1 
three-phonon events | f) = |ngs — 1, ng'y — 1, ngs +1), and for class 2 events |f) = |ngs — 1, Ng's + 
1, gr" +1). The rate of occurrence of such a process per unit time, or the transition probability, is 
given by the golden rule formula 


QR i nage yn 2 
Pf (3 ph) = = |(f|%li)|"6(Ey - Ei), (6.45) 
where E;(E;) is the initial (final) state energy of the three-phonon system: for class 1 events Ey — 


=h(o(q"s") — @(gs) — @(q's’)), and for class 2 events Ey — E; =h(@(qs) — w(q's’)— @(q"'s")). 
For class | events equation (6.45) becomes 


WM 20 y) 
Pai = ie IK Ngs 1, Ng's L,ngrst + Alngs, Ng's! 5Ng"s )| 
x 5(@ (qs) — @(q's') — o(q"'s")). (6.46) 


For the isotropic continuum model, we have from equations (4.83)—(4.86) 


ssisl 
ny 8p3N,0 "Og+q'+q" G 
8p — 454 Fue CsCyl Ct 499 
5) 


Gay — a_q a_ gist — q's! 1)( Dyn — a_q''s!'), (6.47) 


J r . 
where Atd'a! are the Fourier components of the phonon coupling constants. For a class | three- 
phonon process the matrix element in equation (6.46) reduces to 


G44" gsss" 5 
— CsCl C yt Agq'q! 4+q'+4"'.G 
(n 


gs — 1, ngs +1, ngs + 1la—gqsa_gisia 1 gtlPigsMq! Ng's). (6.48) 


The factor 1/3! is cancelled out due to 3! equivalent terms from the summation in equation (6.47). 
Thus 


q's" _ th qq q’ ass! 
qgs.q's) 4p3NoQ CCl Cgt |A qq! ak NgsNq! of (girs + 1) 
x Sp+q'+q'.6 5(@(q"s") — o(gs) — o(q's')). (6.49) 


The expression for the transition probability for a class 2 event can be similarly worked out: 


Tt ll Mt 1 4d q’ ro 
ee 4p3NQ cscyeyn Asia" (ngs + 1)ngi stig 
x 6q-+q!-+9",G 5(@ o(q ‘) = o(q's') — a(q''s”)). (6.50) 


To obtain an expression for Pss, (3 ph) we note from section 5.1.1 that 


_ ONGs 
ot 


3ph 
pn q 
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= y [(P2 q's sl! Sy ee) 
== qs, “st —! q! MW 

I oft 

I MH 


q's 
1 / 
a 5 (Pee 2 | (6.5 1) 


The first and second bracketed terms correspond to class | and class 2 events, respectively. The 
factor 1/2 within the expression for class 2 events is to avoid double counting in the summation. 
Linearising the terms in equation (6.51) by writing ngs = figs + Wgsiigs (figs +1), etc, we get 


eae ss! 
ae ph b De Pog (3 PA), 
q's! 
Mt sl! I 
= y Pe, gts! (Wa “++ Wa Wo") 
, 
+5" aS" (ys — Win — Win) (6.52) 
This yields 
= I oll MH alll ltt 
Pe (3 ph) = oy [5 Oss! Oaq' VP. an ae ara Send? pee athe 
gil'si 
Mt nt nw 
— bys Ogg!" ce q's!" ee HH SH gilt IM — Fain gs} | (6.53) 
= TysSyq/ Sey +A), (6.54) 


where I and A are the diagonal and off-diagonal parts, respectively, of the phonon collision operator 
P. 

In the single-mode relaxation time approximation it is assumed that only phonons in mode qs 
have a displaced distribution, and all other phonons have their equilibrium distribution (i.e. Wg. 4 0, 
but Wo's) = Was” = 0 in equation (6.52)). Thus, as in equation (5.24), we write 


on r Ngs — Ngs 
~ re Pe P. a, * = Vqs Wqs (6.55) 


giving the required expression for the smrt describing three-phonon processes, 


T4s 
| qs 
qT 3ph) = ——— 
qs ( P ) figs (Figs +1) 
1 MM Lane on 
= pas” 4 = pa's' a's 6.56 
figs (figs + 1) d ( qs.q's 2 qs ) ( ) 
q's!" 
fas Th [Assis 2 qq‘q" i i ae 


atq'+q".G 
4p3NoQ Py ” 994 CsCyfCgtt 


{APH 50143) 014) ota?) 


; Ma'sra's" §(a(gs) — o(q's') — 0(9"s")) , (6.57) 
Ngs 
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6.4.1.2 Expression for t,, from the projection operator method 


The Zwanzig—Mori projection operator method was described in section 5.4.1. Using this approach, 
the expression for the conductivity is given in equation (5.255). That expression contains the phonon 
relaxation time Tg, which is defined in equation (5.254): 


1re, 
ie / dte™ ([Sqs(t),Sqs])o. (6.58) 


If the coupling coefficient Sis derived from the cubic anharmonicity, then from equations (5.225), 
(5.271) and (6.47), 


V3 — )'SqsAqs 
qs 


y V3 (qs,q's' q's" AgsAq'y Ags (6.59) 
qs.q's! q's! 


Vs 5 sl Ss \= qq'q" Aes" 1 if (6 60) 
q q _ — CsCyi Cg agg ate eG ; 


It should be remembered that the expression in equation (6.59) includes 3! equivalent terms from 
the summation over gs,q's',g"s”. From the above equations, we have 


with 


((Sis(),Se]}0 = Y |Atas.a's/a"s")|- 


MoM 


q's'q''s 
x ([Ay i (t)A gis (t ), Ag 1A gi's'|)0> (6.61) 
where : 
2 hr gd’ d" | assis |? 
a (g5.gs,q°5")| = 8P3NoQ cscycg adiq’| Oa+a'+a".G- (6.62) 


The term (...)g in equation (6.61) can be evaluated by first using Wick’s factorisation scheme 
and then using equations (5.235) and (5.239). For class 1 events 


( [aq's (t)Agns(t ) AgsAgrs”| )oletass 1 
= (ayy (t),a_g's')o(a_grs (t)a dig)0 _— (ah, a_g'y (t))o(a a_gq! nin gr(t))o 
= exp[i(a@(q's') — @(q"'s"))t\ Fig — figs). (6.63) 


Similarly for class 2 events 


([Ag's (t)A gsi (t ) Ags Agrs| yo Bas 
= exp[—i(a(q's') — @(q"s"))t)(1 + figs: +iig"s").- (6.64) 
From equations (6.58) and (6.61)—(6.64) we get 
a = a dtei™ YY |AGQs, q's! q's") 
q's'q's" 


x {( (Ags! _ igs) EXP [i(@(q’ s = o(q"s"))t t] 


1 
es (1+ igi +figry) exp [—i(@(q's’) + a(q''s”))t}}. (6.65) 


170 The Physics of Phonons 


The factor 1/2 in the second term is introduced to avoid double counting of equivalent terms. Using 
the relation 


i  dte™ = 15(x) -io(*) (6.66) 
0 x 
we get 
is dt exp [i(@(qs) + @(q's’) — w(q"'s"))t] = 226 (@(gs) + a(q's’) — a(q"s")). (6.67) 
Thus 
2 
gt = Elna 
q's'q's" 
x { (fig! a figs) (a(qs) oT o(q's') = o(q"s")) 
1 
45 (1+ figiy +iigry) 5 (@(gs) — a(q's’) — @(q"'s")) }. (6.68) 


Further, for class 1 events, we note the identity 
NigsNg' s! (figs +1)= (figs a 1) (faq's! + L)figns. (6.69) 
From this, we express 


(g's + 1 )fignsy _ Ng's! (figs + 1) 


Nt —N igs — — 6.70 
For class 2 events, we have the identity 
Figs (1 + fig'y’) (1 + figs) = (figs + 1)fig' signs (6.71) 
from which we express ee 
_ 7 Ng's! Ng!" s!" 
1 + Nq!s! + Ng's! =, (6.72) 
Ngs 
Therefore, combining equations (6.62) and (6.68)—(6.72) we get 
elt | mh ss's!! 2 qq'q' 
%qs 7 4p 3NoQ. a I Aga" CsCstCgt Ogtq'+a"G 
q's'q''s 
Tig’ s! (figs + 1) ro ut 
x { #2 -*" 6 ( @(qs) + w(q's’) — w(q"'s 
( (ge +1) (@(gs) + o(q's’) — o(q"'s")) 
1 Ng! sg" 5 
5 9 (@(gs) — o(q's’) — wa’) (6.73) 
qs 


which is exactly the same result as derived in equation (6.57) from perturbation theory. This is so 
expected, as equation (5.254) holds in the weak coupling limit in which first-order perturbation is 
applicable. 


6.4.1.3 Expressions for t,, and Aq, from the double-time Green’s function method 


In section 5.4.2 we used the double-time Green’s function method and obtained equation (5.284) 
for the lattice thermal conductivity. That result contains the phonon life time ty; and the phonon 
frequency shift A,, which are given in equations (5.287) and (5.288), respectively. Here we simplify 
those expressions for Tgs and Ags. 
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From equation (5.287) we have 
_ 720 
Ts = Y |Algs.q's’.q"s")/? 


Te q' ny Vg’ sl!! 


x [(fg.y +Aigrsr +1)(0(q's') +0(g"5")) 

x 5(€7(qs) —(@ o(q's') + w(q"s")) ))) 

+ (figs —fig's! )(@ ae ih ")) 

6 (€7(gs) — (@(q's') — @(q"'s"))*) (6.74) 


Using equation (6.60) and the identity 


1 
5((x?-a’)) = Da pal? (x—a)+6(x+a)], forx>0 (6.75) 
we can write 
_ 20 1 y2 _ 
Ts (€) = ro 3 | f3( qs, q s! q's") [5 ars + Ng's! + 1) 
q's'q' Ill 


x {5 (e(gs) — o(q's') — o(q"s")) + 6 (€(gs) + (q's) + (q's) } 


1 
+5 figs _ Nig! sf ) 


x {4 (e(gs) — (q's') + o(q"'s")) — 6(€(gs) + o(q's’) — o(q's"))}| 


2 
= = L |fs(as.q's'.q"s")/? 


hi q's'q's! 
his pt 
x E (figis) + fignsr + 1)8 (€(gs) — o(q's') — o(q's"")) 


+(figis) — Figs) (€(gs) + o(q's’) - o(q's")) |, (6.76) 


where we have neglected the term with 5(e(gs) + @(q's’) + @(q’s"")) on the grounds of energy 


conservation. Using equations (6.62), (6.70) and (6.72), we can express equation (6.76) as 


JM C 
ss s 


qq'q" 


/ 
> 4q4 
Cs Cyto 


-1 th 
Tao \E = = 
” ( ) 4p 3NoQ me 


5g+q'+q".G 


Figt st (ign st +1) rt WoW 
x Gey SEM) + ads!) - o(q"s"")) 


5 Ma's Tas! 5 (eqs) — (q's!) — o(q's")) |. (6.77) 
2 igs 
This is the same result as in equations (6.57) and (6.73) provided the renormalised phonon frequency 
€(qs) in the above result is considered equal to the harmonic phonon frequency @(qs). Thus we see 
that all the three methods described in Chapter 5 produce the same result for the single-mode phonon 
relaxation time. 

Similarly, from equation (5.288) the phonon frequency shift can be expressed as 


1 
Ag = 2 Y |A(gs.a's’.q"s")/? 
qd ny Vl! sl! 
«| (ii Ng's! + figs + 1) 4 (figs — figs) (6 78) 
2 €(qs) — a(q's') — @(q"'s")  e(gs) + @(q's') — o(q"'s") , 
h ron |2 qq’ 
= -., Aer | ——— Og 4.9! 44! 
8p3NoQ ih 7 94'9 Cs CsCl ae 
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e (fig's = ig's!) 

(e(gs) + @(q's') — @("s")) 
1 (figs + Fign st + 1) 
2 (e(qs) — @(q's’) — 0(4"s")) 


+ 


(6.79) 


6.4.1.4 Acoustic-acoustic phonon interaction in the Debye model 


The results for the phonon relaxation time and the frequency shift can in principle be evaluated by 
using an analytical procedure for Brillouin zone summation (e.g. the Gilat-Raubenheimer method 
described in section 2.6.2.1). However, it is much simpler to use the Debye model, described in 
sections 2.6.4 and 2.7.2. In this section we will treat three-phonon acoustic—acoustic interaction 
within the Debye model. A scheme for acoustic—optical interaction will be discussed in the next 
section. 

Changing Ygiy — (NoQ/827) Yy fdeq/ and replacing the sum over q” in the light of the Kro- 
necker delta symbol, we express equation (6.57) as 


- = an ws28 — | “46! sin 6! / dq q?aq'q|Agaign ; 
G 
x (eee (eas +0(q's!)-a(g's")) 
+My 1g Aigtgtfigs5(00(gs) — (q's!) — wa’). (6.80) 
where 
lq"| =|G-(q+q’)| (6.81) 


with +(—) sign for class 1 (2) events. 

For N-processes G = 0. For U-processes we choose within the isotropic continuum model (Parrott 
1963, Hamilton and Parrott 1969, Srivastava 1976a) (also see equations (4.51)—(4.52)) 
qtq' 


C= 24D TG sai’ 


(6.82) 


where again the + and — signs correspond to class 1 and class 2 events, respectively. With equation 
(6.82) we can express equation (6.81) as 


lq’|=(1-e)go+elq+q'| (6.83) 


with € = +1(—1) for N(U) processes, and gp is the Debye radius. Expressions for |Asss",|2 are 
given in equations (4.96)—-(4.102) and (4.105)-(4.111). In general these three-phonon scattering 
strengths depend on angles between q,q’ and q”, but one may consider angularly averaged values as 
presented in equations (4.105)—(4.111). Or, if preferred, these coefficients can be expressed in terms 
of the Griineisen constant as in equation (4.135) or (4.138). With angularly averaged values, we can 
express equation (6.80) in the Debye model as 


h y Ma JAs's", 2 
-1 194 112 
t, = d 
a 16zp3 X Cs Ci ml aa qq 


0 Hott + 1) 
x (ster - =, i d0’ sin 0’q" 5(q’ —Cq—Dq') 
qs 
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1 INgl! sit 
WE L d0’ sin 0’q"5(q" —Cq +e) (6.84) 
2 figs 


with C =cs/c,”,D =cy /cy. The angular integrals can be evaluated by using the Dirac delta function 
(see Appendix E), and thus 


hg? y eel? fig (na +1 
ea _ ID qq'q" [ows 2) x" {1 e+e(Cr4 py) tas ) 
l6xp? y Cs sf (figs Tr 1) 
rs2 ! fig sit” 
figs 


with x = q/qp,x = q'/qp,xL = Cx + Dx’ and a’, = n(x'L). 
The expression derived in equation (6.85) is the single-mode relaxation time (smrt) defined in 
equation (6.57). The Debye model can also be used, with the help of equation (6.82), to evaluate the 


effective U-processes relaxation time t ff defined in equation (5.57). The result is 


haiy yp agar 


Bap? SF ce uc%, 

x [oes (1 + “t:) Tiq!s! (at. aR 1) 
x (figs + 1) 

rie ip dx’x’? { 1— xi 1) fig it 
2 x figs 


,  {2—(Cx4 Dr’) —x? — x? 
w= = (6.87) 
The momentum and energy conservation conditions impose certain restrictions on the integration 
variable x’. The following inequalities can be worked out from equations (4.48)-(4.49) (Srivastava 
1974, 1976a, Mikhail and Madkour 1985): 


Class 1 events: 


-1 
TU eff 


(6.86) 


with 


a-ox = “a4 (cs) 
1—C)x j 14+C)x 1—-Cx 
oe 1 
aap) = x < (=D)? D” N processes 
2-(1 oe 
0, 2 ges =O) U processes (6.88) 
Class 2 events: 
N processes: 
OY Ss #51 
(C—1)x (Cx-1) »- (C+1)x (C-1)x 
: : < Xx < ; zl 
D+1 D D+1 D-1 
U processes: 
2 <1 
ia a 
Peat -1 1)x-2 I)x—2 
0, (1+C)x Cx (C+ 1)x ae (C+1)x 1. (6.89) 
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It is evident from equation (6.85) that Ta « g(@,T), where g is a rather complicated function of 
frequency and temperature. However, it would be interesting and might be useful to investigate the 
dependence of Ty; in low- and high-temperature regions. 

At high temperatures (HT) fig; ~ kpT /hq, etc, and one gets from equation (6.85) 


t (HT) = (Aj@+A2@7)T (6.90) 


where A; and A> are constants with their relative strength being dependent on the range of @, the 


combination (ss’s’”) for a three-phonon process and temperature. (Notice that in this discussion we 


have dropped the argument qs from Tt and o for simplicity.) 
At low temperatures (LT) figs ~ exp(—h@/kpT), figs +1 ~ 1 etc. Let us first discuss N-processes. 
For class 2 events we get 


bx 
Tyl(ss'+s") ox [ dx'x” (Cx — Dx’)? « o° (6.91) 


ax 


where a and b are appropriately calculated from equation (6.89). For class 1 events, we get 
te (sts’ > s") [aewe (CeepY ? 
= (c)@°T? +c),@T*+¢3T?) (6.92) 
where a& « 1/T and we have used 
pote oc TMH. 


Thus 
ty | (LT) « Di fi(@) +D2f2(@,T) (6.93) 


with the functions /| and fo appropriately obtained from equation (6.91). For U-processes, we note 
that w’ > @/,., in accordance with the energy and momentum conservation rules. Then for class 1 


min 
events 
ty i(st+s' 3 5") « i, dx’x’? (Cx + Dx’) (2 —Cx— Dx')\e"™ 
Xnin 
x (ajT> +a2@T* +430°T?) exp (—ha),;,,/kpT). (6.94) 
If @} ;, = 0, a similar approach leads to 


Ty i(s+s' > 8") « T3(bh@ +b20”). (6.95) 


For class 2 events, decay of high-frequency phonons can be approximated to 


Ty i(s—s' +s") « (c1gi(@) +c2T392(@)) (6.96) 
or «x (cigi(@)+c3g3(@,T))exp(—ha),,,/kpT). (6.97) 
Thus 
Tj | (LT) « Ag(@) + Bg(@) f(T) (6.98) 
—)S— 


ore~9/T g3(@,T) 


where, again, A,B and o are constants, and f(T) may be T?. 

Some of the above results have been derived by various researchers using more simplified ap- 
proaches. Herring (1954) derived the formula t7!(LT) « @”"T>—", with m = 1,2,3 or 4, which 
is also seen in equations (6.92) and (6.96)-(6.97). The class | N process T+L— L in which a 
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low-frequency transverse phonon (h@T << kgT << kg@p) participates, is known as the Landau— 
Rumer process (Landau and Rumer 1937). The main contribution to this process comes from the 
second term in equation (6.92), i.e. Tc} (T+L4L)« @T* (see also Kwok (1967)). The relaxation 
rate of low-frequency (sub-thermal) longitudinal acoustic phonons via the processes LA + TA — LA, 
LA — TA+ TA, and LA — TA+LA follows the frequency and temperature of the type (Pomeranchuk 
1941, Kwok 1967): tA |no<ckgr < @°T. 

As discussed in section 4.4 the allowed ac + ac = ac processes, within the Debye model, are 

class 1 events: 

L+L—>L N processes only 


L+TOLT+LOLT+TOL N and U processes 


class 2 events: 
L>L+L N processes only 


L>OL+T;L4T+T;L>4T+L N and U processes 


The process T+ T = T may be allowed but has zero strength. The areas of integrations in the 
(x—.x’) space for the allowed processes are shown in figure 6.1. Although we have listed all possible 


x; x2 x3 X, 
! 
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x xe x— y¥— 
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Figure 6.1 Areas of integration in the (gq — q’) plane for the allowed three-phonon processes. The following 


symbols are used in the figure: r= cp /cy, x} = (1—r)/(1 +1), x2 = (1—-r)/r, x3 = (L—r)/2, x4 =1—1, 
x5 =2r/(1+r),x%6 =(1+r)/2. 
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processes, some of these become indistinguishable in a particular calculation. For example, in the 
second term in equation (6.56), the processes L—> L-+T and L—+ T+L can be represented by only 
one distinct process L— L+T (or L— T+L). Similarly, when evaluating a matrix element of the 
type (@,P@) it is sufficient to consider only one of the two processes T+L— LandL+T-—-L. 

Herring (1954) has used group theoretical considerations to study the role of energy and mo- 
mentum conservation in the evaluation of anharmonic phonon relaxation times in different crystal 
systems (see also Ziman 1960). 


6.4.1.5 Acoustic—optical phonon interaction 


The interaction between acoustic and optical phonon branches is rather restrictive. Processes of 
the types ac+ op — ac and op + op = ac are forbidden on the grounds of energy conservation. 
(Here ac and op mean acoustic and optical phonon branches, respectively.) Processes of the type 
ac +op, = op? are very restrictive in that op2 must be a higher lying branch than op,. Processes 
of the type ac + ac = op are possible within the constraints of the energy selection rule. Blackman 
(1935), Ziman (1960), and Ecsedy and Klemens (1977) have all discussed these processes. The 
discussion here follows Srivastava (1980). 

Assume that there are only two types of atomic masses present. Within the isotropic continuum 
approximation, we can study the interaction processes ac + op = op and ac + ac = op under two, 
rather extreme, limits. 

(i) m| / m2=~ 1: 

For solids with the mass ratio m,/m2 ~ 1, we can use the continuum dispersion relation 
(qs) =csq for acoustic modes and @, = @p + My + Cop(Gp — g) for optical modes. Here Wp 
is the Debye frequency, @, is the phonon frequency gap at the Debye sphere and cy, is the optical 
phonon velocity. Following Klemens (1966), we consider the cubic anharmonic Hamiltonian in the 
presence of an optical mode to be reduced by a factor 


= 2 Bi-p 1/2 
VR- (Baa 


where f; and B> are two effective force constants such that B; /B2 = (1 + @,/@p)?. The expression 
in equation (6.85) can then be modified accordingly to study the acoustic—optical phonon interac- 
tions. 

(ii) 1 < my /m2 <4: 

As a general result of lattice dynamics, the energy gap in the phonon spectrum increases with the 
mass ratio, and the group velocity associated with optical phonons decreases. Therefore for mm /m2 
significantly greater than unity we can assume a flat dispersion relation for optical phonons. This 
model does not allow for any heat transport by optical phonons. The only allowed ac — op interaction 
process is ac +ac — op. The energy conservation rule would not allow such an interaction for 
m,/mz > 4. Therefore for 1 < mj, /mz < 4 we can use the Debye model for acoustic phonons and 
an Einstein model for optical phonons. In the proposed Debye—Einstein model for ac + ac — op 
interaction equation (6.84) reduces to 


Ass’ Ss 45's, 2p 
-1 a ae nen 3 
T,, (ac +ac—-o —Einstei = = OQO;(Or — WO 
qs ( P)|Debye Einstein sa “ C2 265 ¢2, an i ( E ) 


‘ aCe = @) (figits (@z) +1) 


6.99 
Figs 1) (6.99) 


where @ = @(qs) is restricted to 
Of — Wy < @ < @p. (6.100) 
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Here we can allow for the possibility of three different Einstein-like optical modes with frequencies 


Oo; = OF gr The result in equation (6.99) can be further simplified by assuming degenerate optical 


modes and by expressing [Ass |? in terms of an appropriate Griineisen constant. 

From equations (6.85) and (6.99) it can be seen that both at low and high temperatures the 
ac + ac — op interaction essentially has the same temperature dependence as the ac + ac — ac 
interactions. The frequency dependence of the ac + ac — op interaction, however, is not quite the 
same as for the ac — ac interactions. 


6.4.2 FOUR-PHONON PROCESSES 


In the previous section we evaluated three-phonon relaxation times using first-order time-dependent 
perturbation theory and the cubic anharmonicity in the crystal Hamiltonian. The procedure can be 
extended to study four-phonon processes, within first-order perturbation theory, using the quartic 
anharmonicity. Four-phonon processes can also be contributed to, in second-order perturbation, 
by the cubic anharmonicity. The total transition probability of a four-phonon process can thus be 
written as 


(f|¥alm) (ml ¥3|i) 


i) \2 
m#i,f i” &“m 


20 / 
Pi(4ph) = 7 (lunvao+| 5 EOE 
x 6 (Ey — E;) (6.101) 


where % is the quartic anharmonic term and E,, is the energy of an intermediate virtual phonon 
state |m). 

The first term in equanon (6.101) is contributed by four-phonon processes of the types g+q’+ 
q’ =" +G,q+q =q'+q"+Gandq=q ‘+q"+q"+G. The second term in equation (6.101) 
is contributed by processes of the type g+q’ =q’ = ’ + q!" +G, where q’” is the wave vector 
of an intermediate virtual phonon state with energy 0” =o a(q’'s'’). However, it is necessary to 
consider only those states for which the matrix elements and the denominator are finite. 

Following equation (6.46), we can write down the expression for the transition probability for 
four-phonon processes. For example, for the process g+q' — q” +q'” +G we have 


pu" signs st Qn 
qsq's' he 


y =i Syn! 1 ln al nl 
gis! 


X(n—1,n!—1,n" nl” nl” + 1|Alayn' jn" nln”) 
2 


2 
(n—1,n! —1n" +1,0"+1|%ln,n',n",n"”) 


+ 


x(h(@+a!—o!”))"! 


\a4a" +0" 0! (6.102) 


where o!””" 4 (@+ a’) or (@” + w"”). Notice that here we have used @ = @(qs),n = ngs, etc. For 
the process g > q' + q" +q'" +G we have 


Ft gM MA 


20 
Py sq s = sana dnl Ln! Lal 1 Aalnant al nl)? 
x6(@—o'— @" —o""). (6.103) 


Following equations (6.52) and (6.56), the four-phonon single-mode relaxation time can now be 
expressed as 


1 | re Lam 1 PLM Mt I 
=] — s sq s 
Ts (4ph) = —__—_— 7 (5 Peer ila? ot spas ), (6.104) 
q's! ql's!t ul 
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where the factors 1/2 and 1/3! are to compensate for over-counting of equivalent terms. Writing “4 
as in equation (6.47) and % in an appropriate manner, and following the treatment presented in the 
previous section, we can finally obtain an expression for Ge (4ph) in the Debye model, at least in 
principle. However, the resulting expression will be very complicated, and the geometry of allowed 
processes very difficult to determine. 

Four-phonon processes are expected to be important only at high temperatures. Ecsedy and Kle- 
mens (1977) have used a very simplified procedure to derive the interaction rate of four-phonon pro- 
cesses at high temperatures in terms of the Griineisen constant and its dilational derivative. These 
authors express 

Vs(qs,q's',q's") = B3yoo' wo" (6.105) 


and 
Va(gs,q's',q's" q's!) a Bal _ Yow! a" wo” (6.106) 


where B3 and By are constants containing appropriate momentum conservation conditions, and y and 
Y are Griineisen’s constant and its dilational derivative, respectively. Using the high-temperature 
approximation #7 ~ kgT/h@, etc. and making some drastic approximations for integrations over q’ 
and q” these authors obtain the following expression for the single-mode relaxation rate for four- 
phonon processes: 


Ts (4 ph) ee =BS7 +7" -27 Y)@°T? (6.107) 


where B is a constant. Thus we see that the rate of four-phonon processes at high temperatures varies 
as @* and T”. This is in constrast with the linear T dependence for three-phonon processes. Ecsedy 
and Klemens estimate that the strength of four-phonon processes is at least two to three orders of 
magnitude weaker than for three-phonon processes. 


6.5 PHONON-ELECTRON SCATTERING IN DOPED SEMICONDUCTORS 


Addition of impurities to an insulator or a semiconductor reduces its thermal conductivity. Normally 
the maximum of the .% against T curve is depressed. But below the temperature at which the 
conductivity is maximum a more striking phenomenon is observed: in certain materials the mean 
free path of phonons becomes nearly independent of temperature and yet very much smaller than 
the size of the material. This means that at these low temperatures boundary scattering of phonons 
is not very important. Nor can mass defect scattering explain such a drop in the conductivity at these 
temperatures. It is thought that the addition of impurities, i.e. doping, gives rise to extra scattering 
of phonons by electrons (holes) in the donor (acceptor) levels. In addition, when dopant atoms are 
completely ionised, due to compensation or high temperature, they scatter phonons via the mass- 
difference mechanism. 

Actually one can consider phonon-electron scattering in a doped semiconductor to be of two 
types, depending on the donor (carrier) concentration and the extent of impurity wavefunction (and 
hence its effective Bohr radius). If the carrier concentration is typically less than 10!” cm~?, the car- 
riers form a semi-isolated or bound donor state lying inside the forbidden gap of the semiconductor, 
normally a few hundredths of an electron-volt below the conduction band minimum !. For higher 
concentration, the carriers form a well-defined impurity band which may become broad and overlap 
the conduction band of the host. In this case a few electrons become available at all temperatures 
and in fact form a degenerate assemblage. In this section we describe scattering of phonons from 
both types of electrons: free electrons (high concentration limit) and electrons in donor atoms (low 
concentration limit). 


‘Here we only consider ‘shallow’ impurities. Consideration of ‘deep’ impurities would be much more complicated. The 
interested reader may, however, like to follow the work of Sigmund and co-workers (Sigmund and Lassmann 1980, Mair and 
Sigmund 1981) on phonon scattering at deep centres. 
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First, we derive an expression for the matrix element for electron—phonon scattering in general. 
A doped semiconductor can be thought to be deformed in the neighbourhood of the impurity. If the 
lattice deforms by A(r), we could expect an energy change of the form 


dU =CA(r), (6.108) 


where C is some parameter. The local deformation can be related to a local displacement vector field 


u(r) by 
A(r) = V-u(r). (6.109) 


Due to the perturbation dU, the electron-phonon interaction Hamiltonian is given by 
a / dr'B" (r)dU (r) P(r), (6.110) 
where V(r) are the second-quantised field operators defined by 


N=Lu BO =L ylroy. (6.111) 
k k 


Here y;(r) is a one-electron wavefunction, and by and bi are electron annihilation and creation 
operators defined by 


bi\ fc) = Vf glfe— 1) 
bf) = VO—fidlfe+1) (6.112) 


with f; being the electron occupation number. Thus the matrix element for an impurity electron 
to be scattered from a state k to another state k’, by absorption of a phonon (qs) in the process 
k+q—K’, is given by 


My = Sy sMgs — || Hep | fes"qs) 
= mgs 1) f ar yig(r)QU velo) P95) Fe = Fe): (6.113) 
Using equations (4.38), (4.80) and (6.108)—(6.109), the matrix element can be expressed as 
ho(qs) Me 
My K = “2h (eee ) Zyl (95) {ngs fe (1 — fy}, (6.114) 
where 
By(qs) = if dry (r) We (r)CG -egseif” (6.115) 


is a deformation potential matrix element whose evaluation will be discussed separately for the two 
limits (low and high carrier concentrations). For the process k > k’ +q in which a phonon is emitted, 
the matrix element can be similarly obtained, with the factor ng; replaced by ngs + 1. 


6.5.1 PHONON-ELECTRON SCATTERING IN MODERATELY AND HEAVILY DOPED 
SEMICONDUCTORS 


In heavily doped semiconductors the carriers are considered to be degenerate and the deformation 
is expressed as a dilatation constant Ey = Cq-egs. To evaluate the deformation potential matrix 
elements, we express the electron wave function y%,(r) as a Bloch function: 


We (r) = ——e*"9(r), (6.116) 
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where @(r) is a periodic function of the host. Then equation (6.115) becomes 


= ot Cc oN * : / 
Ew) = yu d-eas | drO*(r)o(r)explilk-+q—K')-7 
= Epp Pe: (6.117) 


It is clearly seen that the deformation potential matrix is zero for transverse phonons. In other words, 
transverse phonons do not couple with electrons of a degenerate gas. Further, in the temperature 
range where electron-phonon scattering is important only normal processes (G = 0) are the most 
likely events. Thus we have 


1/2 
ho 
My yt = “HE (sith {gf — fi} Oka e- (6.118) 


From here the transition rate for the process k +q — k’ can be written using first-order time- 
dependent perturbation theory: 


! 20 2 
Phsg = ha 5( (Ey — Ex —h@,) 
TO,E 
~ pNo os ng Sel — fy )O (Ep — Ex — 1g) 5.9.4! (6.119) 


The phonon relaxation time for the process k +g — k’ is then 


=f ! 
k kl = Pk 
bt a-ak) ea i wa 
MWg EZ 
~ pNoQe? ao y(t ~ fe) 
x 6 (Ey — Ex — Ng) Op +.4.k' (6.120) 


where f represents the equilibrium electron distribution 
Fe = [exp(Ex — 6) +17! = (e7 +1)! (6.121) 


with ¢ the Fermi potential. 

In equation (6.120) the sum over k’ can be carried out using the Kronecker delta symbol. The 
sum over k can be changed to an integral over spherical polar coordinates (k,6,@), where 0 = 0 is 
the direction of g. Writing z= @/kgT we express 


LF = ie — fy) 5 (Ey — Ex — 10g) by g x! 
kk’ 
1 


L (e7 +1)(1+e-G+)) 


= MB fag [aosna fate ! 
(e? + 1)(1+e-G+n)) 
x 6 (Ey — Ex — hay), (6.122) 


5(Ey — Ex —ha,) 


where the density of electron states is assumed not to have spin degeneracy, which is usually the 
case for electron scattering. The integration over @ gives 27 and we change the variable @ to A 


A = Ey—Ex—-h@g 
he 12 2 
= k* —k*)—ha, 
5) = ( ) q 
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2 


h 
Meee (q° + 2kqcos 8) — hag, (6.123) 


where we have used a parabolic electron band within the effective mass approximation. The Dirac 
delta function is then used to integrate over A to give 

_ NoQ m* phe k 1 

An? gh? Sky (e7 + 1)(1+e7(+2))’ 


(6.124) 


where kp is the Fermi wave vector and ky = |4g —m*c,_/h| is the lowest allowed value of k. For a 
degenerate electron distribution we can stretch the limits of integration to (—°-,c). Now using the 
formula (Wilson 1953, p 335) 


iy F(n)dn 1 i: Of 
= G(n) —G(n -z)}~——d 6.125 
[anaes 7 aces | fo) -on—an han, (6.125) 
where 
n 
Gin) = [F(a (6.126) 
equation (6.124) reduces to 
— NoQm*? hoy _ 
IS = Ane a ker (4 +1). (6.127) 
From equations (6.120) and (6.127), we finally obtain 
x2 72 
mE 
1 (k+q>k)= ere (6.128) 


where @, = cq is used. 

A similar approach can be used to calculate 7 '(k — k'+q) for a process in which phonon 
emission takes place. The result is identical to equation (6.128). Adding the two contributions, the 
final result for phonon relaxation in a heavily doped, degenerate semiconductor becomes 


a mE (6.129) 
2nph a ; 


Tq (ep) = 


It can be noticed that this expression does not explicitly depend on carrier concentration. The elec- 
tron effective mass m* is, however, a function of carrier concentration and host temperature T. 

If the lower limit of integration in equation (6.124) is maintained as ko, then the integral may be 
evaluated in terms of elementary functions to give the following result which is valid for both low 
and high free-carrier concentrations (Ziman 1956, 1957): 


Aca m* EjkgT | in ( ee — § +27/168 =) 
ape |* 1 +exp(§ — 0 +27/16§ —z/2) 


with z= ho/kpT, € = m*ct /2kpT and & = ¢/kgT. In the high carrier concentration limit with 
€ > Ey and € — Ey >> kgT, where Ep = hw? /8m*cy, + 5m*ce —ha@/2, equation (6.130) reduces 
to equation (6.129). 

For moderately doped semiconductors, Parrott (1979) reduced the expression in equation (6.130) 
to a simple form. Remember the relationship between n, and the reduced Fermi energy € as (McK- 
elvey, 1966) 


(6.130) 


Ne = 2(m*kgT /2ah7)>/* exp(C) = Uces. (6.131) 
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For small carrier concentration ne we can expand T, '(ep) in a Taylor series about n = 0. We first 
obtain 


(=) RSE at 2nh? . 
dng /nc=0 mh pc, 2 \m*kgT 
x exp[—(€ +.2°/16€)] sinh(z/2). (6.132) 


Substituting for U, one thus finds 


Nc s V ; 
t (qs) = 2 iN ats exp[—(€ +” /16€)] sinh(z/2), (6.133) 
L 


2 x A2 * 2 
“1 no EZ@ am*cy (= <.) 
=: . 6.134 
oa) perkpT \ 2kyT -? \ Okt One 


(Note that the root sign in the printed equation (2a) in Parrott (1979) should cover the ‘&’ sign.) 


which for z + 0 becomes 


6.5.2. PHONON-ELECTRON SCATTERING IN LIGHTLY DOPED 
SEMICONDUCTORS 


We now consider the case of lightly doped semiconductors where the impurity levels are ‘bound 
states’, lying within the band gap of the host. Since the impurity concentration is small, we may 
consider scattering of phonons by bound states in an atom at a time. To develop the theory of 
electron-phonon interaction in a such a system, it is necessary to have some knowledge of the band 
structure of both the host and the impurity donor electrons. 

Assume that the electronic band structure of the semiconductor is many-valleyed. Then, because 
of the local energy change dU, the electronic energy of the valleys will show a shift. This will result 
in writing a generalised form for the deformation potential constant C in equation (6.108) (Herring 
and Vogt 1956): 

Cq-e(qs) = (Ea8jj + Eukikj)Gie j(9s), (6.135) 
ij 
where Ey and E,, are constants due to dilatation and shear, respectively, and kj is a unit vector along 
the ith conduction valley in the first Brillouin zone. The presence of shear gives rise to the possibility 
of coupling between transverse phonons and donor electrons. 

Again, we exclusively deal with shallow impurity levels, whose binding energies usually lie 
between 0.01 and 0.1 eV below the conduction band minimum and orbits are of the order of 50 A. 
The effective mass theory can be applied to study the electronic structure of such impurities. Neutral 
donor impurity electron wavefunctions satisfy the Schrodinger equation 


(Ho +U(r)) War) = Exvu(r), (6.136) 


where Hp represents the Hamiltonian of the host, and U(r) is the impurity potential, usually consid- 
ered in the hydrogenic form 
U(r) = —e* /eor (6.137) 


with &9 as the dielectric constant of the host. 
The impurity wavefunction can be expressed as a linear combination of the host wavefunctions 
at the conduction band minima ky: 


N 
vir) = ¥ aM y(n) (6.138) 
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with the coefficient a”) obeying the requirements of the crystal point-group symmetry. y”) (r) can 
be expressed as a linear combination of Bloch functions at ky: 


1 : 
Wr) = aaVAvel 6.139 
y (r) Tea v( Je ox (r) ( ) 
= Fry), (6.140) 
where 
Wy, (7) =e" by, (Vr) (6.141) 
is the host Bloch function at ky, and 
1 
Fy(r) = Ay(k i(k —ky)- 6.142 
10) = ag DA hex ek) 7 (6.142) 


is an envelope function. 
Substituting equations (6.135) and (6.138)—(6.142) into equation (6.115), we obtain the following 
result for the matrix element between the impurity electron levels n and n’: 


= 1 +(v’)_(v) #(v) a(v) 
En'n(qs) = Troe ae an” (Eq 6ij + Evk;” ke ) 


x gie | A* (ke) Ay (ke) i arog, (7) bx, (r) expli(k-+q—K) -r 
kk’ ¥ 
= SY ata” (455 + Bk) de, 
vv! ij 
as yay (k')Ay (kK) by Opa k! 
kk’ 


ee 
= YGie j(Ea5ij 5m + 3 EuD i") Rv(q) (6.143) 
ij 
= = ntn(qs)R(q) (6.144) 
with s 
Be a8 LR ae” (6.145) 
and 


VAv(k+Q)Av(k) 


k 
/ dr(Fy(r))eif”. (6.146) 


a 
< 
— 
L~) 
= 


In many cases, it is possible to use the isotropic approximation and express Ry(q) as R(q) and F,(r) 
as F(r), with a hydrogenic form for F (r) 


1 
F(r) = =e, (6.147) 


Las 
Tap 


where ag is an effective Bohr radius of the ground state of the donor. This gives 


1 : 
R = — | dre ?"/e-iar 
(q) 7a 
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4a dy p2e-27/4n SINT 


na}, qr 


a (AEE (5a4)"] (6.148) 


l2 


For N valleys of the lowest conduction band, the Schrédinger equation (6.136) has N equivalent 
and degenerate solutions of the form given in equation (6.138), compatible with symmetry group of 
the host crystal. In the case of Ge, the conduction band shows four equivalent minima along 


1 


Ge: &k) = (1,11 k@ = —(-1,1,1 
3 3 
3 1 ; 1 
RQ) = sb) HO = (-1 1D). (6.149) 


(Actually there are eight half-ellipsoids alongs the (111) directions. These may be considered to be 
equivalent to four ellipsoids.) In the case of Si, there are six valleys directed along 


si: k® = (1,0,0) &@ =(-1,0,0) &% =(0,1,0) 
k4) = (0,-1,0) &°)=(0,0,1) & =(0,0,-1). (6.150) 


These N-fold degenerate solutions in Ge and Si form the representation Tj, appropriate to a substi- 
tutional impurity. When valley—orbit interactions and central cell corrections are taken into account, 
the degeneracy of the impurity state is split as indicated below: 


G aA he le 2 
e: 
. (singlet) (triplet) 
: Aj E T, 
Si: Tia 


(singlet) - (doublet) * (triplet) ° 


The separation between the ground state A; and the next higher level is generally known as the 
chemical shift 6E. This chemical shift is usually denoted as A in Si, but 4A in Ge. 

The coefficients a”) can be evaluated by using group theory. The results are 

For Ge: 


(Ai): {a} = SD 
(Bm): {a} = Fy(ts0.0.—1) 
(a) = 0.1.1.0) 
{al} = ys“ b-hD) (6.151) 


where n = 0 denotes the singlet state, and n = 1,2,3 represent the triplet states. 
For Si: 


1 
(Ai): {ot”} = BULLE) 
1 
(E): {o3”} = 5(,1,-1,-1,0,0) 
1 
fas” = 5 (1,1,0,0,—1,-1) 
1 


SI 


(1): {al”} (1,—1,0,0,0,0) 
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1 
—(0,0,1,—1,0,0) 


1 
v2 


With &”) and or”) known, the tensors pee can now be evaluated easily. Here we evaluate these 
for Ge and the same procedure can be followed for Si. 


fo 


{oe} 


N 


(0,0,0,0,1,—1). (6.152) 


Ge: , 
DR = 32 HAMA; = 1 
v=l1 
4 
Di = Bow a Ga 0 
v=l1 
etc. 
Thus 


0 0 OF 4.0 
D'=pD’=]0 0 1 1 |),D°={1 0 oO]. (6.153) 
LY of 0 00 0 


With the tensors pin determined, we can now proceed with the calculation of phonon scattering 
from electrons bound to donor impurities. Here we discuss such a calculation for the host semicon- 
ductor Ge. 

Consider scattering of phonons from electrons in the singlet (n = 0) or one of the triplet (n = 
1,2,3) states. First-order perturbation theory cannot be applied to this case, as for h@(gqs) # 4A 
the energy is not conserved. However, for |i@(qs) — 4A| >> 0 and f@(qs) much greater than level 
widths of the singlet and triplet states, perturbation theory in the second Born approximation can be 
applied. The near resonance condition, i@ ~ 4A, cannot be dealt with using perturbation theory at all 
and Green’s function techniques must be used to calculate the attenuation of phonons in resonance 
with the impurity levels. Here we only discuss the application of second-order perturbation theory 
and refer the reader to the work of Kwok (1966) for the calculation of resonance attenuation by the 
thermodynamic Green’s function technique. 

We can think of three different types of phonon scattering processes. 

(a) Elastic scattering: 

ho(gs) + (“s*) = (int.) = ha(q's’) + ("8") (6.154) 


triplet triplet 


(gs) = o(q's’). 
(b) Inelastic scattering: 


ho(qs) + (triplet) = (int.) = ha(q's’) + (singlet). (6.155) 


We can consider an acoustic phonon to be inelastically scattered into a high energy state (A@(q's’) ~ 
4A) while the electron jumps down from the triplet to the singlet state. 
(c) Phonon-absorption scattering: 


ho (qs) +ha(q's’) + (singlet) = (int.) = (triplet). (6.156) 
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Figure 6.2 Phonon-electron scattering in lightly doped semiconductors by second-order processes. n, m 
and n’ denote initial, intermediate and final electronic states, respectively. (a) represents elastic scattering for 
E,, = E, and inelastic scattering for E, ~ E,,, and (b) represents ‘thermally assisted’ phonon absorption. 


In such a process an acoustic phonon absorbs a low-frequency thermal phonon of energy h@/(q’s’) 
and eventually promotes an electron from the singlet state to the triplet state. 

In these equations (int.) denotes an appropriate intermediate (virtual) state. Phonon attenuation 
due to any of these processes can be calculated from the standard second-order perturbation theory. 
However, for the sake of brevity we will only present here the mechanics of such a calculation for 
the elastic scattering of phonons. For other cases we again refer the reader to the work of Kwok. 

Let us represent the elastic process in equation (6.154) as 


ho(qs) + (n) = (m) = ho(q's')+(n’) (6.157) 


with the electronic energies in (n) and (n’) being essentially the same: E, = E,/. Since there are 
only two different types of electronic states, namely singlet and triplet, if (7) is singlet then (m) has 
to be triplet and vice versa. There are basically two different kinds of virtual electronic transitions 
(n) — (n’) which scatter a phonon from (gs) to (q's’). These are shown in figure 6.2. 

The total scattering amplitude for the process described in equation (6.153) is given, in the second 
Born approximation, by 


y{ ('s',n!'|Hep|m)(m|Heplgs,n) _ (g's'sn!|Hep|m) (m|Heplas,n) \ (6.158) 
m En ~~ (ha(qs) +E,) Em ~~ (ho(qgs) Ea) 
Therefore, the total probability of phonon scattering (qs) > (q’s’) is 
pt! = 22 eg. 6.158)|76(h ha(q's! 
= > dL, |Ea. (6.158)|/°6(na(gs) —ho(q's')) 
nn 
2 
2n (ih 1 @(qgs)a(q's') re 
= Jol 1 h a. h 
x) fn(T) (1 — fa (T)) 
nn! 
x y= (qs) = nim coe tar) r (6.159) 
—\Em—En—ho(qs) En—En+ho(qs) 


where we have used equations (6.108)—(6.109) and (4.79)-(4.80). Also, we have assumed that the 
electronic population is temperature dependent and satisfies 


Ye fn(T) =1. (6.160) 


m 
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Now it is possible to write down the relaxation time for phonons in mode (qs): 


T,,! (elastic process) 


qs 
es 1 q's’ 


figs (figs am 1) . I of 
aS ™o(qs) o(q Ss ) y f,(T)5 (@(qs) 7 a(q's’)) 


2p2NoQc2 q's! c, n 
ype (q's! )Enn(4s) _, Earn leone =) . (6.161) 
Em — En —ho o(gs ) Em —En +ho(qs) 
(En= z nt) 


where we have assumed the final state occupancy factor f(T’) to be negligible. The result obtained 
so far is for one donor impurity. If we assume a definite concentration of impurities, say Nex = 
number of donor electrons per cubic centimetre, and write N,(T) = Nexfn(T ) = number of electrons 
per unit volume in level n at temperature 7, then in equation (6.161) the factor f;,(7) should be 
replaced by N,(T). 

Using the continuum approximation, performing the sum over q’ using the delta function, and 
using equation (6.144) we obtain the following result: 


= 
a 


€& tm (q'S" = mn (Qs) ui penis eed 2) I) : 
Em —En—ho(qs) | Em —E,+ho(gs)/| ‘?” 


(6.162) 
where (...)q/ means angular average over @: 
1 
wee x | [ 49'e0'sine'...). (6.163) 


At this point, it is interesting to note from equation (6.153) that the matrices D!°,D”° and D*® all 
have zero diagonal matrix elements. Therefore, for the elastic process under consideration, we have 


ft 


mn (QS) = wi uw ie j(qs)Di" (6.164) 
ij 


and the electronic transitions are due entirely to the shear-strain produced by phonons. Equation 
(6.162) then becomes 


= Nexo* (qs 


2 es 
"gs 4mp2c2 ays 3 Lin(P)R (oe (£4) 
ee 


/ an 
Lr Gep (q's' Diy Lij qie j (qs)Di" 
f A 
5/4 Gie j (5) Di.” Vip Gei(q's Dro y |2 
oy dar 


(6.165) 


L{ Em — En —ho(qs) 
Em — En +ho(qs) 


Notice that the result presented for t,; has been obtained by considering the angular average over 
q’. It is common to further express this result by angularly averaging over G 


ql =z — | [agaasinarg. (6.166) 
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An explicit evaluation of the angular integrations over g and q’ can be made by working withing 
the isotropic continuum approximation and using the spherical polar coordinate system. This means 
that the phonon dispersion can be characterised by pure longitudinal and transverse modes, and 
the three polarisation vectors eg; form a suitable basis, with e_(q) along g. Thus we can choose 
q(=e_),eT, and ey, as in equation (4.104). 

Here we will only evaluate Tas for the transitions from the A; state as shown in figure 6.2(a). 
Then , in equation (6.161), n =n’ = 0, and m= 1,2, 3. For transitions almost to the degenerate triplet 
state Ty, we write E,, —E, =4A+€,(€ — 07). The angular term in equation (6.165) becomes 


(LEE Ge Gey Aes 7 aot 


te)—how(gs) (4Ate)+ho 


m rp ij 
“e qi td m0 On 
= (4A)? — ~ (qs)) A) pe Gie j)(G,e ‘ )Dii py ) 
m rp ij 
as € is set to zero. Thus in this particular case 
Nex@*(qs) En 4(4A)? : 

a SG (48) Er (44) Fo(T)R’(q) 
q mee 81 [(4 A)? — (hw(qs)))2 


xy= ak (Sa 


ao 


«(| (Eae0%) (Zoo) aw (6.167) 


m=1,2,3 rp 


where 


Cisne = ca | [aeaosine [ / ag'ao'sino'...) (6.168) 


signifies averaging over both g and ’. Making use of equations (6.153) and (4.104), we arrive at the 
following results: 


1 
qie (qL)D!9 = —~sin20(cos@+sin 
da j(QU)Dij 73 (cos @ +sin@) 
1 
Die j oe = -—sin26(sin@ —cos 
Laiei(a.)Diy = 5 sin26(sing ~ cos) 
> Gie j(qL)D;, = sin’ @sin20 (6.169) 
ij 
1 
qie ; (qT p}° = -— =cos26(cos@+sin 
1 
A 20 _ : 
hee = i ae aa 
1 
Y giej(qT1)D}? = 5 sin 20 sin 29 (6.170) 
ij 
1 
qe; (qT pit = - cos 6@(cos@—sin 
Laieilare)D|? = —Fyc0s0(cos—sing) 
1 
qie j (QT . = —=cos @(sin@ +cos 
da i 2) J Va ( d oD) 


ae; (qT2)D?? = sin@cos2¢. (6.171) 
ij 
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Denoting the double set of angular integrations in equation (6.167) by ((qs,q's')) aq, it is easy 
to verify the following result: 


3 
5 (95.7 Lar = (95,4'Ti) ar + (9s,9'T2)ar- (6.172) 
The result in equation (6.167) can therefore be written as 
tt _ OG )NafolT) E44? pa 
™ mp*cs 81 [(4A)? — (h@(qs))?]? 
1 Cs 3 1 Cs 
x ((qs,q'L)) oa | = ia ( : ‘) aC ie ( ‘) , (6.173) 
CL CL 2 cy CT 
where ((qs,q'L)) oo’ can now be evaluated using equations (6.169)-(6.171). The results are 
48 32 40 
L,q’L)) oq = —=>; T1,q'L))oq = ——; T2,q'L))oo = ——. 174 
(QL, 9 L))oa = 5553 (AT, 9L) oar = 5553 (972.9 L) oar = 555 (6.174) 


For a particular temperature, the phonon scattering off the singlet state shows three character- 
istic features: (i) for small phonon frequencies (i@ << 4A) it shows the Rayleigh scattering law 
(t~! « w*), (ii) the Rayleigh type scattering shows a cut-off due to the factor R(q), and (iii) at 
h@ ~ 4A the denominator tends to zero and despite the cut-off factor we have a resonance. This is 
schematically shown in figure 6.3. With an increase in temperature, the electron has a larger prob- 
ability of receiving enough thermal energy to shift off the singlet state. This results in a smaller 
number of electrons being available in the singlet state to scatter phonons and hence a lower phonon 
attenuation is expected with increased temperature. 

Evaluation of ee for elastic transition from the 7> states can be done similarly. The same proce- 
dure can be followed to evaluate phonon relaxation due to inelastic and ‘phonon assisted’ scattering 
events. Suzuki and Mikoshiba (1971a) have made a complete calculation of the average phonon 
relaxation rates for all these processes. Their results are quoted below: 


a! = Bo*(4A)?{[(4A)?— #2]? +417(4A)?} | 

x F(@){Na,(T) +Nz,(T)[2 + (4A/ho)?] } (6.175) 
a B ho 1 : 
i @) = 0 exp ( ~)| (a isa} 


3 —1 
Np, (T) (+ +0) f (+ ! 0) f ep(—* | (6.176) 
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Figure 6.3. Schematic representation of the frequency dependence of phonon relaxation due to phonon scat- 
tering off the singlet state in elastic electron transitions. 
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t'(qs) = Bolt exp uo : : 
7 2 kpT ho 4A—ha 


4A 3. (4A 4A —ho ee 
xNa,(T) : ae F a | exp tka —1 


B= (mp*cy)'(Eu/3)*R°(q)Ws 


, (6.177) 


where 


: abs 
F(x) =e) R'(x/er) + 567 R (x/cr) 
W, =48/225 Ey, = 32/225 = Wy, = 40/225 
Na, (T) +3Nz,(T) =N Nz, /Na,(T) = exp(—4A/kgT) 
1 


900 (8) *(8)fa(i)-} 9m 


with N4, and Ny, as the number of electrons per unit volume in the A, and 7) states, respectively. 
N is the total electron concentration, and I'4, and I’7, are the level widths of the A; and 7} states, 
respectively. In equations (6.175)—(6.178) t;" represents phonon relaxation due to elastic scattering 
from the singlet (A) as well as triplet (7) states, t; ' represents the relaxation rate due to inelastic 
scattering of phonons by electrons in the triplet state, and tT, ' represents the relaxation rate due 
to ‘thermally assisted phonon absorption’ for h@ < 4A and inelastic scattering by electrons in the 
singlet state for h@ > 4A. Equation (6.175) includes the damping factors I’4, and Iz, to avoid the 
divergence at 4A = ha. It can be easily verified that the result in equation (6.173) is included in 
equation (6.175) in the limit 4, = 0. 

When fi@ ~ 4A, the result in equation (6.177) is replaced by the formula for resonant phonon 
absorption (Kwok 1966), 


nas) = ® (%) eqn -eo(-2) 


XNa, (TW, ( 


T=l4,+T yp, = 


—— 17 
(4A — ho)? +12 ene) 


with WL =4/5,Wr, =8/15 and Wy, = 2/3. 


6.5.3 PHONON-HOLE SCATTERING IN LIGHTLY DOPED SEMICONDUCTORS 


The top of the valence band in the diamond/zincblende-structure semiconductors is six-fold de- 
generate, including spin degeneracy. When spin-orbit interaction is included, this level splits into 
a four-fold degenerate state Ig and a two-fold degenerate state 7. The ground state of a shal- 
low acceptor is four-fold degenerate with the 'g symmetry and can be described by (cf equations 
(6.138)-(6.142)) 


4 
wir) = Yo Fir) yy(r), (6.180) 
v=1 


where w?(r) is the Bloch function, at k = 0, of 'g symmetry, and F,(r) are orbital envelope func- 
tions. The Ig states correspond to the quantum number M, = 3/2 for which the four spinors { a”) } 
are (Suzuki et al 1964) 


1 0 

a) _ |0 (2) _ |iz(x+iy) 
% 12 = 10 "= ixy 
0 O 
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i 2 x+y? 
pe a) 0 
(3) _ 0 1 (4) _ | —dz(x+iy) | 1 
3/2 — 44/302 -y?) r eo ixy a (6.181) 
0 —Biz(x—iy) 


F, can be considered as an s-like function (as in equation (6.147)) and F;(i = 2,3,4) can be consid- 
ered as a d-like function. 

Internal static strain due to the impurity atoms themselves, or other defects, or externally applied 
uniaxial stress, or a magnetic field can split the Ig quartet. A uniaxial stress splits the quartet into 
two Kramers doublets specified by the total magnetic quantum numbers M; = +3/2 and +1 /2. This 
splitting can be described by the spin Hamiltonian 


H = DEI? - 5 ee +c.p.]+ abe [(Jedy + Fy Ja )exy +.p.], (6.182) 
where Df, and D%, are the deformation potential constants for the acceptor holes, c.p. stands for 
cyclic permutation, Jo, is the ath component of the total angular momentum operator (J = 3/2), 
and @yp is the conventional strain component. 

Phonon relaxation rates due to the scattering by holes can be calculated by expressing egg in 
terms of phonon creation and annihilation operators (using equation (6.21)) and following the dis- 
cussion presented in section 6.5.2. Suzuki and Mikoshiba (1971b) chose all the F/s in equation 
(6.180) of the hydrogenic form as in equation (6.147) and calculated the results for the following 
processes: 


elastic : ha+(My; = +3/2) = (int.) = ho! + (M; = +3/2) 
hoo + (My = £1/2) = (int.) = ho! +(M, =+1/2) 

inelastic : h@+(M; = +3/2) = (int.) = ho’ +(M, = +1/2) 
he + (My = £1/2) = (int.) = ho! + (My = +1/2) 


thermally assisted phonon absorption : 
ho +ho' + (M; = +1/2) = (int.) = (My; = +3/2). 


The scattering of phonons by acceptors depends on the phonon frequency, the population of 
the states and the deformation potentials. Singh and Verma (1974) have shown that, in general, for 
haw > A (energy difference between the Kramer’s doublets) t~!(@) « w?, and for h@ < A,t~!(@) « 
(c, + ¢2@*), where c; are constants. 

When a large enough magnetic field B is applied, the Ig quartet splits into four levels specified 
by M; = 3/2,1/2,—1/2,—3/2. The spin Hamiltonian, up to the linear term in B, is given by 


H=Bgi(B-J)+Bss Yo Bodo, (6.183) 


A=X,y,Z 


where f is the Bohr magneton, and g{,g§ are the acceptor g-values which depend on the unper- 
turbed eigenstates of the quartet. For B || [001], g{ and g§ can be expressed in terms of the splitting 
coefficients of the quartet gj /2 and g3/2 (Suzuki and Mikoshiba 1971b) 


1 1 


ian — ~944 = 94 
7s pert am 
sal — rgt@4 "G4 
7 83/2 x81 t g 82: (6.184) 


The four states with M, = 3/2,1/2,—1/2,—3/2 (which we refer to as 1,2,3,4) have energies 
3/2BBg3/2,1/2BBg1/2,—-1/2BBg1/2, -3/2BBg3/2, respectively. The energy separations between 
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these levels are 


1 
Ayn =Ay = 5 (383/2 — 81/2) BB 
1 
Ay3=Anm = 7383/2 +81/2)BB 
Aig) = 383/2BB 
Ax3 = g1/2BB. (6.185) 


Suzuki and Mikoshiba (1971b) have derived expressions for phonon-hole scattering rates includ- 
ing elastic, inelastic and ‘thermally assisted absorption’ processes between these levels. We do not 
reproduce those results here but refer the reader to their work. 


6.6 PHONON SCATTERING DUE TO MAGNETIC IMPURITIES IN 
SEMICONDUCTORS 


A number of experimental studies have shown that presence of magnetic impurities in non-metallic 
solids can drastically lower the thermal conductivity. The review article by Challis and de Goér 
(1984) gives an extensive report on this topic. One of the earliest investigations is due to Slack 
and co-workers (Slack 1972) who have studied the effect of substitutional Fe ions on the thermal 
conductivity of crystals of Ge, ZnSO4.7H20, CdTe, MgCr204, MgAl20O.4, ZnS, KZnF3, and MgO. 
In these crystals the Fe?+ ions have either tetrahedral or nearly octahedral coordination with their 
nearest neighbours. The interaction of phonons with the Fe?* ions appears to be strong for both 
types of coordination. 

A substitutional site in the zincblende phase of the materials ZnS and CdTe has 7; symmetry. 
The crystal field of such a symmetry will split the lowest term, *D, of the free Fe?* ion (3d°) into an 
orbital doublet *E (ground state) and an orbital triplet °T2, with an energy separation 10Dq called 
the crystal-field splitting. Due to spin-orbit interaction, the °E level splits into five approximately 
equally spaced levels, and the °T> level splits into six levels. The five energy levels of °E are, in 
increasing energy, I°;(singlet), I'4(triplet), '3(doublet), I’5(triplet) and I’2(singlet). The interlevel 
spacing A of these states is ~ 15 cm! for ZnS, and ~ 20.8 cm7! for CdTe. The ground state of 
d* ions in octahedral coordination has a very similar energy structure: the ground state is an orbital 
doublet °E which splits into five spin-orbit levels. The only significant difference in the energy 
levels for the tetrahedral and octahedral coordinations is in scale. 

In this section we restrict our discussion to 3d° ions (Fe**). Substitutional magnetic impurities 
in semiconductors, such as Fe** in ZnS or CdTe, can give rise to two types of phonon scattering: (i) 
Rayleigh scattering caused by local mass-difference and lattice distortion (as discussed in section 
6.2) and (ii) resonant phonon scattering from the five low-lying °E levels of the Fe** ions. 

Not all transitions between the five energy levels are allowed in a phonon scattering process.To 
understand this note that the normal modes of vibration of a tetrahedron (i.e. phonon states obeying 
T, symmetry) have the irreducible representations A; + E + 7. If we only consider the orbit—lattice 
interaction to be responsible for scattering the phonons, then the allowed one-phonon transitions 
correspond to only E-mode distortions of the tetrahedron. Only phonons of energy 2A can be scat- 
tered by this mechanism. But because of the spin—orbit coupling, there is some admixture of the 
orbital °T, wavefunctions (at energy 10Dgq above the ground state) into the ground state *E. This 
admixture allows additional scattering of phonons which produce 7 distortion of the tetrahedron. 
Such a distortion allows phonons of energy 1A,2A and 3A only between the levels shown by broken 
arrows in figure 6.4. However, these one-phonon transitions are much weaker than the 2A transi- 
tions of an E-mode distortion (shown by solid arrows) (see Slack (1972) for original references). 
The degenerate orbital levels *E and °T, (before considering the spin-orbit interaction) are candi- 
dates for the Jahn—Teller distortion: such a degenerate orbital can couple with the lattice and split 
into a low-lying energy level. The Jahn-Teller distortion can be static or dynamic (phonon assisted). 
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Figure 6.4 Energy-level scheme for Fe? (3d°) impurities in tetrahedral coordination. The irreducible repre- 
sentations of the ground state and four low-lying excited states are given by Ij. The levels are equally spaced. 
The possible one-phonon absorption energies are Fe+? (3d) tetrahedral coordination. The irreducible repre- 
sentations of the ground state and four low-lying excited states are given by Ij. The levels are equally spaced. 
The possible one-phonon absorption energies are 1A, 2A and 3A. The full arrows show the allowed transitions 
for E-mode distortions, and the broken arrows show the weakly allowed transitions for T>-mode distortions. 


The Jahn-Teller effect can lead to a change in the spin-orbit splitting A and to different inter-level 
spacings in figure 6.4. Although the Jahn-Teller effect is strong for various transition metal d” ions, 
it is only a very weak effect for the Fe** ions in ZnS and CdTe and can be ignored in our discussion 
(Ham and Slack 1971, Challis and de Goér 1984). 

The allowed one-phonon transitions between any two impurity levels in figure 6.4 can be de- 
scribed by resonant phonon interaction. A thermodynamic Green’s function approach such as used 
by Kwok (1966), Klein (1969) or Joshi (1974) can be confidently used to calculate the frequency 
and temperature dependence of the resonance relaxation rate of phonons in such systems. Based 
on an application of the thermodynamic Green’s functions, Joshi’s work shows that for phonon 
frequencies close to A/h = @ 


_, . b?(@) tanh? (A/2kgT) 
O * To— a)? + (60) 


(6.186) 


where 6@ is a small quantity and b(@) is an interaction constant which can be argued to be of the 
type ~ \/@. The frequency dependence in the above expression is similar to that obtained in Kwok’s 
work (see equation (6.179)). 

Strictly speaking, a perturbation calculation is not valid for resonant scattering. However, using 
perturbation theory in the first- and second-order Born approximations, and by replacing the energy 
conserving Dirac delta function by a Lorentzian type line shape function, Morton and Lewis (1971) 
obtained the following expression for the resonant phonon relaxation rate between two spin-orbit 
levels: 


7! = HNsF (@,T) (6.187) 


; IT? + (@—@p)?’ 
where H, represents the strength of the spin—phonon coupling, N, is the spin density, I measures 
the level width and F(@p,T) is the electron population difference factor 


_ 1—exp(—ha@o/kpT) 
ee 3+ 5exp(—h@o/kpT) i 


It can be seen that the frequency dependence in both equations (6.186) and (6.187) is similar. 

In order to explain the lattice thermal conductivity of non-metals doped with iron impuri- 
ties, phenomenological expressions of the type t~! « w4/(@* — @)* (de Goér 1969), tT! « 
o*F (@,T)/(@? — 5)? (Neelmani and Verma 1972) and t~! « @F(@p,T)/(@ — @p)? (Srivas- 
tava and Verma 1974) have also been considered for resonant scattering of phonons. 
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6.7 PHONON SCATTERING FROM TUNNELLING STATES OF IMPURITIES 


When a molecular impurity is introduced into an alkali halide lattice a barrier potential arises from 
the interactions of the lattice with the molecule. At energies above the barrier the molecule es- 
sentially has free rotor states. Below the barrier energy, the rotational motion of the molecule is 
perturbed and is described as states of angular oscillation, called librational states. At substitutional 
sites in alkali halides, dipolar molecular impurities experience an octahedral crystal potential with 
six minima corresponding to six (100) directions in the crystal. Due to the tunnelling of the impurity 
ions among the minima in the (100) directions, the librational ground state splits into levels known 
as tunnelling levels. Virtual excitation of the molecular impurity into a higher tunnelling energy 
level, or into a librational state, can resonantly absorb phonons of the lattice. The energy levels of 
the tunnelling states fall in the very-far-infrared and short-microwave spectral region. Thus it is pos- 
sible to probe the tunnelling levels with low-temperature thermal conductivity measurements and 
also directly with very-far-infrared measurements. 

In our discussion we will only consider the KCl:CN~ and NaCl:CN7! systems. 

In KCI:CN™! the librational ground state has six-fold degeneracy and splits into three tunnelling 
states: Aje(J =0), Tiu(J = 1, 1.4 cm! , triply degenerate) and E,(J =2,2.4cm™!, doubly degenerate). 
The first excited librational state is 12-fold degenerate and splits into four triply degenerate states: 
Tog(J = 2,13.5 cm7!), Tiy(J =3, 16.4 cm), Tou(J = 3, 18.6 cm!) and Ti ¢(J =4). (Here J is the 
rotational quantum number.) The energy values given in the parentheses were calculated by Seward 
and Narayanamurti (1966) who used a potential of octahedral symmetry (known as the Devonshire 
potential). 

Above 60 K the CN™ ion in the KCl crystal behaves like a freely rotating molecule, lending 
no possibility for resonant scattering. Below 10 K only the librational states are populated. The 
thermal conductivity of KCl:CN~ shows two dips: at 0.6 K (1.6 cm!) and at 7 K (18 cm7!) (see 
chapter 7). The lower dip is attributed to phonon scattering between the ground state Aj,(J = 0) 
and the tunnelling state 7),,(J = 1,1.4 cm™!) and/or E,(J = 2,2.4 cm~!). The dip at the higher 
temperature corresponds to resonant phonon absorption due to the excitation of the CN~ ion from 
the ground state Aj, (J =0) to one or both of the librational states T),,(J = 3, 16.4 cm™ ') and Ty, (J = 
3,18.6 cm). 

The theory of resonant phonon scattering from a two-level system can be applied to account for 
both the dips in the thermal conductivity curve of KCl:CN~!. Kumar et al (1969) used an expression 
of the form t~! « @*/(@? — w?)? for the resonant scattering of phonons to explain the observed 
dips in the phonon conductivity curves of the KCIl:CN~ and KBr:CN™ systems. Singh and Verma 
(1971) used the theory of Klein (1969) to write the total resonant phonon scattering rate as 


oo) = ve (aa n(0)n(T) a 


3a \ plo) (a — 0)? +4 (T)o 


dS(T) (0) w(T) as 
P(t) (@y—w?)? + %(T)o4 }’ 


(6.189) 


where p is the fractional impurity concentration, d is the degeneracy of the resonant mode, p(@) 
is the (unperturbed) phonon density of states normalised to unity, @, is the resonance angular fre- 
quency, 7, is the dimensionless half-width at @, and S(T) is the temperature-dependent strength of 
the resonance. Singh and Verma took S;(T) = $2(T) = 1,d, = d) = 3,p(@) = 0.75 x 10-*°@?, 
and considered ¥,(0)¥,(7') as adjustable parameters. By evaluating the first term in equation (6.185) 
at @ = 3 x 10!! s~!(1.6 cm™!) and the second term at @) = 3.54 x 10!? s~!(~ 18 cm™!), these 
authors successfully explained both the dips in the thermal conductivity curve of KCI:CN~. 

In NaCl:CN~ Callender and Pershan (1969) observed a librational splitting of 54 cm~!, and a 
tunnel splitting of less than 0.1 cm~!. Thus there is no possibility of resonant phonon scattering 
between the tunnelling states in this system. The thermal conductivity of NaCl:CN~ shows only 
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one dip (Narayanamurti and Pohl 1970): at a temperature above the peak in the conductivity against 
temperature curve. This dip corresponds to the energy of the librational state at ~ 54 cm~!. Thus 
in this case only one term in equation (6.189) would be needed to explain the resonant phonon 
scattering. 


6.8 PHONON-SPIN INTERACTION 


In section 6.6 we discussed phonon scattering due to magnetic impurities in semiconductors. Ther- 
mal conductivity of such systems is characterised by a dip at a temperature around or below the 
conductivity peak, as we will discuss in the next chapter. Anomalies in the thermal conductiv- 
ity at the magnetic transition point have been observed in several magnetic crystals. The early 
work by Slack and Newman (1958) showed a decided minimum in the thermal conductivity of 
MnO at its antiferromagnetic—paramagnetic transition Néel temperature Ty (120 K). Similarly, the 
work by Slack (1961) showed small cusps in the thermal conductivities of MnF2 and CoF> at their 
antiferromagnetic—paramagnetic Ty values of 67 K and 38 K, respectively. Such anomalies are gen- 
erally attributed to the effect of spin ordering, which causes coupling of phonons with spin waves 
(i.e. phonon-magnon coupling). 

It is appealing to present Slack’s qualitative explanation of the thermal conductivity mechanisms 
in diamagnetic CaF, and antiferromagnetic CoF2 (Slack, 1961). In the diamagnetic insulator CaF 
all of the heat is transported by phonons and any of the theories discussed in section 5.2—5.4 can be 
successfully applied to explain the thermal conductivity results over the entire temperature range. 
Both CaF, and CoF> crystals are similar in their lattice properties, and their thermal conductivities 
are nearly alike at high temperatures where anharmonic phonon scattering is dominant. There is no 
isotope scattering in CoF, as both Co and F have a single naturally occurring isotope. CaF) should 
have small isotope scattering. Thus, we should expect that a non-magnetic sample of CoF, would 
have thermal conductivity values quite similar to that of CaF. However, measured values of the 
conductivity of CoF2 are much lower than that of CaF2 below 100 K and exhibit a dip near its Néel 
temperature. 

In the paramagnetic state above the Néel temperature Ty of 38 K, the magnetic lattice is dis- 
ordered. Thus, above Jy phonons are scattered by the disordered lattice of magnetic moments. As 
the crystal is cooled to Ty and below, gradual ordering of the magnetic lattice is established. Thus, 
below Ty phonons are scattered by the ordered magnetic lattice as well as by the fraction of the 
magnetic lattice that remains disordered. The fraction of disordered magnetic moments varies as 
(_- mot) where M(T ) is the magnetisation of one Co sublattice at temperature T. As a result, lat- 
tice thermal conductivity increases rapidly below Jy until it is limited by anharmonic, point defect 
impurities, or boundary scattering again. Below Ty, an additional contribution to thermal conduc- 
tivity comes from magnons, quanta of spin orientational wave in the ordered lattice of the magnetic 
moments of the crystal. The total thermal conductivity is the sum of the phonon and magnon con- 
tributions: K = Kph + Kmagnon- The magnon contribution Kmagnon can be calculated using the theory 
of lattice thermal conductivity, but using an appropriate magnon dispersion relation and density of 
states. Experimental studies performed by Slack (1961) suggest that Kmagnon << Kpn. It is clear from 
the above discussion that scattering rates between phonons and magnons (i.e. phonon scattering rate 
due to phonon-spin interaction and magnon scattering rate due to magnon-phonon interaction) are 
required for explaining the thermal conductivity both sides of Ty. A first-principles treatment of 
phonon-spin interaction is a difficult task and has not yet been accomplished. Mattuck and Strand- 
berg (1960), Sinha and Upadyaya (1962), Kawasaki (1963) and Stern (1965) have discussed the 
essential aspects of the phonon-spin interaction. Here we present a simplified treatment, as pre- 
sented by Stern (1965). 
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Modulation of the Heisenberg exchange interaction under lattice vibrations can be expressed as 
spin 1 
HPD = VIS Hus —Ui)Si Sis: (6.190) 
1,6 
where S is a vector spin operator, J is the exchange coupling constant, the w; is the displacement vec- 


tor of the lattice site J and 6 is the distance vector between neighbours. The spin-lattice interaction 
can be expressed after expanding the above in the u;’s 


a 1 6-(uj,3—uj;) 1 5 - (uj,5 —U) \2 
spin—ph _ * 146 I 2 1+6 ' 
H » VI ; +5V i ‘ } Cee (6.191) 


The atomic displacements w;’s can be expressed using the second quantised notation, as described 
in equation (4.79) or in equations (4.9) and (4.32). The spin vector operator S can also be expressed 
using the second quantised notation for magnons (see, e.g. Holstein and Primakoff (1940), and Sinha 
and Upadhyaya (1962)). The magnon energy spectrum can be taken as E « ae And it would be 
sufficient to assume that a magnon state |mm > in the antiferromagnetic phase can be assumed to fol- 
low the Boltzmann distribution exp(—E,,/kgT ). Considering the Néel temperature Ty much lower 
than the crystal’s Debye temperature, it would be reasonable to use the long wavelength approxima- 
tion @ = cq for phonon spectrum. First-order time dependent perturbation theory can be applied to 
calculate the probability of phonon-spin interaction processes of the types ph + magnon — magnon 
and magnon — magnon + ph. Formulation of all steps will be lengthy and will not be presented 
here. We simply quote Stern’s final result for the phonon relaxation rate in antiferromagnets due to 
phonon-spin interaction (Stern, 1965) 

7; '|ph—spin = BO*T™, (6.192) 
where the constant B is a function of the exchange interaction term J, phonon velocity and crystal 
mass density. 


6.9 PHONON-PHOTON INTERACTION 


When a crystal is exposed to an electromagnetic field, the phonons of the crystal interact with the 
photons of the field. The subject of phonon—photon interaction is vast, but we will only present a 
brief discussion of infrared absorption and Raman scattering processes. Some applications of these 
processes will be discussed in chapters 8, 9 and 10. 


6.9.1. INFRARED ABSORPTION 


Infrared photons have energies comparable to the energies of long-wavelength optical phonons 
in most solids (between 0.01 and 0.1 eV). Therefore, when a solid is exposed to infrared light, 
phonon-photon interactions take place subject to energy and wave-vector conservation rules. Such 
an interaction is caused by electric dipoles which arise from the motion of charged ions in the optic 
mode vibrations (cf sections 2.2.2 and 2.4.4). As the photon represents a transverse electromagnetic 
wave, it interacts more strongly with optic phonons of tranverse polarisation than of longitudinal 
polarisation. Further, as the wavelengths of infrared photons are very large compared to the atomic 
dimensions in a crystal, the resultant wave vector of all phonons interacting with one photon must 
be nearly zero. 

The interaction of electromagnetic radiation with phonons of a crystal can be studied by using 
standard time-dependent perturbation theory. Here we present a simple quantum mechanical de- 
scription of one-phonon infrared absorption in ionic crystals. For the sake of simplicity, we use the 
rigid ion model and express the interaction Hamiltonian, to first order in the radiation field, as 

ZLZpe 


a! =-Y (2) pa)-acei)), (6.193) 
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where Zpe is the charge on the bth ion of mass my, x and p are the ionic position and momentum 
vectors, respectively, and c is the speed of light. The vector potential A can be expressed in second 
quantised notation (similar to that described in section 4.2; also see Schiff (1968), and Donovan and 
Angress (1971)): 


1/2 
Atstib)) = E(B) Sorta exel-i(0-#() ~ 0930) 
gx exp |i(Q-*(0b) — op31)]} 


S oe y G (6.194) 
BL @pA2o] OO” 


where aga (a5 ) is photon annihilation (creation) operator, f, ga is a unit polarisation vector perpen- 
dicular to the photon wave vector Q, A represents the two orthogonal transverse polarisations for a 
given Q, the summation takes all values of Q, positive and negative, and Qo is a finite normalisa- 
tion volume for the radiation field. Similarly, the momentum vector p(lb) can be expressed, using 
equations (4.10) and (4.33), as 


ane) % : 
Ib) = SS e'(b sexp [i(g- 1 — Wgst 
pd) = F(T) e'Olas)(aqnexpiila-t- or) 


+aj,exp [—i(q-1— @qst)]) 
ho,. 1/2 
= »( 4s ) e* (b|gs) Bas. (6.195) 


With equations (6.194) and (6.195), the interaction Hamiltonian becomes 


ee) Migs og) 
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Consider the absorption of a photon in mode QA and emission of a phonon in mode qs. This pro- 
cess is governed by the term 492.4}, in equation (6.196). The transition probability for this process 
is 

20 aie 
W= ae MAI) 5 (gq — qs). (6.197) 


The matrix element between the initial state |i) and the final state |f), (f|H’|), contains the space- 
dependent term 


exp [i(Q-x(Ub) —q -1)] = exp [i(Q —q) -Texp [iQ -x9]. 


After performing the summation over the Bravais lattice vector J, we can express 


zt Q 
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ne Boil (6.198) 
The Kronecker delta symbol 6g 4+G leads to the momentum conservation condition 
Q=q+G. (6.199) 


As in the optical region the electromagnetic wavelength is much bigger than the wavelength of 
phonons, we can consider Q ~ 0. Thus the only appropriate reciprocal lattice vector is G = 0 and 
we have 

Q=q~0 (6.200) 
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so that only an optical phonon can be emitted in the absorption process. In this limit the transition 
probability now reads 


=F Me a 


e* (b|0s) Ar 5(@qs — @ga)- (6.201) 


Dee 


This is an essentially classical result as it does not contain fh. It is helpful to recall that e(b|qs) /,/mp 
represents the time-independent normalised displacement of the bth atom in the long-wavelength 
optical mode (cf equations (2.48) and (2.56)). The summation under the modulus bars can be ex- 
pressed as 


Zye e(2) 


b\0s) = Zje——~+he 
2 ae aoe te es 
= Z,eu(1)+Z,eu(2) 
= M (6.202) 


where M is a dipole moment. Equation (6.201) can thus be expressed as 


2n? ~ Q 
W= oO" (M* -fol75 (gs — Opa). (6.203) 


Let us consider zincblende materials as ionic crystals. For longitudinal phonons e, || q || Q Lf, so 
that e, -f =0. Therefore, only transverse (optical) phonons can participate in the infrared absorption 
process. For the zincblende structure, the two TO branches are degenerate for small g. We may 
choose one of these to be parallel to the unit vector f, so that we can write eT, -f = +let,| and 


er, f=- ley, |. Equation (6.201) can also be expressed as 
W(0) = 2707? NoQO* (‘su s <a) a =i) (6.204) 
Qo vm /m , 


where Q* is an effective charge on the ions. Thus the one-phonon infrared absorption process is 
governed by the conservation rules 


o(Q)=@T0(q) Q=q~0 (6.205) 


and the intensity is proportional to the square of the dipole moment. 

In crystals with diamond structure (e.g. Si and Ge), there is a centre of inversion midway between 
the two identical atoms in the unit cell, and the dipole moment is identically zero. Such crystals are 
therefore one-phonon infrared inactive. However, such crystals can absorb a photon by a process 
which involves two phonons. This is caused by a second-order electric dipole moment produced 
by the two phonons created. Obviously the absorption is weaker in covalent crystals than in ionic 
crystals. The conservation rules for a single photon to generate two phonons are 


@o(Q) = @(9;)+@2(q2) 
Q = +4 ~0. (6.206) 


Two-phonon absorption processes can involve optical as well as acoustic phonons of nearly equal 
and opposite wave vectors. Phonons near the zone edge are more likely to meet the requirements 
in equation (6.206). In addition, phonons at critical points, where V,@(q) ~ 0, can also satisfy the 
conditions in equation (6.206). Thus two-phonon infrared absorption spectra can be used to obtain 
information on phonon density of states. A space-group analysis can be made to determine the 
two-phonon selection rules (Berman 1962, 1963, 1974, Spitzer 1967). 
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The net probability of optical absorption by a solid is proportional to the difference between 
stimulated phonon generation and absorption rates. Note that 7(@) + 1 and 7i(@) represent, respec- 
tively, creation (emission) and destruction (absorption) of crystal phonons. An infrared absorption 
process with generation of a single phonon is thus proportional to (7i(@) + 1) —7i(@)), i.e. inde- 
pendent of 7i(@) and therefore of temperature. Two-phonon infrared absorption processes are pro- 
portional to (7(@1) + 1)(#(@2) + 1) — 7i(@1)fi(@2) = 1+7(@1) +7(@2) and are thus temperature 
dependent. 

For polar crystals, the long-wavelength TO modes, which are infrared active (one-phonon pro- 
cess), may be determined directly by absorption measurements on large thin crystals, or reflection 
measurements on bulk crystals. The long-wavelength LO modes are usually computed from the TO 
frequency using the Lyddane—Sachs-—Teller relation (equation (2.87)). This requires the values of the 
€ and €., the dielectric constant at very low and high frequencies, respectively. The LO frequency 
can also be determined via the Kramers—Kronig analysis or via a damped harmonic fit to infrared 
reflectance data (see, e.g., Burns (1985)). 


6.9.2. RAMAN SCATTERING 


When a crystal is exposed to an intense light source in the energy range | to 10 eV (e.g. the most 
intense lines of a mercury discharge tube, or a powerful continuous-wave laser), inelastic scattering 
of the light from the crystal is observed. This is the Raman effect (Raman 1928). The intensity of 
the scattered light is proportional to the intensity of the incident light. 

Let / = (a,n) represent a state of the solid, with a denoting an electronic level and n a vibrational 
level. The Raman scattering can be described as a two-stage process 


h@(Q) + Ej + Em — ho! (Q’) + Ep. (6.207) 


Here an absorbed photon of energy #@ and wave vector Q excites the system from an initial state 
= (0,n) to an intermediate state m = (a’,n"), and the system eventually relaxes to a final state 
f = (0,n’), releasing a photon of a different energy fw’ and wave vector Q’. (Note that we have 
considered the lowest electronic level for the initial and final states of the system, but the interme- 
diate state is unrestricted.) 
The interaction Hamiltonian responsible for the process in equation (6.207) is of the same form 
as in equation (6.193) but includes the electronic contribution as well, 


H! =) (—)p.-A(ni) = & 


where r; is the position vector of an electron with mass m and, as before, mp is the mass of the bth 
ion. The transition between the initial and final states can be expressed in terms of the polarisability 
tensor (Born and Huang 1954, Donovan and Angress 1971) 
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+ (f|Mgln) (m|Mgli)Em — Ei — hoo) , (6.209) 


where M is a vector dipole moment operator. Once again note that we have considered i = (0,7), f = 
(0,n’) and m = (a",n"). If we further consider a” = 0, then the matrix elements of the operator 
M are defined by only the second term (ionic part) in equation (6.201). For the Raman scattering 
process, we consider a” # 0 and approximately write Em=(a" nl) — E¢=0.n") ~ Ea" 0) — Eco), which 
is justified as vibrational energies are very much smaller than the energy difference between the 
electronic levels near the equilibrium nuclear configuration. We can now express the electronic 
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polarisability in the form (for details see Born and Huang 1954, Donovan and Angress 1971) 
Agp(®) = (nap (@,x)|n) 
= es (x) boa{Mp(x)}ao | {Mg (x) }oatMo(x) }ao 
ao" (ao) Eoo) thO — Fao) — Foo) —h@ 


(6.210) 


where {Ma(x)}oa = ((0,n’)|Ma(x)|(a,n)), and x = {x(lb)} represents the nuclear configuration. 
(For cubic symmetry the polarisability is a scalar quantity.) We can expand Agg (@,x) in Taylor’s 
series involving nuclear displacements 


Agp(@,x) = AU3(@,x°) +P A19 (gs)X (qs) 
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where x° denotes the equilibrium configuration, and X (gs) denotes a normal coordinate (cf equation 
(4.32)). The coefficient A is called the nth-order Raman polarisability. 

It is useful to note a few more definitions which are often used in the liturature. Electronic 
susceptibility % is defined as the dipole moment per unit volume induced by a unit field. Raman 
susceptibility is defined as 0x /0X (qs). The Raman tensor I; is defined as an entity proportional to 
Oxi; /OX (qs). 

The first term in equation (6.211) is independent of the nuclear displacements, and the only 
non-vanishing matrix elements correspond to n’ =n. This elastic process is the Rayleigh scattering. 

The second term in equation (6.211) corresponds to an inelastic scattering of a photon. This 
term contains a single phonon operator and non-vanishing matrix elements require n’ = n+ 1, 
with ’(Q’) = @(Q) + w(qgs). Both longitudinal and transverse phonons can take part in the Ra- 
man effect. If the phonon involved comes from an optical branch, the process is the first-order 
Raman scattering. First-order Raman scattering can also be observed involving acoustic phonons, 
but with much smaller frequency shifts, and is sometimes called the Brillouin scattering. Second- 
order Raman scattering is due to the quadratic term in equation (6.211) and involves two phonons. 
If w'(Q’) < @(Q) one or more phonons are created in the crystal and the shift 5@ = w — @’ is 
called a Stokes frequency. If @'(Q') > @(Q) one or more phonons are lost by the crystal and the 
shift 6@ = @! — @ is called an anti-Stokes frequency. 

Selection rules for Raman-active phonons can be determined by standard group-theoretical meth- 
ods (Heine 1960, Loudon 1964, Berman 1962, 1963, 1974). In general, a phonon can participate 
in a first-order Raman scattering if and only if its irreducible representation is the same as one of 
the irreducible representations of the polarisability tensor. Zincblende crystals are both Raman and 
infrared active in the first order. Also, while the LO modes in zincblende crystals are usually mea- 
sured indirectly in infrared experiments, the selection rules allow these to be measured directly in 
the Raman scattering. In crystals with the diamond structure (which have a centre of inversion) only 
even-parity lattice vibrations can be Raman active and only odd-parity vibrations can be infrared 
active. For example, an optical phonon with the representation I75; (72.), which has even parity 
with respect to the inversion symmetry, is Raman active, but infrared inactive. 

The energy and momentum conservation rules for the first-order Raman effect are 


Ai@ o(Q) — o'(Q') = +o(q) 
AQ = Q-@Q'=+q~0. (6.212) 
Thus Raman shifts measure the frequencies of long-wavelength phonons. The intensity of Raman 


frequency shift is temperature dependent: proportional to 7i(@(q)) for the anti-Stokes component 
and 7i(@(q)) + 1 for the Stokes component. 
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The two phonons involved in the second-order Raman scattering can belong to either the acoustic 
or optical mode. The energy and momentum conservation rules are 


A,@ = @(Q)—o'(Q') = £0 (4)) + O2(q2) 
AQ = Q-Q=+q)+9q)~0. (6.213) 


The temperature dependence of the Stokes and anti-Stokes components can be easily worked out 
in terms of creation and destruction of phonons in the process. For example, the intensity of the 
process with the negative sign in equation (6.213) is proportional to 7i(@ )fi(@2). 

In analogy with a second-order infrared spectrum, a second-order Raman spectrum contains in- 
formation about the combined density of states of pairs of phonons with equal and opposite wave 
vectors governed by equation (6.206). As sharp features in a density-of-states spectrum are ex- 
pressed in terms of a critical-point analysis, it is usual to follow this procedure for extracting in- 
formation from a second-order Raman spectrum. A Kronecker square or product of the irreducible 
representations of the two participating phonons must be in common with the irreducible represen- 
tations of the polarisability tensor. 

For a detailed understanding of the Raman effect in crystals, the reader is referred to the review 
article by Loudon (1964) and to the series Light Scattering in Solids I-V edited by Cardona (1982) 
and Cardona and Giintherodt (1982a, b, 1984, 1989). 


6.10 AB INITIO EVALUATION OF PHONON-PHONON INTERACTION 


In sections 6.4 and 6.5 we presented expressions for phonon-phonon and phonon-electron scattering 
rates using simplified schemes, in particular Debye’s isotropic continuum scheme for phonons and 
the effective mass scheme for electrons. With advances in numerical techniques and availability of 
computational power, these scattering rates can now be confidently and accurately evaluated using 
ab initio formulations presented in sections 3.2.3 and 3.3.2 for electron and phonon eigensolutions. 


6.10.1. AB INITIO TREATMENT OF THREE-PHONON PROCESSES 


The single mode relaxation time of phonon mode qs can be expressed, using equations (6.56) and 
(6.57), or equation (6.68), as 
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Here we have used equations (4.43), (4.44), (6.60), (6.62) to express f3 as a Fourier component of 
the cubic crystal potential 4 
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where I’ and I are lattice vectors. 

Ab initio evaluation of tj; using the expression in equation (6.214) requires dealing with three 
aspects: (i) inputting phonon eigensolutions (viz. frequencies (qs) and eigenvectors e(b|qs)) ob- 
tained from the application of an established lattice dynamical theory within the harmonic approxi- 
mation, (ii) inputting accurate numerical results for the Fourier components of the cubic anharmonic 
force constant (qs, q's',q’’s’’) and (iii) performing realistically accurate Brillouin zone summation 
over the phonon wavevectors q’ and q”, subject to appropriate energy and momentum conservation 
conditions. We will cover these points in turn. 

Ab initio schemes for obtaining phonon eigensolutions were discussed in sections 3.3.1.4 and 
3.3.2.1. In section 4.9 we discussed two schemes for the ab initio numerical evaluation of the cubic 
force constant terms Vy (0b,1'b',I"b"). And in section 4.8 we discussed a semi-ab initio scheme 
for a numerical evaluation of the third-order force constant tensor ‘Y(gs,q's’,q"s”). This is based 
on the continuum approximation for % in terms of temperature-dependent Griineisen constant < 
y(T) > calculated within the quasi-harmonic scheme and using phonon eigenvalues obtained from 
an ab initio scheme. 

The Brillouin zone summation over the phonon wavevector g” may be performed in two dif- 
ferent manners. In one approach, the momentum conservation condition can be removed by ex- 
pressing @(q") = o(¢+q' —G) = o(q+q’), where the +(—) sign is required for term 1(2) in 
the square bracket in equation (6.214). This consideration will require obtaining phonon frequen- 
cies for wavevectors q, q',q+q' and q —q’. In an alternative approach, the summation over g” can 
be retained, subject to the consideration q” = q +q' —G but requiring the input @(q’) explicitly. 
This is what was described in equation (4.50). We will adopt the second approach in the following 
discussion. 

Different choices for phonon wavevector grid can be made to perform numerical Brillouin zone 
summation over q’ and q”. For example, a Gaussian quadrature grid scheme, as employed by Broido 
et al (2005). Alternatively, the Monkhost-Pack scheme could be adopted, as discussed and employed 
in section 3.2.3.2. Care must be taken to ensure that the g-grid is dense enough to adequately sat- 
isfy the energy conservation condition dictated by the Dirac delta functions in equation (6.214). A 
Gaussian smearing of the Dirac delta functions helps achieve the process. This is done by expressing 
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with an appropriately chosen small value of the width o. In the same spirit, the momentum conser- 
vation conditions may also be relaxed in the form 
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where q®, is a vanishingly small positive quantity in wavenumber units. For the choice {q;} = {q)} = 
{qj} on a N1 x Np x N3 Monkhorst-Pack grid, we can consider a value of o slightly larger than 
the smallest frequency (assumed finite) on the grid, and g?, slightly larger than the smallest |qq| 
(assumed non-zero) on the grid. When making the momentum conservation test using equation 
(6.218) q” should be treated as a member of the group C(q), that is a symmetry-related member of 
the group of the wave vectors {q} inside the Brillouin zone, (cf equation (1.38)). 


6.10.2. AB INITIO TREATMENT OF FOUR-PHONON PROCESSES 


In section 6.4.2 we discussed the essential aspect of four-phonon processes. Let us consider the 
single-mode relaxation rate for a phonon mode qs arising from four-phonon interactions within 
first-order perturbation theory. Following the procedure adopted for three-phonon processes, the 
four-phonon relaxation rate in equation (6.104) can be written explicitly as 
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where Eygy5(0b,U'b' 1b" 1'"b"") are quartic force constant terms as defined in equation (4.159). 

The relaxation rate To! (4ph) can be calculated by employing the special g-points scheme de- 
scribed in the previous section for Pee (3 ph). It should be pointed out that numerical evaluation of 
both the fourth-order force constants =(0b,1'b' Ib" Ib") and the large number of summations in 
equation (6.219) will present huge computational challenges, as has been emphasized by Feng and 
Ruan (2016) and Feng et al (2017). 


6.10.3 SEMI-AB INITIO TREATMENT OF THREE-PHONON PROCESSES 


In section 4.8 we presented a semi-ab initio scheme for expressing the cubic anharmonic potential 
energy. Using equation (4.148) for %, the single mode relaxation time of phonon mode qs can be 
expressed, where pQ is the total atomic mass per unit cell, as 
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with the temperature-dependent mode-averaged Griineisen constant < y(T) > obtained as described 
in the sentence following equation (4.147). Note that the expressions in the square brackets in equa- 
tions (6.214) and (6.220) are identical, on account of the identities in equations (6.69) and (6.71). 


6.10.4 SEMI-AB INITIO TREATMENT OF FOUR-PHONON PROCESSES 


Using equation (4.157) for % , the single mode relaxation time of phonon mode gs can be expressed, 
where PQ represents the total atomic mass per unit cell, as 


th <y¥T)>? 


= 1 MM 
eleree TOMO) 
qs (4ph) 6p2(NoQ)2 road Dy u 
d's'.q''s", 
q's" .G 
1 @ +i) @"+1y@" +1) 
E (@it+l 54.q/.q'+q1"+G5(@ — 0! — ow" — @") 
la'(a” +1)@" +1) 
2 (i+1) a+q'.g"+q"+G9(@ + w' — 0" — o”) 
1 nin’ nl” 4 1 
"9 Tei Satara anea5(0 +0! +o" —al")). ee 


In general Tos (4ph) is a significantly weaker contribution compared to . (3 ph) at all temper- 
atures. However, the contribution of four-phonon processes towards the total anharmonic relaxation 
rate becomes important above the Debye temperature. Numerical test results suggest that of the 
three classes of four-phonon processes, it is the second class of the type q+q' = q"”+q" that 
makes the dominant contribution. 
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The method of special points and the procedure described in equations (6.217) and (6.218) can be 
adopted to carry out the summations over the wavevectors q’, g” and q’”. 

The expression in equation (6.221) can be converted to a very simplified analytical expression by 
using the high-temperature approximation for 7 and resorting to the isotropic continuum scheme, 
converting the summations over the wavevectors q’, g” and q’” to integrations over the Debye sphere, 
and summing over the polarisation indices s’,s’’ and s’” to account for allowed number of processes. 
Let us consider the diamond and zincblende cubic systems. Using the high-temperature approxi- 
mation for 7 = kgT /ha, the linear dispersion relation @ = cq and replacing the sum to integration 
Yq NO ie dqq’ within the Debye sphere of radius gp, Thomas and Srivastava (2017) obtained 
the following approximate analytical expression 


HT 7k <(T) > ay 
~ 216 mpo 
= BOT. (6.224) 


T (6.223) 


In estimating the numerical factor in this result, we have considered that on average there are six 
allowed combinations for each of the three classes of four-phonon scattering events and have used 
qp = (E51) 3, with p = 2 being the number of atoms per unit cell. The estimated value of B in 
equation (6.223) should provide a better alternative to the constant By(5y4 + y* —2y’7) in equation 


(6.107) which Ecsedy and Klemens (1977) obtained using a much more simplified procedure. 


Phonon Scattering in Solids 205 


6.11 AB INITIO TREATMENT OF ELECTRON-PHONON INTERACTION 


In section 6.5 we discussed electron-phonon scattering in doped semiconductors. The emphasis 
there was to derive relaxation rate of acoustic phonons due to their interaction with carriers forming 
either a semi-isolated (bound) state inside the semiconductor band gap or a broad band overlapping 
with the conduction band of the host. The interaction Hamiltonian was expressed using an acous- 
tic deformation potential. Interaction between electrons and optical phonons involves consideration 
of optical deformation potential in non-polar semiconductors and the Frélich Hamiltonian in po- 
lar semiconductors. The topic of electron-phonon interaction (EPI) is much more general than that 
discussion. Many physical properties of solids get influenced by EPI. Different levels of semiempir- 
ical model Hamiltonians have been employed to study EPI. These have been thoroughly discussed 
in several review articles and monographs, and we refer the reader to the books by Ziman (1960), 
Grimvall (1981), Mahan (1993), and Alexandrov and Devreese (2010). Ab initio treatment of EPI, 
based on the density functional perturbation theory (DFPT), has been developed since the late 1980s 
(see, e.g. Baroni et al (1987), Baroni et al (2001)). Excellent description of these developments bas 
been presented in the book by Martin (2004) and the review article by Giustino (2017). Here we 
outline the ab initio DFPT treatment of EPI using the planewave pseudopotential scheme. 
Following equation (6.110), we write the EPI Hamiltonian as 


Hep 


I 


/ dr°B* (r) AV ({x(Ib)})¥(r) 
ep drojs(r) bt, AVics({x(0b)} Ox (r) be; (6.225) 
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where ‘¥(r) are the second-quantised field operators defined in equation (6.111), @,(r) is the pseudo 
wavefunction and AVxs represents the change in the Kohn Sham potential due to displacements 
{u(lb)} = {x(Ib)} — {(1+6)} as defined in equation (4.1) 


as Bl! (Ib). (6.226) 
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After expressing u(Jb) using equations (4.9) and (4.32), we can express AVxg as 


AV«s({x(lb)}) =) AVKs (95) (ajs— 4-gs); (6.227) 
qs 
where 
AVgs(qs) = ef" OVks €a(b;gs)eit! (6.228) 
- Ti 2mpO(qs) AXq(Ib) 0 °°’ 
= ef Avxs(qs). (6.229) 


Using equations (6.225), (6.227) and (6.229), we now write the EPI Hamiltonian in the form 


Hey | dros, (r)e®” Avs (qs) dx (r)bjpbe (ai, — a-gs)- (6.230) 


kk'qs 


Adopting the reduced zone representation, we express ;(r) = Y, bkn(r) = e*!4" |nk >, where |nk > 
is the lattice-period part for electron wavector k and band index n. With this, equation (6.230) can 
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be expressed as 


Hp = dre’ Tek eg < mk! |Avxs (qs) |nk > 
nkmk' qs 
xb! by(al, — a_gs) (6.231) 
= YY Bnnlk,-+gs)dj a gbe(aj, — Ags); (6.232) 
nkmgqs 


where, making use of the Fourier theorem in equation (4.82), 


&mnlk, qs) =< m(k+q)|Avxs(qs)|nk > (6.233) 


is the electron-phonon matrix element. 


OVKS 
The term Oxq, (Ib) 


appearing in scattering potential Avgs(qs) can be obtained either by em- 
ploying the direct-space “supercell technique’ (cf section 3.3.1.4) or the momentum space DFPT 
formalism (cf section 3.3.2.1). In the ‘supercell’ approach, it is obtained as 


OVKs 
OX @( 


mae ~ [Vks(r Ta (Ib) + 8) —Vs(r; ta(1b)] /6, (6.234) 


where 6 is a small displacement along the direction @ of the b" atom in the /" unit cell. Within the 
pseudopotential DFPT formalism, Avxs(qs) is obtained as 


Avxs(qs) = Av4,(r) + ical a'| ary cay tele) Apt), (6.235) 


where fx. is an exchange-correlation kernel and 
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(including a factor of 2 to account for spin degeneracy). 

Let us denote by | fxngs > a state which has f; electrons and ng, phonons and remember the 
effects on this state of the creation and annihilation operators for electrons (bj and b,) and for 
phonons (aj, and dgs) as given in equations (6.112) and (4.38) . The matrix element for the EPI 
process k+q — k’ is then 


M, 


mk+qs,nki = (Fk! gs — 1 |Hep erie Ngs) 
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And the transition rate for the phonon absorption process k +g > k’ is 
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Similarly, the transition rate for the a emission process k + q +k’ is 
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The expression in equations (6.238) and (6.239) can be used to calculate many electronic properties, 
including the relaxation rate of an electron in state nk (Grimvall, 1976). It can also be used to 
calculate the relaxation rate of a phonon in state gs. The phonon relaxation rate is 
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qs 


Here figs is the Bose-Einstein distribution function, fink 18 the Fermi-Dirac distribution function 
and the additional factor of 2 in the last step accounts for the spin degeneracy of electron states. 
The Brillouin zone summation in equation (6.240) can be carried out by employing the special 
wavevector-points scheme discussed in section 6.10.1. 
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Phonon Relaxation and 
Thermal Conductivity in 
Bulk Solids 


In this chapter we apply the theories developed in Chapters 4-6 to study phonon relaxation rates 
and thermal conductivity in bulk semiconductors and insulators and compare the results with exper- 
iment. 


7.1 RELAXATION RATE DUE TO ISOTOPIC MASS DEFECTS 


In figure 7.1(a) we present numerical results for phonon relaxation rate due to isotopic mass de- 
fects in enriched Ge. While the results obtained by using the isotropic continuum theory (see equa- 
tion (6.36)) increase continuously as the fourth power of frequency, the results obtained from first- 
principles (see equation (6.34)) show the frequency variation of the type @*g(@), where g(@) is a 
realistic phonon density of states (see figure 2.19(b)). Only in the low-frequency regime does the re- 
sult from the isotropic continuum model agree with the result from first-principles. This is because, 
as seen in figure 7.1(b), similar results for the funcion t. /@ « g(@) are only obtained from the 
two levels of theory in the low-frequency regime of up to 1.5 THz with linear dispersion relation 
for acoustic branches (see figure 3.4). Departure from realistic mass defect relaxation rate for high 
phonon frequencies is a general feature of the isotropic continuum theory. 


7.2. SPECTRUM OF THREE-PHONON RELAXATION TIMES — AB INITIO RESULTS 


As discussed in sections 4.3 and 6.4.1, anharmonic relaxation of a phonon mode qs due to three- 


phonon processes can be contributed by class 1, or coalescence, events gs +q's’ > q's" as well 


as class 2, or decay, events gs > q's’ +q"s". Figure 7.2(a) presents a spectrum of the total 
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Figure 7.1 (a) Phonon relaxation rate, ae due to isotopic mass defects in enriched Ge. (b) Plot of i / wo 
vs @. Results from the isotopic continuum model are compared with results obtained from first-principles. 


Data points in black circles (IC) and coloured squares (FP) are the results from the applications of the isotropic 


continuum and first-principles methods, respectively. 
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Figure 7.2 (a) Anharmonic phonon relaxation times, arising from three-phonon processes in Si, for wavevec- 
tors along high symmetry directions in the Fcc Brillouin zone. Close to T along IK, from top to bottom are the 
curves for the TA1, TA2, LA, LO, TO1 and TO2 branches, respectively. [Original diagram in colour.] Repro- 
duced from Garg et al (2014). (b) Phonon dispersion curves for Si. 


three-phonon relaxation time of phonon modes in Si along the high symmetry directions in the 
Fcc Brillouin zone, computed fully ab initio by Garg et al (2014) at 50, 100, 300 and 500 K. Many 
interesting and useful observations can be made by scrutinizing these results. To facilitate discus- 
sion we have presented the phonon dispersion curves in Si in figure 7.2(b) (which essentially has 
the same information as in figure 2.12(b)). 

Firstly, the relaxation times of long wavelength modes, acoustic as well as optical, are isotropic. 
This observation, together with the linear dispersion relations for acoustic modes, can be considered 
to validate the frequency and temperature dependences of Toh as obtained using the elastic contin- 
uum model (see, section 6.4.1.4). Secondly, in general, long wavelength acoustic phonon modes are 
much longer lived compared to long wavelength optical modes. Thirdly, in contrast to optical modes, 
the relaxation time of an acoustic mode changes by a huge amount when its wave vector changes 
from the zone centre to the zone edge. In the next section we will provide a detailed discussion on 
the lifetimes of acoustic and optical modes governed by the three-phonon decay processes. 

Ma et al (2014) analysed the frequency dependence of the room-temperature relaxation times of 
the TA and LA phonons in Si. For this purpose, they averaged the relaxation times by using 


_ Fu t(o(qs))8(@— 0(gs)) 
= se Oa) 


with the delta function approximated with the Gaussian function of an appropriate broadening factor. 
Figure 7.3 shows the plots for the N and U processes for the LA TAI and TA2 branches. As indicated 
in the figure, ca  @? for all three acoustic branches. For the LA branch TN ' scales as @?. For 
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Figure 7.3 Frequency dependence of room-temperature anharmonic relaxation rates of LA and TA phonons 
in Si. [Original diagram in colour.] Reproduced from Ma et al (2014). 


the TA branches ty ' scales as @ at low frequencies and as @ at higher frequencies. It was also 
pointed out that the anharmonic relaxation rate for the LA branch scales as w? for high symmetry 
crystals (such as Si with point group O;), while it is @? and perhaps * for crystals with lower 
symmetry. These first-principles results are in general agreement with the discussion provided in 
section 6.4.1.4. 


7.3. ANHARMONIC DECAY OF PHONONS 


Because of the anharmonicity of lattice forces, a super-thermal or high-frequency phonon (h@ >> 
kgT), optical or acoustic, can decay into phonons of lower frequencies, subject to momentum and 
energy conservation rules (see equation (4.49). Such a decay can be spontaneous as well as tem- 
perature dependent. The spontaneous decay is an example of a single-mode relaxation, as the decay 
process requires that only the high-frequency phonon be in excess population and that all other 
phonons remain in equilibrium. Several experimental methods can be applied to study anharmonic 
decay of phonons. These include Raman scattering, inelastic neutron scattering, time-resolved in- 
frared absorption measurements and the method of vibronic sideband spectroscopy. Some of these 
methods are described in detail by Bron (1980). 


7.3.1 HIGH-FREQUENCY ACOUSTIC PHONONS 


High-frequency phonons usually have wavevectors close to the Brillouin zone boundary. Such 
phonons can decay into two phonons of lower frequencies and lower wavevectors, subject to the 
energy and momentum conservation rules. 
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TA PHONONS 


Long life-times, of the order of microseconds or greater, have been observed for TA phonons in insu- 
lators and semiconductors (Grill and Weis 1975, Ulbrich et al 1980, Hu et al 1981, Lengfellner and 
Renk 1981, Baumgartner et al 1981). The experiments by Lengfellner and Renk (1981), performed 
between 3 and 20 K, also give evidence of strongly-temperature-dependent anharmonic lifetimes of 
zone-boundary TA phonons in thallium halide crystals. 

The first-principles results in figure 7.3(a) confirm that in Si the near-zone-edge high frequency 
transverse acoustic (TA) phonons have, on average, the longest relaxation times of all phonon modes. 
This figure also shows strong temperature depence of the anharmonic lifetimes of TA phonons at 
low as well as high temperatures. The anharmonic lifetime of zone-edge TA phonons is due to 
their decay into two TA phonons of lower frequencies, such as TA; + TA; + TA;, with i = 1,2 and 
@(TA;) > @(TA;). Such a process is more likely to happen in anisotropic crystals, which are better 
characterised by non-degenerate transverse acoustic branches. 


LA PHONONS 


As discussed in section 6.4, anharmonic decay of high-frequency longitudinal acoustic (LA) phonons 
into two (or more) phonons of lower frequencies can take place both at low and high temperatures. 
The decay at low temperatures is spontaneous (temperature independent). It was shown in equation 
(6.91) that the spontaneous decay rate of a LA phonon via N-processes varies as the fifth power of 
the frequency of the decaying phonon: tT), ' & @°. This behaviour was first explained by Slonimskii 
(1937) and derived in several theoretical works, including Benin (1972) and Srivastava (1976d). 
Benin (1972) has argued that if the LA phonon has a large enough wave vector, the contribution of 
U-processes is similar to that of N-processes: Ty ~ Ty. 

In the theoretical work of Orbach and Vredevoe (1964), it was claimed that the process LA > 
LA+ TA dominates over the process LA —> TA+ TA. In contrast, based on simple arguments within 
the contnuum model, Klemens (1967) concluded that the decay channel LA + TA+ TA dominates 
over the channel LA + LA+ TA. From numerical calculations, based on a phenomenological lattice 
dynamical model, of the decay rate of high-frequency LA modes in CaF at low temperatures, Tua 
and Mahan (1982) confirmed the dominance of the LA > TA+ TA channel. This was reconfirmed by 
Tamura (1985) who made numerical calculations, using the second and third-order elastic constants 
in the isotropic model. Further confirmation of this comes from the numerical estimates made by 
Mohamed et al (2021) who find that in quasi-isotropic I]-nitrides the dominant anharmonic decay 
process is LA—> TA+TA. 

Experimental verification of the @° decay rate of LA phonons with frequencies between 1.5 and 
3 THz in CaF? is given in the work of Baumgartner ef al (1981). Lengfellner and Renk (1981) used 
time-resolved far infrared laser spectroscopy to study anharmonic decay of zone-boundary phonons. 
Their experiment, performed at crystal temperatures between 3 and 20 K, gives evidence of strongly 
temperature-dependent anharmonic life-times of zone-boundary phonons. In fact their experiment 
indicates that the probed phonons decay at higher temperatures by decaying into ‘thermal’ phonons 
(ho jan kg T). 

Chou et al (2019) reported measurements of the lifetimes of LA phonons in wurtzite GaN. They 
also performed first-principles calculations of the anharmonic lifetimes of LA modes propagating 
along the c axis of GaN. A combined analysis of their experimental and theoretical works sug- 
gests that explanation of room-temperature long-lived THz LA modes requires their interaction with 
acoustic as well as optical phonons. 


7.3.2 LONG WAVELENGTH OPTICAL PHONONS 


Anharmonic forces in solids can also lead to decay of optical phonons. In principle, both N and U 
processes can contribute to decay of optical phonons. However, the most significant is the N-type 
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decay of g ~ 0 optical phonons of frequency @,,(q) into two acoustic phonons @/(q’) and w”(q”), 
which satisfy 


q q +q" = 0 
Op = a +0". (7.2) 


The basic theoretical framework for studying the lifetime of long wavelength optical phonons 
was established decades ago (Maradudin and Fein (1962), Cowley (1963), Balkanski et al (1983), 
Menéndez and Cardona (1984)). Numerical calculations of the lifetime of the zone-centre LTO mode 
in Si, Ge and diamond were performed by Cowley (1965) by using parametrised forms of har- 
monic and cubic anharmonic models. Several phenomenologically simpler approaches have been 
developed for non-polar as well as polar semiconductors. Some of these are by Klemens (1966), 
Vallée and Bogani (1991), Ridley (1996) and Barman and Srivastava (2004). In the so-called Kle- 
mens channel (Klemens, 1966) an optical phonon decays into two acoustic phonons with opposite 
wavevectors (op — ac + ac). The Ridley channel (Ridley, 1996) considers an optical phonon to de- 
cay into an optical phonon of lower branch and an acoustic phonon (op — op (lower branch) + ac). 
Vallée and Bogani (1991) considered the decay of an optical mode into a lower mode of the same 
branch and an acoustic mode (op — op (same branch) + ac). Barman and Srivastava (2004) pointed 
out that in crystals with several atoms per unit cell, characterised with more than one set of LO and 
TO branches, further channels may also contribute in the decay of an optical mode (op (branch s) 
— op (branch s’) + op (branch s”), where the sth branch is higher than the s’th and s’’th branches. 
Simple schematic illustrations of these decay channels are presented in figure 7.4. 

As we have briefly discussed in section 6.4, in the presence of anharmonicity an optical mode 
perturbs the force constants with alternating signs from linkage to linkage. This reduces the acous- 
tic mode frequencies by a factor VR = (2/3)(B; — Bo) /(B1 + Bz). Using essentially the theory 
described in section 6.4, but a rather simplified expression for the anharmonic Hamiltonian, Kle- 
mens (1966, 1975) derived the following approximate result for the relaxation rate for the process 
in equation (7.2): 


a Mv? |3\B, 48) | +2Oor/2)], (7.3) 


where M is the atomic mass, v is the velocity of the acoustic phonons and /is the Griineisen constant. 


po} = 25? AMp F (6: 2) 


(a) Klemens channel (b) Ridley channel with flat TO branch 


(c) Ridley channel with dispersive TO branch (d)Vall’ee—Bogani channel 


Figure 7.4 Schematic illustration of possible three-phonon decay channels for a zone-centre optical phonon. 
Klemens channel, Ridley channel, and Vallée and Bogani channel for systems with two atoms per unit cell (e.g. 
diamond and zincblende structures) are illustrated in panels (a)—(d). Panel (e) shows an example of Barman- 
Srivastava channel for systems with more than two atoms per unit cell (e.g. wurtzite structure). 
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An accurate description and numerical evaluation of the decay rate of a long wavelength, or near 
zone-centre, optical phonon mode can be made by using the ab initio treatment of three-phonon 
processes in section 6.10.1. From equation (6.214), the decay rate of a phonon mode of polarisation 
s and gq = 0 can be expressed as 


oi = mh 
Os _ 8NoQ : 
bio b'la's b"| —@'s" = 
. €a(D| seg ( Iq's’ )ey( | 5") YY ap y(0b,1'b' ,0"b") 
q bb /mpmy myn @ (0s) (q's) @(q's”) Vy! 
gis! Gpy 
x (1+a(a(q's’)) +2(@(q's"))5 (@(0s) — w(q's’) — a(q's")). (7.4) 


Using the semi-ab-initio treatment in section 6.10.3, a simpler expression for the decay of a 
zone-centre optical phonon can be obtained from equation (6.220) 


mh <y(T)>? 


‘oe = 2pMQa2. @ 
x (1 +a(o(q's')) +A(a(q's"))8(@(0s) — @(q's’) — o(q's")). (75) 
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Note that in writing both expressions above we have neglected the contribution from U processes 
by setting G = 0. Both the ab initio and semi-ab initio expressions for the optical decay rate can be 
evaluated numerically by replacing the Dirac delta function by a Gaussian as expressed in equation 
(6.217) and by performing the Brillouin zone summation over q’ by using the special wavevector 
scheme described in section 3.2.3.2. 

Debernardi and co-workers used the ab inito expression in equation (7.4) to calculate the life- 
times of the zone-centre LTO modes in diamond structure semiconductors (Debernardi et al, 1995) 
and of the TO and LO modes in zincblende structure semiconductors (Debernardi, 1998). Barman 
and Srivastava (2004) used an expression similar to that in equation (7.5) but performed numerical 
calculations using the isotropic continuum scheme as explained in section 6.4.1.4. They investigated 
the relative contributions of allowed decay channels of LO and TO modes in semiconductors in cubic 
and hexagonal structures. Srivastava (2009) used a semi-ab initio expression similar to that in equa- 
tion (7.5) and performed realistic Brillouin zone summation for cubic and hexagonal structures for 
IlI-N materials using phonon dispersion relations obtained from the adiabatic bond charge model. 

Debernardi et al (1995) found that in diamond the Klemens channels LTO + TA + TA (& 31%) 
and LTO — LA+LA (® 15%) dominate. In contrast, in Si and Ge the Ridley channel LTO > TA+LA 
dominates (> 94%). The relative importance of different channels for the decay rate of TO and LO 
phonons in zincblende materials depends on their phonon dispersion spectrum (Debernardi, 1998). 
The dominant mechanism for the decay of TO phonons is via the Klemens channel TO > TA + LA 
(> 95 %) in GaAs and GaP, but via the Klemens channel TO — LA + LA (100%) in AlAs and InP. 
The dominant mechanism for the decay of LO phonons is via the Klemens channel LO — TA + LA 
(96 %) in GaAs, and via the LO > LA + LA (& 95%) in GaP and AlAs, but via the Ridley channel 
LO — TO + LTA (99%) in InP. Debernardi’s work also finds that the decay rate in InP is an order 
of magnitude smaller than in GaAs, GaP and AlAs. This is because the Ridley process occurs in a 
small region of momentum space around the zone centre with vanishingly small contribution. 

Barman and Srivastava (2004) examined trends in results. They predicted that in zincblende ma- 
terials compared to the LO mode the anharmonic lifetime of the TO mode is shorter, similar and 
longer when cation/anion mass ratio is larger, similar and smaller than unity. They found that Kle- 
mens channel is forbidden in zincblende materials with cation-anion mass ratio larger than 3, such 
as InP, InN, GaN and AISb. They also found that GaAs, with cation/anion mass ratio of 0.93, is the 
only INJ-V material for which the Vallée-Bogani channel provides an important contribution in the 
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decay of the LO mode. Furthermore, they found that in general for a given material the lifetime of 
the A;(LO) mode in the wurtzite phase is smaller than the lifetime of the LO mode in the zincblende 
phase. This is due to an intricate balance between the reduction of the contributions from the Kle- 
mens and Ridley channels, and development of contribution from the Barman-Srivastava channel in 
the wurtzite phase. However, GaN is noted as an exception for which the Ridley channel provides 
the sole contribution for the decay of the LO mode in the zincblende phase and also for the A; (LO) 
mode in the wurtzite phase. While in general agreeing with these predictions, further work on II-N 
materials by Srivastava (2009) pointed out that consideration of realistic Brillouin zone integration 
and use of realistic phonon dispersion relations play important roles in determining effective decay 
mechanisms. 

Experimentally, anharmonic lifetimes of zone-centre phonons are usually extracted from their 
Raman linewidths. The Raman linewidth (full width at half maximum, or [pwum) of a phonon 
mode is related to its lifetime Tt as! 

Tewn = At. (7.6) 


Menéndez and Cardona (1984) have summarised some experimental and theoretical determinations 
of the low-temperature FWHM of Raman phonons in diamond structure semiconductors. Parker et 
al (1967) observed the first-order Raman line in silicon, situated at 522 cm~!, to have a half-width 
Aq@ of 5 cm~! at room temperature. Klemens’ estimate of t~! = Aq is in good agreement with 
experiment. Klemens’ estimate for the decay rate of g = 0 LO phonons is also in good agreement 
with the width of the 1332 cm~! first-order Raman line in diamond (Krishnan 1946, Solin and 
Ramdas 1970) in the temperature range 15 to 970 K. A detailed discussion of comparison between 
ab initio theory and experimental measurements can be found in Debernardi et al (1995) for C, Si 
and Ge, and in Debernardi (1998) for GaAs, GaP and InP. The work by Debernardi et al (1995) 
clearly suggests that the experimental values of FWHM for the LTO mode in C, Si and Ge are 
larger than the anharmonic contribution computed from the ab initio theory. Similarly, the work by 
Debernardi (1998) found that the anharmonic contribution to the FWHM for the LO and TO modes 
in GaAs, GaP and InP is smaller than the experimental values. 

When comparing experimental and theoretical values of Raman linewidths, two factors must be 
kept under consideration: sample quality and sample temperature. As is well appreciated, real crystal 
samples do contain defects which also contribute to the broadening of Raman lines. In addition, 
at temperatures above the material Debye temperature anharmonic contributions higher than three- 
phonon decay must be included in theoretical calculations. It is fair, therefore, to express the FWHM 
as 


Trwum = htjotocts + RT5oh af: Ath (7.7) 


before attempting to compare theoretical and experimental values. The four-phonon contribution 
RTs to FWHM has been discussed in several works, including Maradudin and Fein (1962), Cowley 
(1963), Balkanski et al (1983), and Menéndez and Cardona (1984). Phonon relaxation rate due to 
four-phonon processes has also been discussed in sections 6.10.2 and 6.10.4. A word of caution may 
be appropriate here. As different samples usually contain unknown types and amounts of defects, the 
contribution ee cts May not be ascertained accurately, and hence comparison between experiment 
and theory may not always be made consistently. 


7.4 LATTICE THERMAL CONDUCTIVITY OF UNDOPED SEMICONDUCTORS AND 
INSULATORS 


In Chapter 5 we derived expressions for lattice thermal conductivity using two different theoret- 
ical routes. One route was to solve a linearized version of Boltzmann transport equation (BTE) 


‘tf c—! is in units of THz, then 5.2677! gives [wu in units of cm7!. 
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and the other route was to follow the Kubo linear response formalism. In section 5.2 we described 
four different levels of the relaxation time approach for solving the BTE. In section 5.3 we de- 
scribed variational and complementary variational approaches for solving the BTE. Relaxation time 
formulations of solving the BTE have received most attention for numerical calculations of the 
conductivity. Relatively less effort has been made towards numerical calculations of the conductiv- 
ity using variational methods. In this section we present and describe lattice thermal conductivity 
results obtained from applications of both the relaxation time and variational methods. 

Before presenting and discussing thermal conductivity results, a brief mention of challenges 
involved in making numerical calculations is in order. To appreciate these issues, let us remind 
ourselves that thermal conductivity calculations for crystalline insulators require the following in- 
gredients: phonon eigensolutions (phonon dispersion relations @ = @(qs) and phonon eigenvectors 
e(b;qs)) for all phonon branches; phonon density of states g(@); atomic isotopic information; an- 
harmonic (third- and forth-order) force constants; and a method of performing accurate Brillouin 
zone integration. 


7.4.1 RELAXATION TIME RESULTS 


Relaxation time theories can be grouped in five categories: simple phenomenological approach, 
complex phenomenological approach, non-phenomenological isotropic continuum approach, semi- 
ab initio approach and fully ab initio approach. A brief description of these follows. 


7.4.1.1 Simple phenomenological approach 


During 1960s, after the development of Callaway’s theory in 1959 (see section 5.2.3), numerical 
evaluations of Ksmmt (the single-mode relaxation time expression in equation (5.26) and Kc (Call- 
way’s expression in equation (5.47)) were performed mostly by considering only acoustic phonon 
branches, isotropic and linear dispersion relation @ = cq, Debye’s density of states expression (equa- 
tion (2.115)), phenomenologically chosen simple forms of anharmonic relaxation times, and carry- 
ing out momentum space integration over Debye’s sphere of a radius of an adjustable size. For 
example, the conductivity expression in Callaway’s paper is 


He = =*-(h+Bh), 78) 
where er ’ ries 
A= | 7 wo( =>) Par al (7.9) 
and 


kgOp/h T ho 2: ho/kgT 
b= [ c ) oda. (7.10) 


tw \kpT eli@/kgT _ 1)2 


In the above equations @ = qc, with c as an average (acoustic) phonon speed, and the Debye temper- 
ature Op is related to the Debye frequency @p or the Debye radius gp as kp 9p/h = @p = cqp. The 
isotopic mass scattering rate is A@*, with calculated from available isotopic masses (see equations 
6.36 and 6.37). The low-temperature three-phonon scattering rates were taken as Ty ' — Byo@’T? 
and T, ' — By wT? exp(—Op/aT). This simple scheme, thus, used five adjustable parameters: c, 
By, By, a and Op. 


7.4.1.2 Detailed phenomenological approach 


Holland (1963) introduced a couple of changes for evaluating the integrals J; and J) in the Call- 
away’s conductivity expression in equation (7.8). These integrals were evaluated by taking into 
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account explicit contributions from TA and LA phonon polarisations. Acknowledging the impor- 
tance of using realistic phonon dispersion relations, he used different values of phonon speeds ct a 
and c,a, different values of @p and different values of By and By in different frequency ranges. 
However, despite the use of several of these adjutable parameters, it was not possible to fit the 
high-temperature conductivity data satisfactorily. Guthrie (1966) argued that in expressing T las 
@"T™, the exponent m should be defined as m; for Class J and my; it Class 2 type three-phonon 
events. He derived upper and lower bounds for my and myy. Joshi et al (1970) recognised the im- 
portance of introducing the role of four-phonon processes at high temperatures. They expressed 
Ty = By@°T*, where By is an adjustable parameter. Sharma et al (1971) and Dubey and Verma 
(1973) incorporated the ideas of Holland (1963) and Guthrie (1966) and proposed to evaluate the 
Callaway conductivity expression by using three-phonon scattering rates in the form B;@”"T™ and 
By@"T™! for TA and LA phonons involved in N and U processes. In different temperature ranges 
different values of the exponents m; and m;; were considered. Clearly, these considerations generate 
a plethora of adjustable parameters. Also, it should be noted that while consideration of parameters 
for anharmonic relaxation rates was based on partial consideration of phonon dispersion relations, 
the treatment of mass-defect scattering rate remained based on linear dispersion relation. Kaviany 
(2008) has compiled expressions and adjustable parameters for three-phonon relaxation rates used 
in different works for numerical evaluation of thermal conductivity. 


7.4.1.3 Non-phenonomenological isotropic continuum approach 


One of the first works which attempted a non-phenomenological approach for three-phonon scat- 
tering rates, though using the isotropic harmonic and anharmonic elastic continuum schemes and 
treating Griineisen’s constant as an adjustable parameter, is due to Srivastava (1974). Equation (6.85) 
presents the expression for the single-mode relaxation time and equation (6.86) presents an effective 
U-processes relaxation time. Detailed numerical calculations of the anharmonic relaxation rates and 
the thermal conductivity using this treatment appeared in further works (Srivastava 1976a, 1976d). 
An ad hoc treatment of acoustic-optical phonon interactions and the role of optical phonons in the 
conductivity was added to the formalism (Srivastava, 1980). 

Using the Debye dispersion scheme described in section 2.6, an expression for the single-mode 
phonon relaxation time was derived in equation (6.85). Using this result for acoustic—acoustic 
phonon interaction and using the Debye scheme for evaluating the integral for the thermal con- 
ductivity in equation (5.26) we can express the smrt or the Debye result as 


= ir gh 2 are see 
Hana = Hy = Pg Let f dex'ta(a +1), (7.11) 
where x = q/gqp, and T and fi are functions of x and the polarisation s. With the effective relaxation 
time defined in equations (5.54)—(5.60) and (6.85)—(6.87) the model conductivity given in equation 
(5.61) can be expressed within the Debye scheme as 


Kk = a (Ea [ee Tii(fi + 1) 


| (Ye Of, dex tate ih (i +1))” 
Yo Ig dextty (1 — tty \a(a+1) ) 


As explained in section 5.2, with t, = T equation (7.12) becomes the Callaway result -%c. 

The results in figure 7.5 show that the calculated thermal conductivity results for Si, GaAs and 
LiF using Srivastava’s model expression Ks (see equation 5.61) agree well with experimental mea- 
surements at low temperatures. Figure 7.6 shows the conductivity results using the “mr, #5 and 
Ac formalisms for Geballe and Hull’s natural sample of Ge. Clearly, % lies in between “mr and 
KC. 


(7.12) 
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Figure 7.5 Lattice thermal conductivity of Si, GaAs and LiF. The solid curves are the results of the model 
conductivity .% (see equation (5.61)). The open dots are experimental results (Holland and Neuringer, 1962 
for Si; Holland, 1964 for GaAs; Thacher, 1967 for LiF). In (c) the curve with crosses represents “mrt and the 
dotted curve is the N-drift contribution “j_<rife (see equation 5.37). Reproduced from Srivastava (1980). 
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Figure 7.6 Lattice thermal conductivity results for the Geballe and Hull’s natural sample of Ge using three 
different relaxation-time formalisms: “mrt from the smrt theory, ~c from Callaway’s theory and .% from 
Srivastava’s theory (see chapter 5). Symbols represent the numerical data from Table 4 in Srivastava (1976a) 
and the solid lines are fit to the data points. 


7.4.1.4 Semi-ab initio approach 


Using the semi-ab initio treatments of three-phonon and four-phonon scattering rates as described 
in equations (6.220) and (6.223), equation (6.34) for isotopic mass defect scattering rate and the 
special wavevector scheme for Brillouin zone summation, Thomas and Srivastava (2017) performed 
numerical calculations of “mrt and %c for Si and Ge. They also computed results using the Allen’s 
variant (Allen, 2013) of Callaway’s theory. The phonon eigensolutions were obtained using the 
DFPT method described in section 3.3.2.1. 

Temperature variation of the mode-average Griineisen constant, using equation (4.147), is shown 
in figure 7.7. The results suggest that, in the context of transport calculations in these materials, 
there is a strong temperature variation of the mode-average Griineisen constant (and hence of the 
anharmonic force constants) up to about 100 K. The conductivity results over the wide temperature 
range 5—1700 K are presented in figure 7.8. Boundary, isotopic mass defect and three-phonon scat- 
tering rates are included at all temperatures. Four-phonon scattering rates were included close to and 
above the Debye temperature. It is pleasing to see that without the need for adjusting any variable 
or parameter, the computed theoretical results agree with carefully measured experimental results 
throughout the wide temperature range. The high-temperature conductivity variation in both Si and 
Ge is T~! when only three-phonon processes are included. This changes to the experimentally de- 
duced T~!:! variation when both three- and four-phonon processes are included. The Callaway’s 
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Figure 7.7 Temperature variation of < y >= 4/ P (root-mode-square average Griineisen constant) for Si 
(upper curve) and Ge (lower curve). [Original diagram in colour.] From Thomas and Srivastava (2017). 
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Figure 7.8 Lattice thermal conductivity of Si and Ge calculated within the semi-it ab initio scheme developed 
by Thomas and Srivastava (2017). The importance of the role of four-phonon processes in explaining the high- 
temperature results is highlighted. The solid (D 3p), dashed (C 3p) and dotted (A 3p) curves result from the 
Debye (i.e. smrt), Callaway and Allen conductivity expressions, respectively, with anharmonicity at the three- 
phonon level. Effective sample lengths used are Lg = 4.5 mm in the case of Si and Lg = 2.5 mm in the case 
of Ge, as reported in Glassbrenner and Slack (1964). Experimental measurements are shown by symbols: for 
Si open circles (expt GS) from Glassbrenner and Slack (1964) and filled triangles (expt Ful) from Fulkerson 
et al (1968); for Ge open circles (expt GH) from Geballe and Hull (1958), filled triangles (expt Abeles) from 
Abeles et al (1962) and open triangles (expt GS) from Glassbrenner and Slack (1964). For both Si and Ge, the 
golden colour solid curve (D 3 + 4p) results from the Debye (i.e. smrt) expression with four-phonon scattering 
included. [Original diamgram in colour.] From Thomas and Srivastava (2017). 


conductivity result (.%c) is only slightly higher than the smrt result (Zmr): less than 1% at 300 
K and approximately 2.5% at 1000 K. These differences are much smaller than those in figure 7.6 
obtained using the isotropic continuum theory. 


Heat conduction by separate phonon branches 


Figure 7.9 shows the contributions to the solid curve (D 3p) in figure 7.8 from the acoustic phonon 
branches. There are a few points to note from the results in panels (a) and (b). Throughout the 
temperature range, the contribution from the TA phonons is higher than that from the LA phonons. 
This difference becomes larger as temperature lowers below 70 K. The contribution from the TA 
phonons decreases and that from the LA phonons increases as the temperature increases up to about 
100 K. The contribution of TA phonons is 70% at 70 K, which increases to 98% at 5 K. In contrast, 
the contribution of LA phonons is 30% at 70 K, which increases to 2% at 5 K. At and above room 
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Figure 7.9 Contributions from acoustic phonons towards total thermal conductivity. Plotted are Kgmrt(TA), 
Kemrt(LA) and Ksmrt (solid curve in figure 7.8). Calculated by the author, using exactly the same code which 
was employed for producing figure 7.8. 
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Figure 7.10 Same as figure 7.9 after setting qc! (bs)t7! (md) = 0. Calculated by the author, using exactly 
the same code which was employed for producing figure 7.8. 


temperature the TA and LA phonons make approximately 60% and 20% contribution, respectively. 
These findings for the relative contributions from TA and LA phonons are governed by the combined 
roles of specific dispersion spectrum for each phonon branch, occupation number for each phonon 
mode according to the Bose-Einstein distribution function and phonon lifetimes from boundary, 
mass-defect and three-phonon scatterings. In order to check the role played by the inclusion of 
boundary and mass-defect scatterings, we have presented results in figure 7.10 for a hypothetical Si 
sample for which three-phonon processes are considered as the only source of phonon scattering (i.e. 
when boundary and mass-defect scatterings are absent). Clearly, the relative contributions of the TA 
and LA phonons are interchanged at temperatures below approximately 70 K. At high temperatures, 
where anharmonic scattering dominates, the results are similar to that in figure 7.9. 


Role of optical phonons 


The uppermost curve in figure 7.9(b) shows the total percentage contribution from the acoustic 
branches. From this is it clear that up to about 100 K almost all conduction is contributed by acoustic 
phonons. The contribution from optical phonons (difference between the solid curve in figure 7.8 
and the top curve in figure 7.9) becomes noticeable above 100 K, reaching approximately 3% at 300 
K and 6% at 1500 K. 

Logachev and Yur’ev (1973), Ecsedy and Klemens (1977), and Srivastava (1980) made phe- 
nomenological considerations to understand the role of optical phonons in thermal conduction. Let 
us consider a crystal structure with two atoms per unit cell. It would be convenient to consider two 
extreme cases of the mass ratio: m,/m 2 ~ 1 and 1 < m;/m2 < 4. The Debye and Debye-Einstein 
dispersion relations can be used for the two cases, respectively (see section 6.4.1.5). Owing to small 
group velocity, optical phonons usually carry only a small percentage of total heat. On the other 
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Figure 7.11 Lattice thermal conductivity of Si, obtained from a fully ab-initio approach using different 
relaxation-time methods of solving the linearized phonon Boltzmann equation. Here the legend ‘RTA’ stands 
for ‘smrt’. Reproduced from Ma et al (2014). 


hand, acoustic—optic phonon scattering processes significantly reduce the contribution of acoustic 
phonons towards the thermal conductivity at high temperatures. 


7.4.1.5 Fully-ab initio approach 


Lattice thermal conductivity results using the fully ab-intio approach have recently been presented 
by several groups (Ward and Broido 2010, Chaput 2013, Garg et al 2014, Mingo et al 2014, Ma 
et al 2014, Feng et al 2017). The method for obtaining the basic ingredients for these calculations 
has been described in chapters 3-6. Figure 7.11 shows the results obtained by Ma et al (2014) for 
Si using the smrt theory, Callaway’s model, Allen’s model and the iterative approach. Their work 
considered only three-phonon events for phonon anharmonic interactions. In general, the results 
show the trend “atten > 4c > iterative > “smrt- In agreement with the results obtained from the 
semi-ab initio theory in figure 7.10, this work shows that there is very little difference between the 
results obtained from these theoretical models at room temperature and above. There are, however, 
some differences below 100 K. 

Feng et al (2017) performed detailed calculations of the thermal conductivity of naturally oc- 
curring boron arsenide (BAs), Si and diamond by employing the iterative solution of the phonon 
Boltzmann equation. The main focus of their work was to examine the role of four-phonon inter- 
actions in explaining the high-temperature thermal conductivity of these materials. Their results, 
shown in figure 7.12, are compared to available experimental data. Here .%(3ph) and .%(3ph + 
4ph) show results using anharmonic interactions at three-phonon scattering alone and three- and 
four-phonon scatterings, respectively. The predicted .% (3ph) results for Si and diamond agree with 
experimentally measured data below Debye temperature (i.e. below 600 K for Si and below 900 K 
for diamond). Above Debye temperature the predicted .% (3ph + 4ph) results match well with the 
measured data. At 1000 K, .% (3ph) overpredicts the measured data by 26% for Si and by 31% for 
diamond. Note that the application of the semi-ab initio theory also concluded the same level of the 
role of four-phonon scattering in explaining the thermal conductivity of Si and Ge (see figure 7.6). 

Thermal conductivity of BAs is amongst the highest of known materials. Feng et al (2017) noted 
that inclusion of four-phonon interaction generates huge reduction in the conductivity of naturally 
occurring BAs. Even at room temperature the conductivity is reduced from 2241 to 1417 W/m K. 
At 1000 K the reduction grows to over 60%. It is found that for many frequencies the four-phonon 
scattering rate is comparable to, or even much stronger than, the three-phonon scattering rate. The 
significant role of four-phonon processes has specifically been identified for phonons with higher 
frequencies, as indicated in figure 7.13. 
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Figure 7.12 Lattice thermal conductivity of BAs, obtained from a fully ab-initio approach using the iterative 
relaxation-time method. Dashed lines give .# (3ph) and solid lines give .%(3ph + 4ph). Symbols represent 
measured data: for Si triangles (Ruf et al, 2000), squares (Abeles et al, 1962), circles (Glassbrenner and Slack, 
1964); for diamond triangles (Wei et al, 1993), squares (Onn et al, 1992), circles (Olson et al, 1993) and 
diamonds (Berman ef al, 1975). Reproduced from Feng ef al (2017). 
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Figure 7.13 Three-phonon and four-phonon scattering rates in BAs. Blue ovals indicate the frequency region 
where four-phonon scattering plays an important role. Reproduced from Feng et al (2017). 


7.4.1.6 High-temperature results: role of thermal expansion and four-phonon processes 


It is generally thought that two mechanisms could be responsible for a stronger than T~! depen- 
dence of .%: (i) higher-order phonon-phonon interactions (e.g. four-phonon processes, Pomer- 
anchuk 1972) and (ii) temperature dependence of equilibrium parameters such as the phonon 
velocity and the anharmonic force constants or the Griineisen constant y. These parameters depend 
on volume and can in turn depend on temperature (Ranninger, 1965). 

The parameter-free computational results obtained from both the semi-ab initio approach (sec- 
tion 7.4.1.4) and the fully-ab initio approach (section 7.4.1.5) demonstrate that the stronger than 
the T—! high-temperature thermal conductivity variation can be successfully explained by adding 
four-phonon scattering rates to three-phonon scattering rates. Note that the semi-ab initio approach 
included a mode-average Griineisen constant which, within the adopted quasi-harmonic approx- 
imation, shows only a slight increase with temperature (typically 0.1% — 0.2%) above Debye 
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Figure 7.14 Temperature dependence of the thermal conductivity of a few semiconductors at high tempera- 
tures. For comparison, the T~! curve is also shown. The Debye temperature for the materials is indicated by 
the arrows on the temperature scale. (Reproduced from Petrov et al (1976).) 


temperature (cf figure 7.7). On the other hand, the fully-ab initio approach used cubic and quar- 
tic force constants evaluated at zero temperature. Ward and Broido (2010) investigated the effect of 
thermal expansion by evaluating the phonon relaxation rate Gy using third-order force constants 
determined from a range of lattice constants. They found for both Si and Ge that c. is relatively 
insensitive to such changes, producing only small shift in the thermal conductivity (~ 1% — 2%). 
Figure 7.14 shows the temperature dependence of the thermal conductivity of several semicon- 
ductors and insulators at high temperatures. It is seen that the high temperature .% varies as T~", 


with n in the range 1.2-1.5. 


7.4.2 RESULTS FROM VARIATIONAL PRINCIPLES 


In the previous section we have seen that relaxation time approaches can give information on the 
relative contributions of different polarisation branches to the thermal conductivity. The relative 
contribution of different scattering processes to the resistivity, however, cannot be directly obtained 
from the relaxation time approaches. Also, as the phonon-phonon ineteraction is inelastic in nature, 
it is unamenable to relaxation time treatments on philosophical grounds. The variational method, 
described in section 5.3, can treat all phonon interactions, elastic or inelastic, on equal ground and 
can provide additional information such as the relative contributions of different scattering processes 
to the thermal resistivity. Rigorous variational calculations of the thermal conductivity have been 
made by Hamilton and Parrott (1969), Benin (1970, 1972), and Srivastava (1976b, 1976c, 1977a, 
1977c). Here we present some main points of their results. 


7.4.2.1. Two-sided, or complementary, variational results 


Using the method of complementary variational principles, described in section 5.3, we have derived 
sequences of lower and upper bounds on the lattice thermal conductivity: {.%,<},m=0,1,2,... and 
{4 },n = 1,3,5,.... The first two terms of the sequence of lower bounds are (from equations 
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Table 7.1 


Two-sided variational bound results for Ge. Only three-phonon processes are considered 
and 7 = 2 is used in the calculations (Srivastava 1976b, 1976c). Units: W cm—! K~!, 


Tay ee ae 
900 0.1416 0.2285 0.3195 
300 0.4169 0.6926 1.010 
100 1.245 2.604 4.589 
60 2.716 3.849 14.17 


(5.156)—(5.157) and (5.194)) 
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where A > P and A~! exists. The first term of the sequence of upper bounds is (from equations 
(5.171) and (5.194)) 


kpT? 


i = ie [VT [2 


(7.15) 
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where 0 < L < P < 2L and L™! exists. In these results @ = {q}, with og = aq-u, where @ is a 
one-parameter scaling factor and wu is a constant vector in the direction of the temperature gradient. 
As discussed in equation (5.100), one can construct L = P — 5 ul, with uw as the minimum 
row sum of P: pb = (Le P,q')min. Two different choices for A have been suggested. Benin (1970) 
constructed A = Af, with A as the maximum row sum of P: A = (Yq Pag! max. With this choice, 
A-! =A7'Pis well defined and A = Af > P is clearly satisfied. Srivastava (1976c) chose A = I, the 
diagonal part of P. For this choice, it remains to show that > P. This, in turn, requires showing 
that in the decomposition P = I'+ A, the off-diagonal operator A is a negative definite operator. In 
Appendix F we show that this is the case when a trial function of the type @, = q -u is used. 

The isotropic continuum model described in section 6.4.1.4 was used to evaluate the matrix 
elements in equations (7.13)—(7.15). The results for the bounds .%~, #,< (I) and .#,7 (L) for Ge are 
listed in Table 7.2. It can be seen that the lower bound .#,~ (I) is a big improvement over the Ziman 
limit %*. As #7 (L) and .#,< (I) represent, respectively, an upper bound and a lower bound, the 
exact conductivity result should lie between these two estimates. With calculations of higher terms 
in the sequences {.%,,<(I)} and {.%,7 (L)}, the exact conductivity result can be limited to a narrow 
band Amn = 47 (L) — 4S (1). 


7.4.2.2 Improvement of the lowest variational bound by the Rayleigh and Ritz procedure 


It was proved in section 5.3.6 that the introduction of a variational one-parameter (single scale 
factor) produces a more convenient and more accurate, normalisation-independent, bound result. 
It was also shown there that the accuracy of improvement of a bound result can be increased by 
adopting a Ritz procedure. 

It is clear from equation (5.90) that q-u is an admissible function for constructing the variational 
trial function @,. In general one can expect ¢g to be expressible as a power series in g. We thus 
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generalise equation (5.181) and write 
bq =4° WS Yai ge ‘o-(q (7.16) 
r=0s= 


where s is the phonon polarisation index, and {a}} are (R x 3)-parameters. With this general trial 
function the lowest variational bound .%<(@) turns into 


[4 |r = ware Lear ee, (7.17) 
where 

Xi = (6,,Xs = L6-(a) (7.18) 

PS = ($,,P.90,) =Ler(a) (q)Pi6,:(q') (7.19) 


are generalisations of equations (5.186) and (5.187). AG and Be are defined by equation (5.18), 


and Cam ot is an element of the inverse matrix to {Pst The matrix elements in equation (7.18) 
can be evaluated using the procedure described in section 6.4.1.4. The areas in the g-q’ space for 
various allowed three-phonon processes are obtained from equations (6.88)—(6.89) and are given in 
figure 6.1. Details of the evaluation of the matrix elements X; and hail can be found in Hamilton 
and Parrott (1969) and Srivastava (1977c). 

The variational parameters a}. which satisfy the phonon Boltzmann equation (5.18) are given by 


= Poa. (7.20) 
r's! 
The conductivity is then 
kpT? 
H=) KH 7.21 
L (s) = Nair &* rr ve) 


where .%(s) is the contribution from polarisation s. The contribution of a scattering process ‘y’ to 
the total resistivity can be expressed as 


Wy) _ LPS (y)asa’ 
Ww  YXsas 


(7.22) 


The rate of improvement of the bound [.%<]r as a function of R, the number of terms in equa- 
tion (7.17), is illustrated in Table 7.3. It is clearly seen that the result for Ge has practically well 
converged for R = 3. 

It is interesting to compare the improved version of the lowest bound, [.%<]r, with 
normalisation-independent (i.e. improved by using a single scale factor) bounds .#7 (I) and 
A, (L). At high temperatures [.%<]3 has reached the value predicted by .#“ (I). At low temper- 
atures |.%<]3 is even higher than .%,<(I°). Thus [.%<]3 indeed represents a very big improvement 
over the simple estimate .%~ (namely, the original Ziman limit). It could be anticipated that only 
a few terms in the series in equation (7.17) would be required to arrive at a well improved limit 
[-4~(T)]r. Similarly, the bound .%,~ (L) could be improved down to a converged limit [47 (L)]r. 
Thus the method of cvps has the potential of predicting the exact thermal conductivity to lie within 
a very narrow band Ary = [.%,7 (L) |r — (“45 (DT) |e 
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Table 7.2 
Results of improvement of the lowest variational bound for the lattice thermal conductivity 


of Ge using the Rayleigh-Ritz procedure. Only three-phonon processes are considered, 
with y = 2. Units: W cm7! K—!. (From Srivastava 1977c.) 


T(r =O) PO) 
(K) R/O 1 2 3 

900 ~=—0..1651 0.2165 0.2239 0.2285 0.2285 0.3195 
300 = =0.5099 0.6822 0.7035 0.7129 0.6926 1.010 
100 2.086 3.121 3.175 3.213 2.604 4.589 
60 6.343 10.16 10.54 10.59 3.849 14.17 
47 14.59 21.78 24.09 24.40 


7.4.2.3 Low-temperature results 


Using the expression in equation (7.17) and the isotropic continuum model of section 6.4.1.4, 
Hamilton and Parrott (1969) calculated the thermal conductivity of Ge at low temperatures. They 
evaluated the three-phonon scattering strengths ase al? in terms of the second- and third-order 
elastic constants as in equations (4.96)-(4.102). Figure 7.15 shows the results of their calculations 
for three samples of Ge. In all cases the results, which do not include any adjustable parameters, 
agree quite well with experiment at low temperatures. At high temperatures, there are some discrep- 
ancies between theory and experiment. This in great part can be explained to be due to four-phonon 
processes not being included and the use of temperature independent elastic constants in the calcu- 
lations. 

Figure 7.16 illustrates the percentage contribution of the transverse phonon modes to the con- 
ductivity. In all samples the transverse phonons carry between 80 and 90% of the total heat. In 
a similar, but simpler, calculation, Srivastava and Verma (1973) noticed that the contribution of 
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Figure 7.15 The thermal conductivity of Ge. The open and filled circles are the experimental results for 
the enriched and natural samples of Geballe and Hull (1958), while the crosses are the experimental results 
of Slack and Glassbrenner (1960). The solid curves are the variational calculations of Hamilton and Parrott 
(1969). (From Hamilton and Parrott (1969).) 
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Figure 7.16 Results from the variational approach, as calculated by Hamilton and Parrott (1969). Panel (a) 
shows percentage contribution of transverse phonons towards the thermal conductivity. The various curves 
are for Ge samples with: circles for L = 0.212 cm, I,,¢ = 5.72 x 107“, solid curve for L = 1.06 cm, Ping = 
5.72 x 10-4, broken curve for L = 0.212 cm, Pygq = 3.68 x 1075. Panel (b) shows contributions to the thermal 
conductivity of Ge from different scattering processes with L = 1.06 cm, Iy,g = 5.72 x 10~+. (From Hamilton 
and Parrott (1969). 


transverse phonons is as high as 74% of the total conductivity. A similar conclusion was reached in 
section 7.4.1 from the relaxation-time methods. 


7.4.2.4 Contributions from different scattering processes 


One of the most interesting aspects of the variational method is that it can provide an analysis of 
the thermal conductivity in terms of contributions from various scattering processes. From their 
calculations, Hamilton and Parrott (1969) showed that the three-phonon processes produce an ap- 
preciable indirect effect on the thermal resistivity even when their direct contribution is negligible. 
From figure 7.16(b), it can be seen that at temperatures above the maximum of the .% against T 
curve three-phonon processes are the major source of resistivity. 

Srivastava et al (1972) observed that the T + T = L (N) processes produce higher resistivity than 
the T+L = L (N) processes, the L+L = L (N) processes produce resistance similar in strength 
to T+L=—L (AM), and the processes T+ T = L (U) generate higher resistivity than the processes 
T+L=—L (U). That the T+ T =—L processes dominate the three-phonon thermal resistance can 
be understood on physical grounds: such processes can attenuate a transverse phonon with less 
expenditure of energy, and moreover, have the largest phase space in the q—q’ space (see figure 6.1). 


7.5 NON-METALLIC CRYSTALS WITH HIGH THERMAL CONDUCTIVITY 


Using equations (7.11), (6.85) and (4.140), we can obtain the following approximate expression for 
lattice thermal conductivity at high temperatures when only three-phonon processes are expected to 
contribute significantly 


k(HT,3ph) = BMQ\/°@3 /(TY), (7.23) 


where M is average atomic mass, Q,; is average atomic volume, and B is an appropriately derived 
constant. This expression is of the form obtained by Leibfried and Sclomann (1954) and by Julian 
(1965). Consistent with this, Slack (1973) established four rules for finding a non-metallic crystal 
with high thermal conductivity: (i) low atomic mass, (ii) strong interatomic bonding, (iii) simple 
crystal structure, and (iv) low anharmonicity. Conditions (i) and (ii) mean a high Debye temperature 
©p, condition (iii) means low number of atoms per primitive unit cell, or less number of optical 
branches, and condition (iv) means small Griineisen constant y. 

In metallic solids silver is the best heat conductor, with its room temperature thermal conductivity 
430 W m~! K~!. Crystals for which the room temperature conductivity exceeds 100 W m7! K~! 
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Table 7.3 


Adamantine (diamond-like) crystals with high room-temperature thermal conductivity (i.e. 
with .~ > 100 W m™! K~!). Units are W m7! K~! (From Slack (1973).) 


crystal H crystal H crystal HK 
Diamond 2000 BP 360 GaN 170 
BN (cubic) 1300 AIN 320 Si 160 
SiC 490 BeS 300 ~=AIP 130 
BeO 370 BAs 210 GaP 100 


can be considered to possess a high thermal conductivity. There are at least 12 adamantine (diamond 
like) crystals with high thermal conductivity, with diamond possesing the highest value, 2000 W 
m~! K~! at room temperature. These are listed in Table 7.3. Several other crystals with a@-boron, 
boron carbide, or graphite structure also possess high .% values. There are no crystals with the 
rocksalt structure that possess high thermal conductivity. 

Among the technologically promising nitride materials, AIN possesses the highest conductivity 
value, 320 W m7! K~!. The room-temperature conductivity of natural samples of diamond (2000 
W m! K~!) is 5 times that of copper. The room-temperature thermal conductivity of nearly iso- 
topically pure diamond is reported to exceed 3320 W m~! K~! (Anthony et al 1990), Wei et al 
1993). Similar to that of diamond, the in-plane thermal conductivity of graphite is also one of the 
largest, with the room-temperature value of approximately 2000 W m7! K~! (see Nihira and Iwata 
1975 and references therein). 

Carbon nanotubes (Iijima 1991, Dresselhaus et al 1996), consisting of self-supporting atomically 
perfect graphitic cylinders a few nanometres in diameter, also have an unusually high thermal con- 
ductivity. The experimental investigation by Hone et al (1999) indicates that the room-temperature 
thermal conductivity of a single-wall carbon nanotube may be comparable to that of diamond or 
in-plane graphite. Theoretical simulations carried out by Berber et al (2000) suggest that the room- 
temperature thermal conductivity of an isolated (10,10) carbon nanotube (consisting of a 400-atom 
large unit cell) is 6600 W m~! K~!, comparable to the thermal conductivity of an isolated mono- 
layer graphene. 

The high thermal conductivity results for all forms of solid carbon are consistent with the rules 
presented above, in particular the low atomic mass (rule 1) and strong interatomic bonding (rule 
2). The high thermal conductivity of single-crystal diamond results from the very stiff sp> covalent 
bonding between neighbouring atoms. The in-plane high conductivity of graphite is also due to 
the stiff sp* bonding between the neighbouring intra-layer carbon atoms. The very high thermal 
conductivity of carbon nanotubes results from stronger sp~ bonds. In spite of the similarity between 
the acoustic phonon dispersion in a graphene sheet and a carbon nanotube (Jin et al 1995), the 
predicted temperature variation of the thermal conductivity of the carbon tubes is different from 
that of graphite (Hone et al 1999). Such a difference can be explained by noting that (1) graphite has 
additional phonon modes, corresponding to interplanar vibrations, (ii) the ‘rolling up’ of a graphene 
sheet to make a tube results in a significantly different phonon spectrum for the tube (Benedict et 
al 1996): the transverse component of the phonon wav vector (q | ) is quantized due to the periodic 
boundary conditions imposed by the cylindrical geometry, and (iii) due to (i) and (ii) the phonon 
scattering times may be significantly different for graphite and tubes. 

There are several other non-admantine systems, such as bulk and mono-layer transition metal 
dichalogenides MoS and WS5, that possess (in-plane) thermal conductivity larger than 100 W m7! 
K~—!. We will discucss these some of these in the next chapter. 
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7.6 THERMAL CONDUCTIVOITY OF COMPLEX CRYSTALS 


The main findings in section 7.4 can be generalised to the conductivity of all non-metallic crystals 
with simple structures: crystals with | or 2 atoms per unit cell, e.g. rare-gas, adamantine and rock- 
salt structures. The high temperature behaviour “~ « T~",n > 1, is a general feature of crystals 
with simple structures. 

For the discussion of thermal conductivity, we can regard all crystals which have three or more 
atoms in the unit cell as possessing complex structures. For example, in fluorite structure crystals 
with three atoms/cell there are three acoustic and six optical branches. The unit cell of B-boron 
contains 105 atoms and thus there are three acoustic and 312 optical branches. 

In general the variation of thermal conductivity of complex crystals with temperature follows 
the same trend as in simple crystals, i.e. . reaches a maximum and then decreases with increas- 
ing temperature. However, (a) the magnitude of .% both below and above the maximum is much 
reduced, and (b) the high-temperature dependence of .% is much weaker than T~! and in some 
cases virtually independent of T. Thus there is some similarity between the thermal conductivity 
of very complex solids and that of amorphous solids (see Chapter 12). The thermal conductivity of 
a dielectric crystal takes a minimum value when the wavelength of all the phonons becomes com- 
parable to interatomic distance. Complex structure crystals (and amorphous solids) are candidates 
for the minimum .% condition, which is important in designing thermoelectric regrigerators and 
generators. 

Advances in the ab initio theoretical developments discussed in sections 3.3.2.1 and 7.4.1.5, 
together with the availability of computing power, have made parameter-free calculations of lattice 
thermal conductivity of complex crystals affordable. Additional interest in accurate prediction of 
the lattice thermal conductivity of complex crystals has been encouraged due to the possibility 
that such systems could behave like phonon-glass-electron-crystal (PGEC) and prove useful in the 
development of high figure of merit for thermoelectric applications (Slack, 1995). In this context we 
present and discuss here first-principles prediction of the lattice thermal conductivity of the type-II 
and type-VIII Si clatherates, which are three-dimensional open structures with 34 and 23 atoms per 
unit cell, respectively, as described in figure 3.13. 

By employing the first-principles approaches described in sections 3.3.2.1 and 7.4.1.5, Hark6nen 
and Karttunen (2016) computed the phonon dispersion relation and the lattice thermal conductivity 
of Si in three different structural forms: bulk (diamond structure) and clatherates of types II and 
VII. The conductivity calculations did not include boundary scattering. The conductivity results 
are presented in figure 7.17. Due primarily to the neglect of boundary scattering of phonons, the 
theoretical results in panel (a) for diamond-structure Si are higher than experimental measurements 
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Figure 7.17 Thermal conductivity of (a) diamond-structured Si and (b) pristine Si clatherate structures II and 
VIII. Reproduced from Hark6nen and Karttunen (2016). 
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Figure 7.18 Lattice thermal conductivity of poly-crystalline Si clatherate structure II and vitrous silica (a-Si). 
Reproduced from Nolas et al (2003). 


at temperatures below 100 K. Above 100 K, the theoretical results are comparable to first-principles 
results presented by other groups, see e.g. figure 7.11. The results in panel (b) predict marked lower- 
ing of the conductivity upon the formation of the complex open-structure clatherates of both type-II 
and type-VIII. At 300 K, the predicted conductivity values for type-II and type-VII clatherates are 
approximately 52 and 43 W m7! K~!, respectively. These values are approximately one-third of the 
bulk (diamond-structure) result. In order to understand these results, we note from equation (5.64) 
that the conductivity is goverened by the product of three factors: phonon specific heat C;?, square 
of average phonon speed ¢ and average phonon relaxation time T. As we have discussed in section 
7.4.1, most heat is conducted by acoustic phonons. The range of acoustic phonons in the clatherate 
structures is nearly one-third of that in the diamond structure. This will make the value of C;? much 
smaller for the clatherate structures. However, there is little change in the value of @, as the slope of 
acoustic branches in the clatherate structures remains similar to to that in the diamond structure. The 
appearance of many flat optical branches has two effects. Low group velocity optical modes con- 
tribute very little towards conductivity. The presence of several optical branches generates strong 
reduction in the overall relaxation time of acoustic phonons due to acoustic-optical scatterings. 

As mentioned above, the calculations by Harkonen and Karttunen (2016) did not include phonon 
boundary scattering, making it difficult to judge the magnitude and temperature variation of 
in the low temperature range. It is valuable to study the experimentally measured conductivity re- 
sults for the type-II Si clatherate. Figure 7.18 shows the results obtained by Nolas et al (2003) for 
poly-crystalline type-II Si clatherate (Si,36) and vitreous silica (a-Si). At room temperature, the con- 
ductivity of the clatherate is 2.5 W m~! K~!, almost 30 times lower than that of diamond-structures 
Si. The important observation to make is that the temperature dependence of the poly-crystalline 
type-II Si clatherate does not follow the glass-like behaviour characteristic of a-Si (see Chapter 12 
for a detailed discussion of phonons in amorphous solids). 

Roufosse and Klemens (1973) have reformulated the theory of the thermal conductivity of com- 
plex dielectric crystals in terms of anharmonic three-phonon interactions. Considering a statistical 
distribution of atoms within a unit cell as a simplification, these authors have shown that the three- 
phonon matrix element is inversely proportional to the square root of N, the number of atoms in 
the unit cell. However, a summation over all reciprocal lattice vectors increases the scattering rate. 
These two factors tend to cancel, so that the anharmonic relaxation rate is substantially independent 
of N. 

It can be assumed that at low temperatures the thermal conductivity is practically determined by 
only acoustic phonons. Thus apart from the phonon scattering processes as expected in a simple 
crystal, two additional points should be considered. Firstly, for a complex crystal with N atoms per 
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Figure 7.19 Temperature variation of the thermal conductivity of B-boron. (Reproduced from Petrov et al 
(1976).) 


unit cell the upper limit in the conductivity integral (equation (7.11)) is a scaled frequency @pg = 
Op /N '/3, where @p is the Debye frequency of a simple crystal with 1 atom per unit cell. Secondly, 
because of a range of optical phonon frequencies available in a complex crystal, there will be an 
increased possibility for acoustic—optical interaction. Thus as compared to simple crystals, the low- 
temperature thermal conductivity of complex crystals can be significantly reduced in magnitude. 
If the anharmonic relaxation is assumed to be independent of N, then “ « 1/N '/3 (Roufosse and 
Klemens 1973). 

At high temperatures, the phonon mean free path decreases and may become comparable to the 
linear dimensions of the unit cell of the crystal lattice. The condition is more easily realised in 
complex crystals whose high-frequency vibrations, therefore, become localised and the phonon ter- 
minology tends to break down. In such a situation the energy is transmitted by activation or hopping 
of the localised modes. Thus the behaviour of .% of complex crystals at high temperatures as well 
as its magnitude becomes characteristic of amorphous solids. Figure 7.19 shows the temperature 
dependence of .% of B-boron. 


7.7 LOW-TEMPERATURE THERMAL CONDUCTIVITY OF DOPED 
SEMICONDUCTORS 


Reduction in the low-temperature thermal conductivity of doped semiconductors has been reported 
extensively. The theory described in section 6.5 is in general successful in explaining experimental 
observations. 


7.7.1 HEAVILY DOPED SEMICONDUCTORS 


It is evident from equation (6.129) that phonon scattering from a degenerate electron gas is species 
independent, but depends on the deformation potential Ez and (density-of-states equivalent) effec- 
tive mass m*. A weak temperature dependence of m* (of the form m* « T",n < 0.5) and some 
carrier concentration dependence of Ez can be expected. In the presence of strong electron-phonon 
scattering, the single-mode relaxation time result .%p should be expected to give a reasonably accu- 
rate account: the contribution of the N-drift term in Callaway’s conductivity expression is reported 
to be less than 10% (Gaur and Verma 1967). 

Using equation (6.130) for Ts ,and T; bh = Bw’T? along with boundary and mass-defect scatter- 
ings, Gaur and Verma expressed tT! = i. +f, a + a +7, ah and were in general able to explain 
the low-temperature thermal conductivity of a number of heavily doped samples of n-Ge. 
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For P donors in Si with concentration higher than 4.7 x 10!7 cm? Fortier and Suzuki (1976) 
reported a temperature dependence % « T?? for 1.1K <T <4K, and % « T? for4K <T < 12K. 
This behaviour can presumably be explained by a phonon relaxation of the type in equation (6.129) 
with m* « T”, where n takes different values in the two temperature regions discussed above. 


7.7.2 LIGHTLY DOPED SEMICONDUCTORS 


When donor (or acceptor) impurity concentration is small (e.g. smaller than 4.7 x 10!7cm~? in the 
n-Si samples of Fortier and Suzuki) scattering of phonons by bound donors (acceptors) is more 
likely to occur. The theory of such scattering was described in section 6.5.2. 

Using equations (6.175)—(6.178) for phonon-electron scattering and T; oh = Bw’T? for phonon 
phonon scattering Suzuki and Mikoshiba (1971c) obtained good agreement between theroretical 
and experimental conductivity of Sb-doped Ge between 1 and 5 K. Low-temperature thermal con- 
ductivity measurements on samples of p-Ge have been made by Challis et al (1977). Using the 
Suzuki—Mikoshiba theory of phonon-hole interaction these authors were able to explain the “~ 
against T results down to | K. It was suggested that the experimental results below | K, down to 
50 mK, can be explained by including resonant scattering of phonons at about half of the acceptors 
which are in distorted sites. The presence of random strain splits the |M, = +3/2) and |M; = +1/2) 
states. Resonant phonon scattering can take place between these acceptor levels, as described in sec- 
tion 6.5.3. 

The ground state of a shallow donor in Si is partially split into a singlet (A), a doublet (EZ) and 
a triplet (T>). The (A1) level is the lowest energy state, the T> state is at 11.7 meV above A, and 
the E state is at 1.35 meV above 7>. The matrix elements of electron—phonon interaction between 
A, and 7) states are zero (Hasegawa 1960). The relaxation rates of phonons due to elastic, inelastic 
and thermally assisted phonon absorption in n-Si can be calculated by following the prescription 
given in section 6.5.2. Fortier and Suzuki (1976) calculated the thermal conductivity of many sam- 
ples of P doped Si and obtained reasonable agreement with experiment in low concentration limit 
(< 4.7 x 10'7cm~3). In figure 7.20 we show a comparison of their calculation with experiment for 
P-doped Si (concentration 2.5 x 10!7cm~3), Also shown in the same figure is the conductivity of Li 
doped Si (the curve with the solid line) with concentration 2 x 10!’cm~>. The weak scattering of 
phonons by P donors (also Sb and As donors) is due to very small contributions from the inelastic 
scattering and thermally assisted phonon absorption, which is a consequence of large valley—orbit 
splitting in such a case. 


7.7.3. SEMICONDUCTORS WITH MAGNETIC IMPURITIES 


The theory of phonon scattering by magnetic impurities in semiconductors was outlined in section 
6.6. Srivastava amd Verma (1974) proposed a phenomenological model for the scattering of phonons 
by Fe** magnetic impurities in ZnS 


@ 
Tefect = Ao* Li (@ _ me (7.24) 
Here the first term represents the Rayleigh scattering produced by the local mass difference and 
lattice distortion. In the second term H; is an adjustable parameter which represents the strength of 
spin—phonon coupling, and F;(T) is the fractional electron population difference between the levels 
involved in the ith electronic transition (see figure 6.4). Using the above expression, Srivastava 
and Verma successfully explained the resonance structure of the .% against T curve for cubic ZnS 
containing different concentrations of Fe**. This is shown in figure 7.21. 
To explain the thermal conductivity of antiferromagnetic FeCl2, (Neel temperature Ty = 23.5K), 
Neelmani and Verma (1973) considered phonon-induced electronic excitations among the trigonal 
crystal and exchange-field-split energy levels of the Fe** ions in the crystalline lattice of FeCl). For 
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Figure 7.20 The low-temperature thermal conductivity of two n-Si samples. The dotted line represents the 
calculated .% for P doped Si with impurity concentration 2.5 x 10!7cem~3 and boundary length L = 0.302cm. 
The solid curve represents experimental conductivity for Li doped Si (with concentration 2 x 10!7cm~3 and 
boundary length L = 0.158cm). (Reproduced from Fortier and Suzuki (1976).) 


the ground state—triplet transitions, there are two groups of phonons with energies centred at 31 and 
44 cm~!. For each group of phonons, a resonant scattering of the form 
@2T2 
= Le oi 5 (7.25) 
=~" (@3, — @?)? 

was considered. The 44 and 31 cm7! transitions were considered to be active, respectively, below 
and above Jy. With these considerations, Neelmani and Verma successfully explained the “two- 
maxima’ structure of the .% against T curve for FeClo, as shown in figure 7.22. 


7.7.4 THERMAL CONDUCTIVITY OF DOPED ALKALI HALIDES 


Phonon scattering from tunnelling states in doped alkali halides was discussed in section 6.7. Using 
equation (6.189), Singh and Verma (1971) explained the ‘double-dip’ structure in the .~ against T 
curve of KCl: CN” with different CN™ concentrations (see figure 7.23). In this system the phonon 
scattering due to mass defect and force-constant changes was found not to play a significant role in 
causing the resonance dips in the .#% against T curves. 


7.8 THERMAL CONDUCTIVITY OF DIFFERENT FORMS OF DIAMOND 


Naturally abundant single crystal diamond 


Thermal conductivity of diamond is higher than that of any other known three-dimensional materi- 
als. An important question is how is the thermal conductivity of diamond affected by the quality (e.g. 
crystallite size and defects) of a diamond sample? Even the purest form of natural diamond (e.g., a 
type Ila sample) is known to contain nitrogen in three different forms (see Morelli et al 1993a and 
references therein): isolated substitutional impurities, nitrogen-atom pairs (A aggregates) and larger 
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Figure 7.21 Thermal conductivity of cubic ZnS containing various concentrations of Fe impurity atoms. 
The solid curves represent the theoretical results within the Callaway model and the circles represent the 
experimental results of Slack (1972). (Reproduced from Srivastava and Verma (1974).) 


nitrogen aggregates (B aggregates). However, the precise nature and concentration of such defects 
is not known. Morelli et al (1993b), and Morelli and Uher (1993) studied the influence of defects 
on the thermal conductivity of a single crystal of type-IIa natural diamond by irradiating the sample 
by fast neutrons and annealing it at different temperatures. The results, for the unirradiated sample 
and the sample irradiated to 4 x 10! cm~?, are shown by different symbols in figure 7.24(a). 

Barman and Srivastava (2006) attempted to explain these results by employing the isotropic 
continuum version of Callaway’s conductivity expression (see equations (5.56), (6.85) and (7.16— 
7.18)). The total phonon relaxation rate was expressed as 


1 1 1 1 =] 
T= Th. +1. + Tg + T3ph + Tagoregate» (7.26) 


where the first three terms refer to the boundary, (point) mass defect and three-phonon anharmonic 
scatterings and the last term represents the scattering from defect aggregates. Extended-sized defects 
can scatter small wavelength phonons geometrically (i.e., like boundaries) and long wavelength 
phonons like point defects (i.e., Rayleigh-like). Thus, we can express (Vandersande, 1977) 
2 > 
tte = i /4 for qd>1, oe 
ntd°@"/4c? for qd <1, 


where g is phonon wavenumber, c is phonon speed, d is the effective diameter of the defect region 
and n is the extended-defect concentration. 

Theoretical matching of the experimentally measured results for the unirradiated sample required 
consideration of a small but finite amount of phonon scattering from extended-sized defects. This 
was taken as confirmation of the suggestion made by Morelli et al (1993a) that their natural type- 
Ila sample contains nitrogen defects in some mixture of the three possible configurations (isolated 
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Figure 7.22 The thermal conductivity of antiferromagnetic FeCly. The solid curve is the theoretical result 
obtained by using the phonon resonant scattering (equation (7.24)) from the trigonal crystal and exchange-field- 
split energy levels of Fe?+ impurity ions and the Debye conductivity expression. The two-maxima structure in 
the experimental curve of Laurence (1971) is well explained. From Neelmani and Verma (1973). 
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Figure 7.23 Thermal conductivity of KCI:CN. The experimental results are from Seward and Narayanamurti 
(1966). The solid curves are the theoretical results calculated on the basis of the Debye conductivity model 
and the resonant phonon scattering (equation (6.185)) from the tunnelling states of CN~ ions. Notice that the 
three-maxima structure is well reproduced by theory. (Reproduced from Singh and Verma (1971).) 


substitutional impurities, A aggregates and B aggregates). The theoretical estimates for the concen- 
tration and size of the extended defect are: n = 1 x 10'8 cm~? and d =7 A. The calculations also 
revealed that there is significant contribution from the N-drift term in the Callaway’s conductivity 
expression: .%c being approximately 50% higher than -%mr at 300 K. This is consistent with the 
ab initio calculation by Ma et al (2014). 

Exposure to the irradiation leads to two significant changes to the conductivity of the sample: 
(i) the magnitude is hugely reduced, e.g. by more than 20 times at room temperature, and (ii) there 
is a shallow dip in the conductivity at around 30 K. The experimental curve was reproduced by 
increasing the strength of the point mass defect scattering by approximately a hundred times, the 


236 The Physics of Phonons 


1000 [— MPACVD 
— |-- HFCVD 


1005 


Thermal Conductivity (W/m-K) 
S 
Thermal Conductivity (W/m-K) 


vi f eT 1 Fe ae ee oe cr 
100 a 10 100 


oor a oe 
Temperature (K) (a) Temperature (K) (b) 


Figure 7.24 (a) Thermal conductivity of unirradiated and neutron-irradiated naturally abundant type Ila sin- 
gle crystal diamond. Lines show theoretical results and symbols represent experimental data from Morelli et al 
(1993a) and Morelli and Uher (1993). (b) Thermal conductivity of CVD diamond films. Lines show theoretical 
results and symbols represent experimental data from Morelli et al (1993b). Reproduced from Barman and 
Srivastava (2006). 


extended-defect concentration by a thousand times and the extended-defect size by approximately 
twice. The dip in the conductivity results from an interplay between the scatterings of phonons in the 
two ranges of wavenumbers in equation (7.27). The observed dip in the conductivity at around 30 K 
is consistent with the estimate Tyip ~ 50 K obtained by equating the two regions in equation (7.27) 
for the ‘dominant phonon’ mode (Ziman, 1960): A@gom = 1.6kp Taip = hc/d, where T is average 
phonon speed. 

Upon annealing the sample to 425 °C the extended-defect size d is enlarged, but the densities 
of both point defects (A) and extended defects (1) are reduced. These changes result in a crossover 
in the conductivity curves for the annealed and unannealed samples at around 30 K. There is a 
shallow dip between 20 and 25 K for the annealed sample, which is partially masked by the point 
defect scattering. Annealing the sample to 800 °C further increases the size of the extended defect, 
and decreases the concentrations of both extended defects and point defects, in such a manner that 
the geometrical scattering parameter nd” reduces but the Rayleigh-like agglomerate scattering is 
maximized. As a result, the conductivity becomes higher than that of the unannealed sample but 
a pronounced dip develops at around 15 K. Annealing at 1180 °C further reduces both the geo- 
metrical and Rayleigh-like agglomerate scattering centres, resulting in increase in the conductivity. 
However, there is a cross-over at around 5 K between the conductivity curves for the 800 °C and 
1180 °C anneals. In the temperature range below 5 K the lower conductivity for the 1180 °C an- 
neal is suggested to be caused by an effect similar to resonant scattering of low-frequency phonons 
between two lowest energy levels of double-well potential in the disordered region (Pohl, 1962). 


MPACVD and HFCVD grown diamond samples 


Good quality diamond films can be produced in the laboratory by using chemical vapour deposition 
(CVD) techniques. Morelli et al (1993b) measured the thermal conductivity of two types of CVD 
diamond films: grown by a hot-filament process (HFCVD) and by a microwave plasma assisted 
process (MPACVD). The results are shown in figure 7.24(b). A comparison of results in panels (a) 
and (b) of the figure clearly indicates that the conductivity of the MPACVD film is higher that that 
of the 1180 °C anneal in the entire temperature range 3-300 K. On the other hand, the conductivity 
of the HFCVD film is comparable to that of the 1180 °C anneal in the temperature range 50-300 
K, but becomes higher below 50 K. The conductivities of the MPACVD and HFCVD films are 
comparable in the temperature range 3-30 K. There are shallow dips in the conductivity curves for 
the MPACVD and HFCVD samples at around 15 K and 40 K, respectively. 
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Barman and Srivastava (2006) explained the temperature variation of the measured data by using 
the same method as they used for the single crystal type-Ila diamond. The theoretical modelling 
suggests that the average grain size in the CVD films is similar to that for the single crystal sample 
with the 1180 °C anneal. The point defect scattering parameter required for explaining the conduc- 
tivity of the CVD films was much smaller than that for neutron irradiated (annealed and unannealed) 
single crystal samples, but larger than that for the natural sample. The strength of the geometrical 
scattering (nd) due to extended defects in the MPACVD gains was similar to that for the 1180 
°C anneal, and approximately seven times larger for the HFCVD film. The Rayleigh-like scattering 
parameter (nd°) for the MPACVD film was estimated to be an order of magnitude smaller than that 
for the 1180 °C anneal but an order of magnitude larger than that for the HFCVD film. 
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8.1 INTRODUCTION 


In Chapters 2-7 we have discussed lattice dynamics, phonon interactions and phonon conductivity 
in crystalline three-dimensional (bulk) solids. When a crystal surface is created, we can no longer 
expect to describe, even in the harmonic approximation, the surface vibrational modes as the nor- 
mal modes (phonons) of the bulk. In general, we expect surface atoms to acquire relatively large 
displacement amplitudes. This is because by creating a free surface we have cut down the coupling 
of surface atoms with atoms which otherwise would have remained as a part of the bulk. This de- 
crease in coupling constants, or equivalently, increase in displacement amplitudes, tends to lower 
the normal mode frequencies and produces a new class of vibrational modes called surface modes. 
Techniques now exist for fabrication of layered crystals, which can be described as surface systems. 
In this chapter we present both the continuum and lattice dynamical theories of surface vibrational 
modes. 


8.2. CONTINUUM THEORY 


In section 2.8 we briefly described the theory of elastic waves in three-dimensional crystals. Subject 
to appropriate boundary conditions, that theory can be applied to describe elastic waves on the 
surface of elastic media. Two different geometrical situations can be treated: (i) a medium occupying 
a half-space and (ii) a plate of finite-thickness. Solutions to equations for cases (i) and (ii) are 
known as Rayleigh waves (Rayleigh 1885) and Lamb waves (Lamb 1917), respectively. Rayleigh 
(Lamb) waves are produced in films of thickness much greater (less than or equal to) the acoustic 
wavelength. We mention in passing that waves with properties which are determined by boundaries 
are often referred to as guided waves. Here we present a brief discussion of Rayleigh waves. 

Consider a cubic crystal with the free surface defined by z = 0. The x, y and z components of 
displacement field, u, v, w, satisfy the equations of motion given in equation (2.142), subject to the 
following boundary conditions: 


Ow Ou 
ae 7 ; 
w Vv 
on 
Ou ov ow 
on (S452) tou ge = 0 (8.1) 


which arise due to vanishing of the stress components across the z = 0 surface. For the surface 
problem, we modify equation (2.138) and seek solutions of the form 


(u,v,w) = (uo,Vo,wo)exp{q[—O:z2 + i( Ax + Ayy —cst)]}, (8.2) 


where cs is the velocity of surface (Rayleigh) waves, q) is the magnitude of the two-dimensional 
wave vector parallel to the surface, a, is a dimensionless attenuation constant, and a, and q, are the 
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direction cosines of the propagation direction. The term exp(—0,q|/2) characterises an exponential 
decrease in the displacement amplitudes in the positive z direction (towards the bulk). Substitution 
of equation (8.2) into equation (2.142), subject to the boundary conditions in (8.1), leads to the 
following equation for surface waves on an isotropic continuum (see Wallis 1974): 


g(p® —8p* +24p” — 16) — 16(p?— 1) =0, (8.3) 


where p = pc¢/M, g = (A +2u)/p, and A and p are Lamé’s elastic constants for an isotropic solid 
of density p. The Lamé constants are related to the second-order elastic constants c11, C12 and c44 
as shown in equation (4.93). For p = 0 and 1, the left-hand side of equation (4.93) takes values 
16(1/g —1) and 1, respectively, implying that there is a root between 0 and 1. As the left-hand side 
is essentially positive, we can deduce that a Rayleigh wave must always exist at the surface of an 
infinite solid (Stoneley 1924). For real values of a, the surface wave velocity cs must be smaller 
than the velocity of bulk transverse and longitudinal waves. The quantity p, the ratio of cs to bulk 
transverse wave velocity, ranges from p = 0.96 for g = ~, the incompressible case, to 0.69 for 
g =4/3, the smallest value of g consistent with crystal stability. The frequencies of Rayleigh waves 
lie in the acoustical branch of the phonon spectrum. 


8.3. LATTICE DYNAMICAL THEORY 


As described in Chapters 2 and 3, the vibrational properties of a crystal lattice are usually calculated 
by using the periodic (or cyclic) boundary conditions. When dealing with the dynamics of a surface 
one is faced with the problem of lack of periodicity in the direction normal to the surface. Further- 
more, there may be large decreases in certain coupling constants at the surface compared to the bulk 
values which must be given due consideration. In this section we will consider surface solutions for 
the special case of a semi-infinite linear chain and then discuss the semi-infinite three-dimensional 
case. 


8.3.1 MONATOMIC LINEAR CHAIN 


Consider a semi-infinite monatomic linear chain with only nearest-neighbour interactions. Let atom 
0 in figure 8.1 represent an adsorbed atom at the free end. Let A’ be the coupling constant between 
the adatom and its neighbouring bulk atom, and A be the coupling constant between the bulk atoms. 
If u, denotes the displacement of the nth atom from its equilibrium, then the equations of motion 
can be written as 


au 

/ et / 

qo > A‘ (uy — uo) (8.4) 
a 

m a2 = A(u.—u,)+A'(up—u1) (8.5) 
du, 
a A(Un41 +Un—1 — 2Un) n> 2. (8.6) 


To obtain surface solutions, we write the displacements in the form (Wallis 1964, 1974) 
uy = A’exp(iat) (8.7) 
Un, = A(—1)"exp(—qna+ior) n>1. (8.8) 


Equation (8.8) describes a displacement which decays exponentially from the surface atom (adatom) 
towards the bulk atoms. Substitution of (8.8) into (8.6) yields the result 


A 
@* =2— 
m 


(1+ coshqa). (8.9) 
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Figure 8.1 A semi-infinite monatomic linear chain. Atom 0 is an adatom. All bulk atoms have identical mass 
m, and the adatom has mass m’. 


By substituting (8.7) and (8.8) into (8.4) and (8.5) and setting the determinant of the coefficients 
A’ and A equal to zero, we get the following equation which must be satisfied by g: 


[A’ — A(1 + exp(ga))] (w = 2™A(I +eoshaa) ~A?=0. (8.10) 


A solution of this equation has the form g = qo +17, where qo is real and positive. This is the case 
when the ratio A’/A and m’ /m satisfy the inequality (Wallis 1964, 1974) 


4(m' /m) 
DS isl 8.11 
18> Blt jm) +1) oy 
The surface mode frequency is then given by 
@s = \/(2A/m) (1 +coshqoa) (8.12) 


and is larger than the maximum bulk-mode frequency ,/4A/m. If we consider m' = m (no adsor- 
bate), then equation (8.11) reduces to A’/A > ; In this situation a surface mode exists above the 
allowed band of frequencies of the infinite chain. If there is no perturbation in masses or coupling 
constants (m' = m, A’ = A), then we are left with the surface atom for which one coupling constant 
is set to zero. By Rayleigh’s theorem (Rayleigh 1885) this must give rise to a surface mode with 
frequency below the band of frequencies of the infinite chain. Such a frequency would be imaginary 
and therefore unphysical. Clearly, therefore, no surface modes exist if m’ =m and A’ = A. 


8.3.2. DIATOMIC LINEAR CHAIN 


Consider a semi-infinite diatomic linear chain with nearest-neighbour interactions (figure 8.2). Let 
the surface atom have the smaller mass m (m < M). Let there be no change in the surface force 
constant. The equations of motion are 


uy 
ma = A(uz — uy) (8.13) 
d2 
w22 = A(uong1 +Uon-1—2ttan) n> 1 (8.14) 
dt 
du i 
m on = A(uan+2 + U2n — 2u2n+1) n= 2. (8.15) 
m A M A 
1 2 3 
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Figure 8.2 A semi-infinite diatomic linear chain with the lighter atom at the surface. 
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Wallis (1957, 1964) showed that there exists a surface solution to equations (8.13)—(8.15): the dis- 
placements are expressed as attenuated or damped oscillations 


U2 = A(—1)"(m/M)"exp(iar) (8.16) 
Wnt1 = A(—1)"*!(m/M)"*! exp(iar) (8.17) 


and the surface mode has the frequency 
@s = \V/A(1/m+1/M). (8.18) 


We know from section 2.2.2 that the bulk normal modes of a periodic diatomic linear chain (M > m) 
lie in two bands: 0 < @2. < 2A/M (acoustic branch), and 2A/m < ;,, < 2A(1/m+1/M) (optical 
branch). In terms of squared frequencies, the surface mode given by equation (8.18) lies exactly at 
the centre of the forbidden gap between the optical and acoustical branches. 

The existence of the surface mode is in accordance with Rayleigh’s theorem. The creation of a 
free end reduces a coupling constant to zero, which leads to the drop of an optical normal-mode 
frequency into the forbidden gap. 


8.3.3. A CRYSTAL WITH A SURFACE 


For practical purposes, we can study surface phonons by maintaining an artificial periodicity normal 
to the surface. Consider a long elongated unit cell which in two dimensions is characterised by two 
primitive surface vectors a; and a, say. In the direction normal to the surface, the translation vector 
a3 encompasses Nj crystal layers plus a few (V2 say) vacuum layers. The number N) (typically 4 
or 5) is chosen such that two neighbouring crystal slabs are practically decoupled. The number Nj; 
is chosen such that there is no significant interaction between the two surfaces of a slab. Figure 
8.3 presents an schematic illustration of such a unit cell. The lattice dynamics of such a periodic 
system can be studied by using any of the methods described in section 2.4, or by the first-principles 
methods described in Chapter 3. 

To acquire a local minimum in free energy, the atomic geometry of a semiconductor surface may 
relax and reconstruct. A surface is called unreconstructed if the symmetry of the atomic arrange- 
ment on the surface remains the same as on parallel planes deeper into the bulk. If the separation 
of the surface plane from the next plane of atoms is different than the corresponding separation in 
the bulk crystal, and/or if the atomic positions in the surface plane are different than in the parallel 
planes in the bulk, then the surface is said to have relaxed. The surface translation vectors a; and a2 
must be appropriately chosen for a reconstructed surface geometry. 

The normal modes of the periodic supercell system can be obtained by solving the following 
determinantal equation (see equation (2.50)): 


|Dep (bb'|q) — © by Sap| = 0. (8.19) 
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Figure 8.3 Schematic illustration of a supercell for surface calculation. The translation vectors a; and az are 


atomic slab 


the appropriately chosen surface vectors and a3 is in the direction normal to the surface under study. 
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Figure 8.4 Schematic illustration of surface wave polarisation: (a) sagittal plane, (b) longitudinal polarisation, 
(c) sagittal polarisation and (d) shear horizontal polarisation. 


The size of the dynamical matrix is 3p x 3p, where p is the number of atoms in the large unit 
cell. Although we have well defined q-vectors for this artificially defined periodic system, we are 
only interested in solving the dynamical matrix for phonon wave vectors q) in the surface Brillouin 
zone (see section 1.9). (Also note that for the supercell geometry the extent of the q, component 
is much smaller than the extent of the q component.) The phonon spectrum obtained by solving 
equation (8.19) will contain frequencies of surface phonons along with folded bulk phonon features. 
Information about surface phonons can be extracted by investigating the magnitude and polarisation 
of the eigenvectors of the dynamical problem. 

Accurate experimental measurements of surface phonon dispersion curves of clean and adsor- 
bate covered surfaces are possible from the applications of helium atom scattering (HAS) and 
high-resolution electron energy loss spectroscopy (HREELS). We refer the reader to the interesting 
reviews back in 1990 and 1992 by Toennies who presented a historical survey of the field and ex- 
pressed optimism for accurate experimental and theoretical surface phonon studies (Toennies 1990, 
1992). It is clear from his review in 1990 (Toennies 1990) that by that time experimental studies of 
phonon dispersion curves had been accomplished for many of surfaces of metals, semiconductors, 
insulators and layered crystals. 

As discussed in section 2.8, there are three mutually orthogonal polarisation directions of 
medium displacement for waves propagating in three-dimension isotropic continuum: a longitu- 
dinal and two (doubly-degenerate) transverse. No such clear distinction between longitudinal and 
transverse polarisations can be made for surface waves. There are three main types of polarisation 
of surface phonons, as illustrated in figure 8.4. We first note that the plane containing the phonon 
wave vector g and the surface normal is called the sagittal plane. Longitudinal surface polarisation 
refers to displacement along the surface wave vector. Transverse (or shear vertical or sagittal) sur- 
face polarisation refers to displacement along the surface normal (i.e. in the sagittal plane). Shear 
horizontal polarisation refers to displacement in the surface plane but normal to the phonon wave 
vector (i.e. normal to the sagittal plane). As indicated in figure 8.3, both the longitudinal and sagittal 
waves contain the x and z components of displacement, and the shear horizontal wave contains the 
y component of displacement. 


8.4 PHONONS ON SEMICONDUCTOR SURFACES 


Surface phonon dispersion curves have been calculated using several theoretical techniques at phe- 
nomenological , semi-phenomenological and ab initio levels. In this next section we present and 
discuss results for a few selected semiconductor surfaces and layered crystals, obtained using the ab 
initio DFT direct and DFPT techniques described in sections 3.3.1 and 3.3.2.1. 

Surface phonon modes can be broadly classified as localised modes, gap modes, resonant modes 
or Fuchs-Kliewer modes. Modes outside the bulk region (i.e., below or above the bulk continuum) 
are localised modes. Gap modes appear in ‘stomach gaps’ of surface-projected bulk continuum. 
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Figure 8.5 Schematic illustration of the relaxed atomic geometry of a III-V(110) surface: (a) surface unit 
cell; (b) side view with atomic relaxation parameters; (c) surface Brillouin zone. 


Resonant modes are located inside the bulk continuum but have largest vibrational amplitude on 
surface atoms. Fuch-Kliewer modes are long wavelength optical phonons accompanied by long- 
range electric fields on polar surfaces (Fuchs and Kliewer 1965), with frequency Wp lying between 
the bulk TO and LO frequencies: @fo < WFK < Qo. 


8.4.1 UNRECONSTRUCTED III-V(110) SURFACES 


The clean cleaved (110) surface of III-V and II-VI semiconductors is unreconstructed, i.e. it retains 
the bulk periodicity. However, atoms in the top few atomic layers relax to achieve the minimum 
energy configuration. In the top atomic layer, anions move away from the bulk in favour of s*p* 
bonding with three neighbouring cations, and cations move into the bulk in favour of sp* bonding 
with three neighbouring anions. The resulting characteristic relaxation parameters are atomic layer 
relaxation parameters A;, and A>, of the top two atomic layers, and the rotational angle @ of the 
top layer atomic chain, as illustrated in figure 8.5. 

As seen in figure 8.5, the (110) surface of a zincblende material is characterised by the presence 
of a mirror plane normal to the zig-zag chain direction. Thus, vibrational modes at the centre of the 
surface Brillouin zone (I) as well as along the TX’ symmetry direction can be classified according 
to the irreducible representations A and A’ of the point group C, (or Cy, or m) of the surface unit 
cell. The A’ modes correspond to displacements perpendicular to the surface atomic chain direction, 
and the A” modes describe atomic displacements along the zig-zag chain direction (i.e. along [110]). 
Such a clear classification is not possible along 'X and I'M directions. Along these directions modes 
show a mixture of shear-horizontal (SH) and sagittal (SG) polarisations. These contributions along 
TX can be calculated as 


Ve = Yur ((Hol]) + yu? (110) (8.20) 


YUsn = Ly? (001), (8.21) 


where U is the magnitude of the eigenvector and the sum over the index i considers atoms in the 
surface layers in the supercell. 

Fritsch et al (1995) used the DFT and DFPT methods to determine the relaxed atomic geometry 
and phonon dispersion curves for the InP(110) surface. The values for the structural parameters are 
A, = 0.64 A, Ao, = 0.11 A and @ = 28°. The surface phonon dispersion curves are shown in fig- 
ure 8.6. There is good agreement between theoretical and experimental results. Atomic vibrational 
patterns of the zone-edge surface acoustic modes are shown in figure 8.6. 
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Figure 8.6 Phonon dispersion curves for InP(110). Thick solid lines are the theoretically obtained results, and 
the square symbols are the experimental results from HREELS measurements by Nienhaus and Monch (1995). 
Also shown are the theoretically determined vibrational patterns of the zone-edge acoustic modes. Reproduced 
from Fritsch et al (1995). 


Along the IX symmetry direction (atomic chain direction), there are two surface acoustic 
branches, the lower one being the Rayleigh wave. For short wavevectors (near I), the Rayleigh 
wave is characterised by in-phase displacements along [110] and the upper mode has pure hori- 
zontal polarisation. At the X point, the lower (Rayleigh) wave turns into a vibrational pattern of 
the top-layer anions and the second-layer cations perpendicular to the chain direction. The second 
acoustic branch originates from vibrations of the first-layer cations and the second-layer anions 
mainly along surface normal, while the first-layer anions vibrate in the chain direction. Consistent 
with group theory, the lowest (Rayleigh) mode at the X ’ point is sagittally polarised (i.e. is a A 
mode), with vibrations of the top-layer atoms mainly parallel to the surface and second-layer atoms 
along the surface normal. The second lowest mode is a pure shear horizontal mode (i.e. is a Ae 
mode), with vibrations along the chain direction. 

The surface optical branch on InP(110) lies above the bulk continuum. It touches the bulk contin- 
uum near the zone centre. The highest surface mode at the zone centre is the Fuchs—Kliewer phonon 
mode. This mode is dominated by the motion of the second-layer P ions perpendicular to the zig-zag 
chain direction and parallel to the (110) plane. In other words, it is a A’ mode. 

Tiitiincti (1997), and Tiitiincti and Srivastava (1997) have presented a detailed account of dis- 
persion curves and polarisation characteristics of surface phonons on III-V(110) by using the phe- 
nomenological adiabatic bond charge model. 


8.4.2 RECONSTRUCTED SILICON SURFACES 


The (111) surface is the natural cleavage plane for diamond structure crystals. The cleavage process 
usually occurs through the middle of the covalent bonds pointing straight along the [111] direction. 
As each half cut (dangling) sp? orbital is occupied by only one electron, the ideally terminated 1 x 1 
structure is unstable and the surface structure prefers to reconstruct by rehybridisation of the dan- 
gling bonds. When cleaved in a very high vacuum at low and room temperatures, Si(111) exhibits 
a 2x1 reconstruction. Several higher-order reconstructions appear when the system is annealed to 
high temperatures. The most studied is the high-temperature 7 x7 reconstruction. 

The (001) surface of elemental semiconductors is usually grown by the molecular beam epi- 
taxy (MBE) technique. For ideal termination, or | x1 structure, each atom of the (001) surface is 
accompanied by two partially occupied dangling bonds. The room-temperature stable structure is 
the Si(001)-(2 x 1) reconstruction. This is achieved by the formation of surface dimers, which helps 
energy gain by saturation of one dangling bond per surface atom. However, for symmetric dimer 
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Figure 8.7 Atomic geometry of Si(001)-(2x 1): (a) side view showing tilted dimer, (b) top view, (c) surface 
Brillouin zone. 


models the p, dangling bonds form degenerate 2 and 2* bands. As this is not a spin degeneracy, a 
Jahn-Teller-like distortion in the form of tilted dimers occurs: charge transfer from one dimer com- 
ponent to the other takes place, resulting in one fully occupied p, dangling bond on the upper-lying 
dimer atom and an empty p, dangling bond on the lower-lying dimer atom. 

Here we discuss essential features of phonon modes on the Si(001)-(2 1), Si(111)-(2x 1) and 
Si(111)-(7 x7) surfaces. 


8.4.2.1 Si(001)-(2 <1) 


Figure 8.7 shows the atomic geometry for the asymmetric dimer model for the $i(001)-(2 x 1) sur- 
face. The dimer bond length is approximately 2.25 A (4% smaller than the bulk Si-Si bond length) 
and the bond tilt angle is approximately 16°. Calculations of surface phonon dispersion curves have 
been made by using ab inito (Fritsch and Pavone, 1995), semi-empirical (Allan and Mele 1984, 
Pollmann et al 1986) and phenomenological (Tiittincti et al 1997) schemes. The DFPT ab initio re- 
sults (Fritsch and Pavone, 1995) are shown in figure 8.8(a). Several types of surface phonon modes 
have been predicted. These are indicated as RW, Aj, Ao, 7, s, ds and sb, as explained further. 
Figure 8.8(a) shows the phonon dispersion curves for the Si(001)-(2 x 1) surface with asymmetric 
dimer geometry. The RW (Rayleigh wave) mode lies below the bulk continuum along the symme- 
try directions J-K-J'. The vibrations of the modes A; and A> have parity even (+) and odd (—) 


ENERGY (meV) 


(d) 


(a) 


Figure 8.8 (a) Phonon dispersion curves for Si(001)-(2 x 1). Shaded region is projection of bulk results on the 
surface Brillouin zone. (b) Vibrational pattern for the dimer back bond (sb) mode at the J point of the surface 
Brillouin zone. Reproduced from Fritsch and Pavone (1995). 
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respectively with respect to the mirror plane perpendicular to the dimer row. The r (rocking) mode is 
resonant with the bulk continuum and is characterised by an opposing up and down displacements 
of dimer atoms. The s (swinging) mode results from the motion of the tilted dimer in the [001] direc- 
tion (parallel to the dimer row). The mode ds is a dimer stretch mode and appears as a truly localised 
surface feature in the stomach gap around the K point. The mode labelled sb is a bond stretch mode, 
which is caused by a length oscillation between the dimer bond and the dimer back bonds and lies 
above the bulk optical phonon continuum. The vibrational pattern of this mode is sketched in figure 
8.8(b). The calculated speed of the RW wave is in good agreement with the measured value 5020 
ms~! from the Brillouin light scattering experiment (Dutcher et al 1992). 

From the application of the adiabatic bond charge model, Tiitiincti et al (1997) made a few ad- 
ditional observations. The RW mode at the K point corresponds to the vibrations of the first layer 
atoms with components in both the surface normal and dimer bond directions, while the second 
layer atoms vibrate in the dimer row direction. They find that dimerization leads to the formation of 
new peaks in the phonon density of states. In particular, the peak in the stomach gap is a strong sig- 
nature of dimer formation, since no stomach gap phonon modes are obtained for the unreconstructed 
surface geometry. 


8.4.2.2 Si(111)-(21) 


The lowest energy configuration of the Si(111)-(2 x 1) surface is the Pandey’s 2-bonded chain model 
(Pandey, 1981). The top and side views of the atomic structure are shown in figure 8.9. In this 
reconstruction, alternate [001] rows of atoms break their surface bonds and rebond with other atoms. 
A characteristic feature is the presence of five fold and seven fold rings of atoms involving the 
surface and sub-surface layers. Atoms in the rings buckle to allow for raised atoms (atom | in the 
figure) to be s*p* coordinated and the lowered atoms (atom 2 in the figure) to be sp” coordinated. 

Calculations of surface phonon dispersion curves have been made by using ab initio (Zitzlsperger 
et al 1997) and semi-empirical (Alerhand and Mele, 1988) schemes. Alderhand and Mele (1988) 
identified several types of surface phonon modes. These include fivefold ring modes above the bulk 
optical continuum, resonant dimer mode and subsurface dimer mode, and the Rayleigh wave (RW) 
mode below the bulk acoustic continuum. The phonon dispersion curves along the TJ symmetry 
direction, calculated by Zitslsperger et al (1997) using the DFPT ab intio scheme, are shown in 
figure 8.10. At the J point, the Rayleigh mode is found to be polarized perpendicular to the 7- 
bonded chains, with large motion of the upper atom along the surface normal direction. 
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Figure 8.9 Atomic geometry of the Pandey’s 2-chain model for Si(111)-(2 1). The surface unit cell is shown 
by dotted lines. Also shown is the surface Brillouin zone. 
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Figure 8.10 Phonon dispersion curves for Si(111)-(2x 1), with Pandey’s 2-chain model with positive (+) 
chain tilt as shown in figure 8.9. The shaded region is projection of bulk results on the surface Brillouin zone. 
The open circles represent the He-atom inelastic scattering data from Horten et al (1986). Reproduced from 
Srivastava (1997), which was originally obtained from Zitslsperger et al (1997). 


8.4.2.3 Si(111)-(77) 


The agreed geometrical structure of the Si(111)-(77) surface is the dimer-adatom-stacking-fault 
(DAS) model, proposed by Takayanagi et al (1985). The top two (111) atomic layers are heavily 
reconstructed. The first reconstructed layer contains a stacking fault and the second reconstructed 
layer contains dimers. Above these two layers reside adatoms. The atomic configuration in a 77 
unit cell is shown in figure 8.11. 

The atomic layer sequence along [111] in the diamond structure is ...CcAaBb..., where capital and 
lowercase letters indicate layers of the basis atoms. The 7x7 unit cell in figure 8.11 can be viewed 
as two triangles. The triangle on the right shows adatoms on top of normal sequence CcAaB. The 
triangle on the left shows adatoms on top of the sequence CcAa/C, thus with the presence of a 
stacking fault at the slant. 

e There are 12 adatoms in the adatom layer which lie in T4 sites in a 2 x 2-like arrangement. 
Each triangle contains six adatoms, three at its corner sites and the other three at its edge centre 
sites. 

e There are 42 atoms in the top surface layer the stacking fault layer, 36 of which are bonded to 
the adatoms and the remaining six are three-fold coordinated (called restatoms). 

e There are nine dimers in the second layer (the dimer layer). These are connected by 8-member 
rings along the boundaries of the faulted and unfaulted triangular subunits. 

e A 12-member atomic ring surrounds a large “hole” at each corner of the unit cell. 

Phonon modes on the Si(111)-(7 x7) surface have been studied both theoretically and experi- 
mentally. Theoretical studies include molecular dynamics simulations (Kim et al 1995, Stich et al 
1996) and a semiempirical DFT approach (Liu L et al 2003). Experimental measurements have 
been attempted using HREELS (Daum et al 1987), HAS (Lange et al 1998) and Raman scattering 
(RS) (Liebhaber et al 2014) techniques. The most informative of these has been the RS work by 
Liebhaber et al (2014), and here we summarise those results. 

The surface atomic arrangement belongs to the point group C3, (3m), with a three fold axis of 
symmetry and reflections on three vertical mirror planes. The irreducible representations of the 
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Figure 8.11 Top view of the DAS (dimer-adatom-stacking-fault) geometry of the Si(111)-(7x7) surface. 
Large open and large filled circles show adatoms and restatoms, respectively. The lower triangle unit contains 
a stacking fault. Increasing atomic sizes indicate increasing atomic layers along [111]. 


optical phonon modes corresponding to this point group are non-degenerate A; and doubly- 
degenerate E. Consider x = [112] and y = [110] as the surface in-plane axes, and z = [111] as the 
surface normal axis. For Raman scattering in backscattering geometry, the Raman tensor diagonal 
elements xx and yy are relevant for A; modes and the off-diagonal elements xy and yx are relevant 
for E modes. In the Porto notation,! out-of-plane A; modes appear in the configurations z(x,x)z and 
z(y,y)Z, while the in-plane E modes can appear in the configurations z(x, y)Z and z(y,x)z. 

Using the polarised Raman spectroscopy, Liebhaber et al (2014) observed six (zone-centre) 
phonon modes on the Si(111)-(7 x7) surface. In agreement with HAS data, the backfolded acoustic 
Rayleigh wave (RW) mode is found at 62.5 cm~! in the z(y, y)Z configuration. Three modes at 115.3, 
130.0 and 136.1 cm7! were observed as in-plane wagging modes (adatom — atom underneath). In 
agreement with HREELS measurement, a mode at 250.9 cm7! in polarisation configuration z(y,x)Z 
was observed, which is localised at adatomic sites. A collective mode (involving adatoms, first- and 
second-layer atoms) was observed at 420.0 cm! in the polarisation configuration z(y,x)z. 


8.4.3 MOLECULAR ADSORPTION ON SURFACES 


Many experimental and theoretical studies of equilibrium atomic geometry, electronic structure and 
phonon modes have been devoted to atomic and molecular adsorption, and overlayers on surfaces. 
A few examples of such studies for chemisorbed semiconductor surfaces can be found in Srivastava 
(1999). Here we present and discuss the zone-centre phonon results for the adsorption on the Si(001) 


'This notation for describing a Raman spectrum by four symbols is due to Damen et al (1966). The symbols inside the 
parentheses are, from left to right, the polarisation of the incident and of the scattered light, while the symbols to the left and 
right of the parentheses are the propagation directions of the incident and of the scattered light, respectively. 
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surface of inorganic molecules XH3 (X =N, P, and As) and the organic molecule C2H2—C203 (also 
expressed as C4H203 or C2H2(CO)20). 


Adsorption of trihydrides on Si(007) 


Adsorbate covered semiconductor surfaces play important role in device manufacturing. In this 
respect, interaction of common chemical vapour deposition (CVD) gas sources with Si(001) and 
Si(111) surfaces have been studied quite widely, both experimentally and theoretically. Here we 
briefly discuss adsorption of ammonia (NH3), phosphine (PH3) and arsine (AsH.) on the Si(001)- 
(2 x 1) surface. The down and up dimer atoms on Si(001)-(2 x 1) are electron deficient (electrophile) 
and electron rich (nucleaphile), respectively. Such molecules can adsorb both nondissociatively and 
dissociatively, depending on the coverage and flux during exposure. Being Lewis base, in its nondis- 
sociative form a XH3 (X =N, P, and As) molecule initially adsorbs at the down (electrophilic) Si 
dimer atom. At room temperature, the molecule is more likely to dissociate as XH3 — XH2 + H, 
with XH» and H adsorbing at the down and up dimer atoms, respectively. Characteristic features of 
the nondissociative and dissociative adsorption models are the stretch, bending and scissors modes. 
Fourier-transform infrared (FTIR) and HREELS measurements can identify these modes. Theo- 
retical calculations of zone-centre optical phonons can be performed to identify these modes and 
support experimental studies if the molecule has been adsorbed in the dissociative form. 

Based on the DFT-LDA scheme, Miotto et al (2001) employed the ab initio finite displacement 
method for zone-centre phonon, as briefly described in section 3.3.1.2. Total energy calculations 
favoured the gauche structural model for both the molecular and dissociative adsorptions, with 
trigonal-pyramidal geometry, as shown in figure 8.12. Considering the molecule and the top four 
atomic layers on Si(001)-(2 x 1), a 36 x 36 dynamical matrix was constructed by exerting finite 
displacements of atoms away from their equilibrium positions and extracting the linear part of the 
resultant Hellmann-Feynman forces. Results with pronounced surface character were analysed in 
terms of stretch, bend and scissors modes, and compared with HREELS and FTIR measurements 
(see Miotto et al 2001 for references). 


(a) molecular side view (b) dissociative side view 
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Figure 8.12 Gauch model of the molecular and dissociative adsorption of XH3 (X = N, P, As) on Si(001)- 
(2 x 1). Reproduced from Miotto et al (2001). 
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Figure 8.13 Schematic side and top views of possible models for the adsorption of maleic anhydride 
(CyH2C203) on the Si(001)-(4 x 2) surface. Panels (a)-(e) consider a 0.25 ML (monolayer) coverage and 
panels (f) and (g) consider a 0.5 ML coverage. (a) [2+2] cycloaddition via the C=C bond ({2+2]), (b) inter- 
dimer (the molecule is bonded to a single Si—Si dimer), (c) [2+2] cycloaddition via the C=C bond with hydrogen 
transfer from the molecule to the neighbouring Si—Si dimer ([2+2]),), (d) inter-dimer-B (the molecule is bonded 
to neighbouring Si—Si dimers), (e) inter-dimer with hydrogen transfer from the molecule to the nucleophilic 
Si atom from the same dimer (inter-dimer,,), (f) [2+2] cycloaddition via the C=C bond at neighbouring dimers 
(neighbouring), (g) [2+2] cycloaddition via the C=C bond at Si-Si alternate dimers along two neighbouring 
dimer rows (zig-zag). Reproduced from Miotto et al (2005). 


For the molecular adsorption, the theoretical (HREELS) results for the N—H stretch and N-H 
scissors modes were obtained as 3334 (3430) and 1501 (1630) cm~!, respectively. For the disso- 
ciative adsorption the N-H stretch, N-H scissors, Si-H stretch and Si-H bend modes lie at 3447 
(3330-3450), 1483 (1570), 2082 (2050-2075), 598 (603) cm~!, respectively. For PH3 adsorption, 
the theoretical (FTIR) results for the P—H stretch and P-H scissors modes were obtained as 2075 
(2270) and 952 cm7!, respectively. For the dissociative adsorption, the P—H stretch, P-H scissors, 
Si-H stretch and Si-H bend modes theoretical (HREELS, FTIR) results are 2162 (2300, 2245), 
955 (1050, ...), 2049 (2100, 2097) and 628 (640, ...) cm7!, respectively. For AsH3 adsorption, the 
theoretical results for the As—H stretch and As-H scissors modes were obtained as 2856 and 776 
cm7!, respectively. For the dissociative adsorption, the As—H stretch, As—H scissors, Si—H stretch 
and Si-H bend modes lie at 2824, 820, 2108 and 610 cm™|, respectively. The strongest experimen- 
tal indication of the dissociative adsorption of ammonia (NH3) and phosphine (PH3) is the detection 
of the Si-H stretch mode (Shan et al 1996). The first-principles calculations provide support for the 
dissociative adsorption model. 


Adsorption of maleic anhydride on Si(001) 


Several possible models can be considered for the adsorption of maleic anhydride (C2H2C203) on 
the Si(001)-(4 x 2) surface. Schematic side and top views of some of these are shown in figure 
8.13. Based on the DFT-LDA scheme, Miotto et al (2005) found that for 0.25 ML coverage (one 
molecule per 4 Si-Si dimer), the molecule adsorbs through a [2 + 2] cycloaddition reaction via 
the C==C functionality, shown in panel (a) in the figure. A slightly less energetically favourable is 
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Figure 8.14 Relaxed atomic geometry for (a) [2+2] cycloaddition via the C=C bond ([2+2]) and (b) inter- 
dimer-B structures. Reproduced from Miotto et al (2005). 


the interdimer B structure, shown in panel (d) in the figure. The equilibrium atomic geometries of 
these two structural models are shown in figure 8.14. 

Employing the ab initio finite displacement method, these authors examined the frequency and 
vibrational pattern of some of the optical modes for these two structures. Overall, the calculated 
results for both the [2+2] cycloaddition and inter-dimer-B structures are in the same range as 
experimental measurement by Lopez et al (2001). Numerical results, in cm~!, for some of the 
modes ([2+2] cycloaddition theoretical, inter-dimer-B theoretical, HREELS) are: C—H stretch mode 
(atoms 4—11): (3025-3062, 3032-3074, 2990-3070); C—O stretch mode (atoms 5-9): (1729, 1780, 
1775); C-H bend mode (atoms 4—11 and atoms 3-10): (1096-1233, 1080-1210, 1080-1212); C—C 
stretch(ring) mode (atoms 4—5): (1014, 980, 960); C—O bend(ring) mode: (822-899, 818-897, 858). 
The similarity in the vibrational frequencies for the [2+2] cycloaddition and inter-dimer-B models 
is consistent with the interpretation of scanning tunnelling microscopic (STM) images by Bitzer et 
al (2001) and Hofer et al (2002) which indicate adsorption of the molecule in both structures. This 
led Miotto et al to propose a mixed domain structure for the adsorption of maleic anhydride on 
Si(001). 


8.5 PHONONS ON MONOLAYER TRANSITION METAL DICHALCOGENIDES 


Monolayer two-dimensional systems provide an extreme example of the thinnest possible sur- 
face system. Phonon dispersion curves for the monolayer graphene were presented in figure 3.9. 
Here we present a brief discussion of phonons on the monolayer transition metal dichalcogenides 
(ml-TMDs). 

Figure 8.15 shows the atomic structure of ml-TMDs. Figure 8.16 shows the phonon disper- 
sion curves and density of states for MoS2, WS2 and MoTez, obtained from the application of the 
DFPT method described in section 3.3.2.1. Some observations can be made from these results. Both 
the maximum optical and maximum acoustic frequencies show the trend @(MoS2) > @(WS2) > 
@(MoTez). The minimum optical frequency shows the trend @(WS2) > @(MoS2) > @(MoTez). 
For MoTez, the values of the maximum acoustic and the minimum of optical frequencies are very 
close to each other. These results are consistent with the relative atomic masses and bond strengths 
(or lattice constants) in these materials. As monolayer TMDs are periodic arrays of zig-zag tri- 
atomic chains, a rough understanding of these trends can be obtained from the analytical solutions 
for a linear triatomic mass chain (see, e.g. Kesavasamy and Krishnamurthy 1978). 
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Figure 8.16 Phonon dispersion curves and density of states for monolayer MoS2, WS2 and MoTe2. Also 
indicated are the frequencies for the Raman modes Aj, E’ and E”. Reproduced from Srivastava and Thomas 
(2018). 


The point group symmetry of the monolayer TMD structure is D3,. The eigenmodes of the optical 
atomic vibrations for ml-TMDs can therefore be decomposed from the zone-centre representation 
as 

Toptical = A) (R) + Ag (IR) +E'(R+IR)+E"(R), (8.22) 


where R and IR indicate Raman and infra-red active modes, respectively. Figure 8.17 illustrates the 
atomic displacement patters for the Raman modes. 

For a pure and homogeneous sample of size larger than the intrinsic phonon mean free path, the 
full-width at half maximum FWHM(s) of a Raman active mode of polarisation s can be expressed 
as 

FWHM(s) = fity,! = hi[t,' (md) + 7 ,!(anh)], (8.23) 


where Tp, (md) and 7,,'(anh) are, respectively, the isotopic mass-defect and anharmonic scattering 
rates of the zone-centre phonon mode @(g = 0,5). Ab initio calculation of t),'(md) can be made 
using equation (6.34). Ab initio calculations of anharmonic three-phonon and four-phonon scattering 
rates can be made using equations (6.214) and (6.219). 

Srivastava and Thomas (2018) included all stable isotopic masses for Mo, W, S and Te to cal- 
culate Tas (md) using equation (6.34). They calculated the anharmonic scattering rate by using the 
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Figure 8.17 Vibrational pattern for Raman active modes on monolayer MoS2, WS2 and MoTe2. Reproduced 
from Srivastava and Thomas (2018). 
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Figure 8.18 Temperature variation of anharmonically controlled Raman width for monolayer MoS2, WS2 
and MoTe2. Reproduced from Srivastava and Thomas (2018). 


semi-ab initio expression in equation (6.220) for three-phonon processes. Figure 8.18 shows the 
calculated Raman linewidth over a large temperature range. Note that . (md) is temperature in- 
dependent. Also, note that the first of the three contributions in the second term for ue (anh) in 
equation (6.214) is also temperature independent. With these considerations, we can express 


FWHM(s) = constant + f(T), (8.24) 


where f(T) is a temperature-dependent anharmonic contribution. Figure 8.18 shows the computed 
results for the temperature variation of the Raman linewidths for monolayer MoS2, WS2 and MoTeo. 
While in general the temperature variation of the results are similar to those extracted from Raman 
measurements for a few-layer TMDs (see, e.g. Sahoo et al 2013, Lanzillo et al 2013), it is difficult 
to make direct comparison between theory and experiment as real samples are characterised by 
inhomogeneity and unknown types and amounts of additional defects. 

The first and second terms in equation (6.214) represent the scattering rate of a phonon mode 
(q,8) via coalescence (class 1) and decay (class 2) processes, respectively. Because of low-frequency 
locations, coalescence (decay) of the Raman modes A and E’ is more (less) probable in MoTe> than 
in MoS2 and WS». For example, numerical results suggest that at room temperature the contribution 
towards the cubic anharmonic part of FWHM(A‘) from the decay process is 85% in MoS» and 35% 
in MoTep. 


8.6 SURFACE SPECIFIC HEAT 


We know from Chapter 2 that the density of vibrational modes of a continuum g(@) varies as @7, 
and that the bulk phonon specific heat has the familiar 7? form at low temperatures. As we have 
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seen in the preceding section, when surfaces are present the normal mode frequencies are modified. 
The existence of surface modes gives rise to a surface contribution to the specific heat. 

A proper calculation of surface specific heat is difficult (see Wallis 1974 and references therein). 
In a simple description we can write the total density of normal modes of an isotropic elastic slab as 


g(@) = ga(@) +8s(@), (8.25) 


where B and S refer to bulk and surface (Rayleigh waves) contributions, respectively. While gg(@) « 
”, it can be shown that gs5(@) « @. Now Debye’s approach can be applied to determine a maximum 
cut-off @p by counting the total number of modes as 3N, where N is the number of atoms in a slab: 
3N = f{ g(@)do. Using equation (8.25) one can express 


Op = o8 + Aas, (8.26) 
where @8 is the bulk Debye frequency and it is found that 
Aas « Loaf, (8.27) 


being the area of the slab surface. 
Having determined @p, we can use the Debye method for calculating lattice heat capacity. At 
low temperatures, the surface contribution can be expressed as (Wallis 1974) 


CAPT. (8.28) 


Thus the low-temperature surface specific heat is proportional to the surface area and to the square 
of the absolute temperature: it becomes dominant as temperature decreases and the surface/volume 
ratio increases. Thus for fine powders the surface specific heat at sufficiently low temperatures may 
become comparable to the bulk T? contribution. 

When one considers an adsorbate layer of atomic mass my, then the low-temperature specific 
heat contribution comes out to be 


ACES Oe Ns (™ = *) T3 (8.29) 
m 
where m is the mass of bulk atoms and Ns is the number of adsorbates. 


8.7 ATTENUATION OF SURFACE PHONONS 


Surface phonons can be attenuated by interaction with crystal impurities and imperfections, with 
surface or conduction electrons in metals and semiconductors, and with bulk phonons. 


8.7.1 INTERACTION WITH IMPURITIES AND IMPERFECTIONS 


Steg and Klemens (1970) have calculated the relaxation rate of the Rayleigh waves from impurity 
scattering using the isotropic continuum model. If there are mass defect impurities with additional 
mass Am and concentration n per unit surface area, then the relaxation rate of a surface (Rayleigh) 
phonon of frequency @ is given by 


z n(Am)? 

U5 md = Saag ®” [Ai (42) +A2(42) +43 (9)2)], (8.30) 
8p*Becy 

where cs is the velocity of the Rayleigh phonon, B is a slowly varying function of Poisson’s ra- 

tio, and the terms A;, Az and A3 are dimensionless parameters describing the scattering of the 

Rayleigh phonon into other Rayleigh phonons, into longitudinal bulk phonons, and into transverse 
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bulk phonons, respectively. z is the distance of the impurity from the surface. If the wavelength As 
of the surface phonon is greater than the distance z, then the first term in equation (8.30) domi- 
nates over the other two terms. In other words, then surface phonons are mostly scattered into other 
surface phonons. When As << z, surface phonons are mostly scattered into bulk phonons. The 
frequency dependence in equation (8.30) suggests that undamped propagation of high-frequency 
surface waves (@ > 10 GHz) may require very smooth surfaces. 


8.7.2. INTERACTION WITH BULK PHONONS 


The theory of anharmonic interaction between bulk phonons, described in sections 4.3, 4.4 and 
6.4, can be appropriately modified to study anharmonic interaction between surface phonons and 
bulk phonons. The dominant interaction processes are S+B = B, where S and B stand for ultrasonic 
surface phonons and thermal bulk phonons, respectively. Such an interaction process may be treated 
by perturbation theory, as described in section 6.4, provided @st >> 1, where @s is the frequency 
of the Rayleigh (surface) wave and 7 is the relaxation time of the thermal phonons. Maradudin 
and Mills (1968), and King and Sheard (1970) have studied these processes. Here we follow the 
approach of the latter authors. 

Treating the surface wave as a normal mode of a semi-infinite solid we modify equation (4.79) 
to write the displacement field due to the surface modes q as 


e! ig’ -r «ed +,-ig’ -r 
~Ld pene! se" (q)aget "+ Bye™ (q)age "7", (8.31) 


where J = 1,2,3 label the solutions with wave vector q’, dg and aj are the annihilation and creation 
operators for surface phonons, cs is the velocity of the surface wave, .Y is the surface area and By 
are numerical factors chosen to satisfy the boundary condition of zero stress at the surface (x,y) 


plane. We can write, analogous to equation (8.2), 
qr =q)(Qxx+ Oy +ioz) (8.32) 


where q\| is the magnitude of q in the surface plane, with direction cosines O, and a, and , is a 
positive and real attenuation constant. The factor X is an amplitude normalisation constant adjusted 
to ensure that each mode q contributes an elastic energy A@gajag to the Hamiltonian of the solid: 
the result is 


ByBye*se’, 
i er (j =x, y,z). (8.33) 
JS'j 
Consider the process 
q+ (q's) =(9",s"), (8.34) 


where (q’,s’) and (q’,s”’) are bulk phonon states. Using equations (8.31), (4.61) and (6.45), King 
and Sheard (1970) obtained the following expression for the relaxation time Ts of the surface phonon 
with frequency Qs: 


hqja'q' ( a ni! —i ny 
aR ee ne 6413 p3csc!c"Z 


z 2 
x|)- us 


7 _ §(@. 4. — w")dq'dq,", (8.35) 
T igo? +4, —42 : 


where 
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with P denoting the six permutations of the pairs (/i), (mj) and (nk). The integrals in (8.35) can 
be simplified by introducing a new variable p = gq” —q‘ and using polar coordinates (q',0,) for 
q' with p as the axis. Only small p are important, so that we can regard q/q" ~ q'”, and c'c" = c”. 


Integration over q’ gives, for s” = s’, 


eS 
6403 p3ckb\ h : 
1 Fy : 
«Da f a Y iad —a| O(A)sinoae do aa (8.37) 
where 
A = p-/q| (8.38) 
‘2 Oc / 
RS = 22 cos pa—? ino (8.39) 
Csq|| Csq|| 06 
and 
o/T  ztexp(z) 
Des 2 BENE in, 8.40 
=f wee” si 


The remaining integrals in (8.37) are difficult and must be evaluated in terms of line integrals along 
Pz = Aq. Then equation (8.37) becomes 


ho kgT \* 
-1 s B 
tT = D 
ees h r ‘ 
sin 8 
déd Al 
Ef hold Sia c'7|gradA| Ai ean) 


where dé is a line element in (8, @) space to which the gradient operator also refers. 

The contours in the (6,@) space give the directions of the wave vectors of the thermal phonons 
which interact with the surface phonon for each value of A. In the isotropic medium dc’/d@ = 0 
and A = 0 defines a cone of semi-angle 0 = arccos(csq|\/c'p) with the axis along p. Since q\ < p 
and cs < c’ the angle @ always exists. The wave vectors of the participating thermal phonons must 
lie on such a cone. 

At low temperatures D4 = A4n4 /15 and equation (8.41) reduces to 


ts! < @sT4. (8.42) 


Therefore, the anharmonic damping of Rayleigh waves is governed by the same frequency and tem- 
perature dependence as observed in the Landau—Rumer (1937) process T +L =  L for bulk phonons 
(see also the second term in equation (6.92)). 


Taylor & Francis 
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Phonons and Thermal 
Transport in 
Nanocomposites 


9.1 INTRODUCTION 


In the previous chapter we discussed phonons on clean and covered crystal surfaces. Surfaces pro- 
vide one class of low dimensional systems (LDs). Another class of LDs is a composite structure 
comprised of several intentionally arranged materials. Such a structure can be periodic in one, two 
or three dimensions. Also, periodicity in such systems can be in the nanometer or micrometer range. 
An essential aspect of physics in such systems is governed by the presence of interfaces between 
their constituent materials. 

A periodic nanocomposite structure consists of identical inclusion of more than one material type 
in every unit cell. Such structures normally do not exist in nature but are fabricated in laboratory 
using crystal growth techniques such as molecular beam epitaxy (MBE) and chemical vapour de- 
position (cvp). We can classify such structures according to their newly adopted one-dimensional, 
two-dimensional and three-dimensional periodicities, respectively, as planar superlattices (PSLs), 
nanowire superlattices (NWSLs) and nanodot superlattices (NDSLs). A PSL, usually referred to 
as a superlattice (SL), in its simple form is a periodic system comprising alternating layers of two 
crystals. Superlattices (SLs) with thick alternating layers (typically 5 nm or more) are referred to as 
multi-quantum wells (MQWs). In its simple form a NWSL is a periodically embedded nanowire of 
a material in the matrix of another material. Similarly, in its simple form a NDSL is a periodically 
embedded nanodot of one material in the matrix of another material. 

In this chapter we present some aspects of phonon physics in nanocomposite and microcomposite 
structures. 


9.2; CONTINUUM THEORY OF PHONONS IN PLANAR SUPERLATTICES 


The treatment given here is due to Rytov (1956), as reviewed by Jusserand and Paquet (1986a), and 
Jusserand and Cardona (1989). 

For acoustic modes with wavelength much larger than the lattice parameter the atomic displace- 
ments can be considered as a continuum field u. Consider the two materials of a sL as two effective 
media characterised by densities p; and p2, and elastic constants A; and Ag, respectively. Propa- 
gation of elastic waves along the si direction, say the z direction, is governed by the Lagrangian 


density 
1 du\? 1 du\? 
£=3e(0(F) 580 ($) , (9.1) 


where p = (f1,P2) and A = (Aj, Az) when z is in medium (1, 2). 
The elastic wave is given by the one-dimensional equation 


2 
oud (45) (9.2) 
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subject to the following interface boundary conditions at z = 0: 


0 0 
Ay 5. = Nb 5. (stress continuity) (9.3) 
uo = uw (displacement continuity). (9.4) 


Further, we have due to the periodicity 
u(z+d) =u(z)ei4, (9.5) 


where q is a wave vector of the sL, d, and dy are the thicknesses of layers 1 and 2, and d (= d; +d) 
is the periodicity of the st. Within each layer equation (9.2) reduces to the form given in equation 
(2.137) 


= Ay (9.6) 


A 
a= /—qa, (9.7) 
P12 


where qj 2 is a phonon wave vector in the layer (1,2). The st Brillouin zone edge along the z axis is 
related to the bulk Brillouin zone edge by q?4 /q?4 = di 2/d. 
For the s_ problem we try solutions 


u1(z) = (Ae? + Be 712) e710" (0.8) 
u(z) = (Cei4% + De 92%) @i@t (0.9) 


The continuity equations (9.3) and (9.4) become, using equations (9.8) and (9.9): 
at z=0 


A+B = C+D (9.10) 
(A—B)Aig1 = (C—D)Arq~ (9.11) 
at z= dp 
CPi? + Deine — (Ae + Bein els (9.12) 
Ang? (Cel? — Dl?) = Ayqy(Ae i441 — Be!1'4 )ei97, (9.13) 


From equations (9.10)—-(9.11) and (9.12)-(9.13) the following sL dispersion relation can be obtained: 
Aipi +A2p2 


cos(gd) = cos(qid1) cos(qzdz) — sin(qid1) sin(q2d2). (9.14) 
2/AipiA2p2 
Furthermore, the eigendisplacements are given as 
uy = (Aiqisin(qrd2)) cos(qiz) — (Azg2 cos(qzd2)) sin(qiz) 
+(Arqre'“) sing;(z+d)) -—d,<z<0 (9.15) 
——— (Aigqie'“4 cos(qid1)) sin(q2z) + (Arqre“4 sin(qid1)) cos (q2z) 
—Ajd\ sin(q2(z—d2)) 0<z<ad. (9.16) 


The dispersion relation in (9.14) can be re-expressed as 


2 
cos(qd) = cos{ @(d,/v1 +d2/v2)} — i sin(@d,/v;)sin(@d2/v2), (9.17) 
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where 
€ = (Aip1 — A2p2)/(A1p1 + A2p2) (9.18) 


is a measure of the mismatch of the acoustical impedances of the two layers, and v;,v2 are the sound 
velocities in bulk compounds 1, 2. In the limit of long wavelengths (g — 0, @ — 0) equation (9.17) 
reduces to @ = qv, where 


/2 


v = d[(di/v1 +dp/v2)? —€7(di/v1)(d2/v2)] (9.19) 


When € = 0, we get @ = qi, where 


y= (1—x)y,' +20," (9.20) 
with x = d/d as the concentration of the compound 2 in the sL. The relation @ = qv can be inter- 
preted as the folding of the continuum dispersion curve of an average compound of sound velocity 


v. The relation 
cos(qd) = cos(@v/d) (9.21) 


also yields doubly degenerate frequencies 


@ > Qy = ae at zone centre (9.22) 


m(v+1)v/d at zone edge 


with v = integer. When € is small the effect of the second term in (9.17) is to split the frequencies 
at the zone centre and zone edge. Thus this model predicts new zone-centre optical modes of acous- 
tic nature. Figure 9.1 gives a schematic representation of folded acoustic curves of a sL using the 
continuum theory. 

The zone-folding and the creation of minigaps in the acoustic phonon dispersion curves of SLs 
have been observed experimentally by acoustic transmission using superconducting tunnel junctions 
(Narayanamurti et al 1979) and by means of Raman scattering (Colvard et al 1980, Jusserand et al 
1986, 1988). 
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Figure 9.1 Schematic illustration of folded acoustic dispersion curves of a superlattice using the continuum 
theory. Note small splittings at the zone centre and zone edges. Also shown (dashed curve) is the corresponding 
curve for an average bulk of size d}.2. 
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9.3 ONE-DIMENSIONAL APPROACH FOR LATTICE DYNAMICAL THEORY OF 
PHONONS IN PLANAR SUPERLATTICES 


A simple and useful model of longitudinal lattice dynamics along the sL growth direction can be 
developed by using the linear chain model discussed in section 2.2.2. Let us consider a superlattice 
(XZ) y, (YZ) yy, (001) whose repeat period along [001] contains N; layers of XZ and N) layers of 
YZ, both XZ and YZ being zincblende materials. We consider the [001] direction because most 
Raman scattering experiments have been performed along this direction. In this configuration only 
longitudinal phonon modes can be detected (see next section). Thus the one-dimensional model will 
be sufficient to analyse most of the experimental results. 

For phonons propagating along the sL growth direction [001] planes of atoms move as a whole 
and the longitudinal and transverse vibrations are decoupled (Kunc 1973-74). Let us deal with the 
longitudinal case here. (The transverse case can be described analogously.) Let us further consider, 
for simplicity, only nearest-neighbour interactions. Moreover, we assume that both XZ and YZ have 
the same lattice constant a. The thickness of a monolayer is b = a/2. 

Let masses, atomic displacements, and interplanar force constants be as shown in figure 9.2. 
Then, following the approach in section 2.2.2 but using a slightly different notation, we can write 
within XZ layers at z= jb 


i 
my AUP), ua( jb) + ua( Cj — 198) ~ 200 (3) (9.23) 
mE) stay ((j-41)0) + 01(j0) — 2000) (9.28 


For atomic vibrations in the XZ layers we try solutions 


ui (jb) Ai exp(i(qi jb — ot)) (9.25) 
ux(jb) = Azexp(i(qijb—ot)), (9.26) 


I 


where +q, are the z components (along [001]) of the phonon wave vector q in XZ. From equations 
(9.23)—(9.24) and (9.25)—(9.26) we get 


(m@* — 2A 1)(m2@7 — 2A1) — 2A4 


cos(qib) = (9.27) 
2A4 
and A Agi (Ligib)) 
2 1(1 + exp(+1q1 
— = . 9.28 
% Aj (2Ay _ m7) 
XZ YZ XZ 
eet “mm 
SCOOT OOOO TOO CTO CONO CPO. TOTO THO 
hy 9 zor (001) 
0 b jb 
e Oo oO 
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Figure 9.2 The linear chain model for a (XZ), (YZ)y,(001) superlattice, where XZ and YZ represent 
zincblende materials. Thicknesses of layers XZ and YZ are dj = N,b and dy = Nyb, respectively. b is monolayer 
thickness, and d = d, +dz = (N; +N2)b is the superlattice periodicity. 
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Similarly, within YZ layers at z= jb 


ui (jb) = Cyexp(i(gojb— ot)) (9.29) 
u5(jb) = Crexp(i(qzjb—ot)) (9.30) 
and 
d2u’ ib 
jE) a tuh ib) + h(i 1)b) — 24 (0) (9.31) 
2's 
; a = Agluy((j+1)b) +4} (jb) — 2u5(jd)], (9.32) 


where +q are the the phonon wave vector components q, in YZ. From equations (9.29)—(9.30) and 
(9.31)-(9.32) we get 


(m', @* — 2A2)(m2@7 — 2A2) — 2A5 
3 


cos(q2b) = (9.33) 


and 


5. Cy _ Aa(1 +exp(tiged)) 
~ Cy (2A2 — m2@7) 


For atomic vibrations in the sL we try solutions similar to those used in equations (9.8)—(9.9) 


(9.34) 


ui(z) = (Aell!® + Be i412) e io" (9.35) 
u(z) = (y Ae + y Bei? )e 10 (9.36) 
ui(z) = (Ce!2? + De 142%) (9.37) 
u(z) = (6:Cel% + 6_De"?)e 1, (9.38) 


where u2/u) = ¥ . are used. These solutions must obey the displacement and stress 
continuities at the interface between XZ and YZ. The discrete analogues of equations (9.3)-(9.4) 
are: 


Displacement continuity: 


. and u,/u, = 6 


at z=0 
uz(0) = u(0) 
or 
YA+ y-B=6.C+6_D (9.39) 
at z= dz = Nob 
u(d2) = w3(d2) 
or 


y, Ae i141 e944 y Bel e—i44 — §, Cel 4 § De iP”, (9.40) 


where equation (9.5) is used. 
Stress continuity: 


atz=0 
Aj [ui (b) — m1 (0)] = Ao[u4 (b) — 04 (0)] 
or 
GiA+G_B=H,C+H_D (9.41) 
at z= d) = Nb 


Aj [ui (dz +b) — uy (d2)] = Ag[u\ (do +b) — ui (d2)] 
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or 
G,Aeia141 eld + G_Be'™4 eld = H,.Ce'222 + H_Dei2® | (9.42) 


where 


Gi =Ay(e#?-1) He = Ap(e*2? —1). (9.43) 


Equations (9.39)-(9.43) define a 4 x 4 dynamical matrix equation whose solution represents the 
one-dimensional case of vibrations in the sL. The resulting eigenvalues are given by the expression 


cos(qd) =  cos(qid1)cos(q2d2) 
2(%4-Y-HiH_ + 646_GiG_) 
' \(y-6_G,H, + 7,6,G_H_— y_5,G,H_— ,6_G_H,) 
x sin(g1d 1) sin(q2d2). (9.44) 


When a common force constant A; = A2(= A) is assumed for both compounds XZ and YZ, then 
equation (9.44) reduces to 


cos(qd) =  cos(qid;)cos(qzd2) 
1 —cos(qib) cos(q2b) 


sin(q1b) sin(q2b) 


sin(qid)) sin(q2d2). (9.45) 


This result is the discrete analogue of the continuum result in equation (9.14). 

Before we present the results for a sL, let us discuss the terminology of complex phonon dis- 
persion relation. The method of the complex phonon dispersion relations is similar to that of the 
complex electronic band structure (Heine 1963, Inkson 1980, Yip and Chang 1984). In general, 
due to symmetry properties of the dynamical matrix and the reality of @*, the complex phonon 
dispersion relation satisfies 

@°(q) = @(-4") = 0°(q"). (9.46) 
The reflection symmetry x,y + —x,—y in the (GaAs)y,(AIAs)y,(001) sL means that for real q| 
equation (9.46) can be expressed as 


ow (q) 4r tigi) = o (q\,.4r— igi) 
= ° (—4\),4r igi) 
= 04), —4 + igi) 
= (q\,—4r,—igi), (9.47) 


where q, = q; +ig; is the z component of the phonon wave vector. As we are dealing with a linear 
chain model along the z direction, we will set q = 0, so that g =. Thus for a given @”, the complex 


q solutions can be grouped in the form +g,+tig;. The solutions g(@7), for fixed @”, are known as 
the complex branches and can be classified as: (i) a real branch (q; = 0), (ii) an imaginary branch of 
the first kind (q; 4 0,g, = 0), (iii) an imaginary branch of the second kind (¢; 4 0,4; = dmax), and 
(iv) a complex branch (g, 4 0,q; 40). An imaginary or complex branch characterises an evanescent 
wave and indicates attenuation (i.e. decay length A = 1/gq;) of a vibration. 

Figure 9.3 shows the complex dispersion relations for the longitudinal modes in GaAs and AlAs 
from equations (9.27) and (9.33), respectively. The force constants A; and A» were fitted (Colvard 
et al 1985) to reproduce the zone-centre LO phonon frequencies in GaAs and AlAs, respectively. 
Imaginary branches of the first kind, real branches and imaginary branches of the second kind are 
plotted in the left-hand, middle and right-hand side panels, respectively. Because of the symmetry 
relation (9.47), only the phonon branches with qg,; > 0 and q; > 0 are plotted. The LA and LO real 
branches are connected by an imaginary branch of the second kind at the point gnax. With decreasing 
qr the LO branch turns into an imaginary branch of the first kind at point qg, = 0. 

Figure 9.4 shows the plot of equation (9.44) for the (GaAs)5(AlAs)4(001) sL. The bulk LA modes 
of the GaAs and AlAs origins become the folded LA modes of the st. The optical modes of the GaAs 
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Figure 9.3 Complex phonon dispersion curves for longitudinal modes in GaAs and AlAs bulk materials. 
The left-hand, middle and right-hand panels show imaginary branches of the first kind, real branches and 
imaginary branches of the second kind, respectively. The force constants Ay = 0.907 x 10° dyn/em (GaAs) 
and Ay = 0.954 x 10° dyn/cm (AIAs) are fitted to the frequencies shown in circles. (Reproduced from Colvard 
et al (1985).) 


and AlAs origins are also folded into the st Brillouin zone but now show quite flat dispersion. These 
folded LO modes in the st appear in two separate groups, corresponding to the non-overlapping bulk 
LO modes of GaAs and AlAs as shown in figure 9.3. The flatness of the LO dispersion curves in the sL 
is in agreement with the confinement of the LO vibrations: the decay length A = 1/q; can be inferred 
from the complex dispersion curves in figure 9.3. At the GaAs LO mode frequencies the vibrations 
are mostly confined to the GaAs layers and extend less than one monolayer into the AlAs layers, 
where they are damped optical modes with g = qmax = 2%/a. At AlAs optical mode frequencies 
the vibrations are even more confined to the AlAs layers, decaying into the GaAs layers as damped 
acoustic modes with q; = 0. 

From the linear chain, nearest-neighbour interaction, model in equation (9.45) it can be shown 
that the jth confined LO mode in the GaAs (AIAs) layers of the s_ corresponds to q vectors of the 
bulk given by (Jusserand and Paquet 1986b) 

ju 
%12= Gap’ (9.48) 
where j = 1,2,...,Nj,2. Thus in the small-q limit the jth folded frequency can be approximated as 


oy 2 2,2 
OF = OL Via 


2 2 Jt ° 
= OLO VL (; z) 3 (9.49) 


M2tl 


where @, is the bulk LO phonon frequency, and v,_ is the longitudinal sound velocity. This result 
suggests that the zone-centre optical phonon frequencies in general decrease with layer thickness in 
the sL. 

Certain optical modes in (GaAs)y, (AlAs)jy,(001) superlattices have been reported to show an 
anisotropic behaviour (Merlin et al 1980, Ren et al 1987): the frequencies at the zone centre are 
different when g — 0 from [001] and [100] directions (the second direction is an in-plane direction). 
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Figure 9.4 Dispersion of longitudinal phonon modes in (GaAs)5(AlAs)4(001) using the linear chain model. 
The force constants are given in the caption for figure 9.3. The bulk phonon modes are also shown. (Reproduced 
from Colvard et al (1985).) 


Ren et al (1987) have also studied the relation of the in-plane optical modes (due to anisotropy) 
observed by Merlin et al (1980) with the interface modes observed by Sood et al (1985). 


9.4 RAMAN SCATTERING STUDIES OF PLANAR SUPERLATTICE PHONONS 


A brief discussion of Raman scattering in crystals was presented in section 6.9.2. To study phonons 
in sLs made from III—V semiconductors, polarised monochromatic light is used and the scattered 
light is analysed in the so-called back scattering configuration: the incident and scattered photons 
propagate within the crystal in opposite directions perpendicular to the sample surface. The wave 
vector of the involved phonon is in general very small compared to the Brillouin zone extent, hence 
pronounced first-order Raman scattering is caused by zone-centre optical phonons. In the following 
we will deal only with the Stokes (phonon creation) process. 

For a Raman active phonon its irreducible representation must coincide with one of the irre- 
ducible representations of the polarisability tensor. For a back scattering experiment on a (001) 
surface of a bulk IJ—V compound, the transverse optical (TO) phonon modes are forbidden for 
any polarisation configuration of the incident and scattered beams. The longitudinal optical (LO) 
phonon mode is allowed for incoming light (incident along the z direction) polarised along the x di- 
rection and scattered light (propagating along the —z direction) polarised along the y direction (the 
so-called z(x,y)Z configuration) and forbidden in the z(x,x)Z configuration!. For a st along [001], 
e.g. (GaAs)y, (AlAs)y, (001), the point group symmetry is reduced from tetrahedral ( 7y or 43m for 
bulk III-V ) to quadratic ( Dx or 42m ). For this symmetry TO modes remain forbidden in the 
back scattering configuration. In the linear chain model for this st the total number of zone-centre 


' Also see section 8.4.2.3 for this notation 
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Figure 9.5 (a) Room-temperature Raman spectrum of (GaAs)5(AlAs)4(001) near the first folded longitudi- 
nal acoustic gap. The sharp peaks are LA phonons, and T indicates transverse phonons. (b) Phonon dispersion 
near the first folded LA gap for (GaAs)5(AlAs)4(001). The solid lines are calculated with the linear chain 
model. The Raman data are shown by vertically crossed large open circles. The superlattice corresponds to 
layer thicknesses d; = 14 A, dy =12A. (Reproduced from Colvard et al (1985).) 


LO and (folded) LA modes is 2(N; + N2) — 1. These modes are Raman active in the two different 
configurations mentioned above. 

Let us note that the D2g group has the irreducible representations which are denoted as 
A,,A2,B,,Bz and E (see section 1.10). The irreducible representation of the polarisability tensor 
for the group Dog must transform as xx or xy (Loudon 1964). Raman active phonons have symmetry 
A; (orT} ) for the z(x,x)z scattering, and Bz ( or 4 ) for the z(x,y)Z scattering. 

In the following we discuss Raman scattering measurements of folded LA and confined LO 
phonons in (GaAs)y, (AlAs)y, (001). 


9.4.0.1 Folded LA phonons 


The most striking features of the Raman spectrum from a s- are the folded acoustic phonons in 
the region 5cm~! < @ < 220 cm7!. The folded LA phonons appear as doublets, with each doublet 
made of a A;(Ij) and a Bo(I'4) mode. The Raman spectrum of (GaAs)5(AlAs)4(001) at room 
temperature near the first folded LA gap is shown in figure 9.5(a). It can be seen that the intensity of 
the Bz component ((x,y) spectrum) is much smaller than the intensity of the Ay component ((x,x) 
spectrum). This is due to the fact that the By modes are effectively of odd symmetry under inversion 
and since purely odd modes cannot ordinarily participate in Raman scattering, B2 modes have a 
vanishing cross section. In figure 9.5(a) it can be seen that there also appears a folded TA phonon 
in both (x,x) and (x,y) spectra. This is due to a Brewster angle scattering geometry used in the 
experiment. 

By collecting data for folded peaks at sevaral laser wavelengths, the phonon dispersion near the 
first folded LA gap in (GaAs)5(AlAs)4(001) is shown in figure 9.5(b). Also shown in the figure is 
the phonon dispersion from the linear chain model (equation (9.44)). It is very encouraging to note 
that the agreement between theory and experiment is good. 

For large period sts the actual extent of the Brillouin zone becomes of the same order of magni- 
tude as the wave vector of the created phonon. Further, Raman shifts vary for different incident laser 
wavelengths. Consequently, one can take advantage of the dependence of the created phonon wave 
vector on the incident wave vector to determine entire phonon dispersion curves in thick sLs. Figure 
9.6 shows experimental frequencies of folded LA modes at different wave vectors for a GaAs/AlAs 
sL with layer thicknesses dj = 26 A, d, = 14 A. The measured frequencies are in good agreement 
with theoretical dispersion curves obtained from Rytov’s continuum model (equations (9.17) and 
(9.18)). 
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Figure 9.6 Experimental frequencies of folded LA modes in GaAs/AIAs superlattices (with d) = 26 A, d> = 
14 A) compared with theoretical dispersion curve. (Reproduced from Jusserand and Paquet (1986a).) 
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Figure 9.7 Low-frequency Raman spectrum for GaAs/AIAs superlattice with period d = 115 A, and the 
corresponding theoretical dispersion curve. (Reproduced from Jusserand et al (1987).) 


Apart from dispersion of folded LA modes, it is also possible to determine structural information 
from Raman scattering. Figure 9.7 shows a low-frequency Raman spectrum of a GaAs/AIAs sL of 
period d = 115 A. The back scattering frequencies appear as doublets with the average frequency 
of the jth doublet as @; = 27 jv/d, where 7 is the average phonon velocity in the sL. Thus a good 
estimate of d, the sL period, can be obtained from the measured doublet frequencies. 


9.4.0.2 Confined LO phonons 


The frequency difference of the optical phonon bands in GaAs and AIAs is very large (see figure 
9.4). One therefore expects the GaAs (AIAs)-like optical phonons to be strictly confined in the GaAs 
(AlAs) layers of the sL, with very small penetration depth (typically less than a monolayer) within 
the barrier (well) layers. The non-dispersive frequency levels of LO confined modes are given by 
equation (9.49). 

Figure 9.8 shows the Raman spectra, taken at liquid nitrogen temperature, in the GaAs-like LO 
phonon frequency range for bulk GaAs and GaAs/AIAs st with dj = d) = 20 A. Whereas the bulk 
LO phonons are active only in the z(x,y)Z configuration, the sL LO phonons are active both in z(x,x)Z 
(A; symmetry) and z(x,y)Z (B2 symmetry) configurations. The observed LO modes in the si can be 
compared with the theoretical predictions from the linear chain model. However, when comparing 
experiment with theory it should be remembered that the treatment in section 9.3 does not account 
for electronic long-range forces which are produced by LO vibrations (cf section 2.4.4). 
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Figure 9.8 Raman scattering spectra on (a) pure GaAs; (b) and (c) GaAs/AIAs superlattice with d} = d) = 20 
A in the GaAs-like LO phonon frequency range. Modes 1, 3 and 5 are B7(I'4) type and modes 2 and 4 are 
Ai (I) type. The line labelled by a star is a small forbidden contribution from mode 1. (Reproduced from 
Jusserand and Paquet (1986a).) 


By fitting observed GaAs-like LO frequencies to the expression in equation (8.86), it is possible to 
obtain an estimate of the thickness of GaAs layers d) = Nib (viz. the phonon quantum well width). 


9.5 THREE-DIMENSIONAL TREATMENT OF PHONON DISPERSION RELATIONS 
IN PERIODIC NANOCOMPOSITE STRUCTURES 


In section 9.3 we discussed the phonon dispersion characteristics of a superlattice using a one- 
dimensional spring-and-ball analytical model. Phonon dispersion curves for realistic superlattice 
structures can now be routinely obtained, subject to computing resources, by applying the ab-initio 
DFPT method described in sub-section 3.3.2.1. Here we present and discuss results for a PSL, 
an embedded NWSL and an embedded NDSL, each of ultrathin periodicity, using the Quantum 
Espresso package detailed by Giannozzi et al (2009). The general characteristics of folding, con- 
finement and gap openings along an interface normal direction described in the sub-section 9.3 hold 
true for each of these constructs. Most notable is the possibility of opening of a gap (or gaps) both 
along and normal to the growth direction. Such a gap is usually referred to as the true phononic gap 
and the system is called a three-dimensional phononic system (or a phononic crystal). 

Before discussing phonon dispersion curves for such periodic systems, it would be helpful to 
keep in mind that the phonon frequency spans continuously in the range 0-300 cm7! for bulk Ge 
and and 0-500 cm™! for Si (see, figures 2.12 and 2.15). 


Si/Ge[001](4,4) PSL 


Figure 9.9 shows the atomic structure and phonon dispersion curves for the Si/Ge[001](4,4) PSL, 
with a unit cell containing four bi-layers of Si and four bi-layers of Ge along the [001] direction. 
A few characteristic features can be noted. The maximum frequency in this superlattice is larger 
than the average of the maximum frequencies in bulk Si and bulk Ge. This is primarily due to the 
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Figure 9.9 (left) Unit cell for Si/Ge[001](4,4) planar superlattice. (right) Phonon dispersion curves along the 
growth direction (('Z) and an in-plane direction (IX), calculated by the author using the Quantum Espresso 
package (Giannozzi et al 2009) and the parameters detailed in Srivastava and Thomas (2019). 


& 


superlattice lattice constant being close to the average of bulk Si and Ge lattice constants, which 
results in an increase in Si-Si bond lengths and a decrease in Ge-Ge bond lengths. The bulk acoustic 
branches get folded according to the superlattice periodicity. Lower lying bulk optical branches also 
get folded accordingly. However, higher lying bulk acoustic as well bulk optical branches tend to 
show confinement (i.e. flatness in dispersion). It is possible to ‘extract’ Si and Ge signatures in any 
of the branches. Modes above 300 cm7! are Si-like. All these features are essentially similar to 
those discussed in the sub-section 9.3. In addition to zone-folding and confinement features, we 
notice splitting in the dispersion curves at the zone-edge point X, especially at 44, 300, 340, 400 
and 460 cm~!. These arise due to a combination of factors, including mass difference between Si 
and Ge, formation of Si-Ge interface bonds and relaxation of bond lengths close to the interface. 
Note a clear gap just above 300 cm~! both along and normal to the growth direction. 

Phononic gaps in Si/SiGe semiconductor superlattices have been measured using ultrafast pump 
and probe experiments (see, e.g. Ezzahri et al 2007) and discussed theoretically (see, e.g. Hepple- 
stone and Srivastava, 2008). These will be discussed further in section 10.4. 


Si/Ge NWSL 


Figure 9.10 shows the atomic structure and phonon dispersion curves for a Si nanowire of a/2 x a/2 
square base embedded in a Ge unit cell of dimensions a x a x a. The equilibrium value of a is close to 


Frequency (1/cm) 


100 


Figure 9.10 (left) Unit cell for an ultrathin Si nanowire embedded in an ultrathin Ge matrix. (right) Phonon 
dispersion curves along the nanowire growth direction ([Z) and along a direction across the nanowire (IX), 
calculated by the author using the Quantum Espresso package (Giannozzi et al 2009) and the parameters 
detailed in Srivastava and Thomas (2019). 
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Figure 9.11 (left) Unit cell for an ultrathin Si nanodot embedded in an ultrathin Ge matrix. (right) Phonon 
dispersion curves along the nandot growth direction (CZ), calculated by the author using the Quantum Espresso 
package (Giannozzi et al 2009) and the parameters detailed in Srivastava and Thomas (2019). 


(a(Si) + 3a(Ge))/4, as expected from Vegard’s law. The maximum vibrational frequency is higher 
than the average of that in Si and Ge, but lower than that for the Si/Ge[001](4,4) PSL. This can be 
understood using the explanation given for the Si/Ge[001](4,4) PSL. The phonon dispersion curves 
along I—Z and I—X are, respectively, in the directions along and normal to the wire growth. There 
are clear signatures of zone folding and confinement along the growth direction. All the confined 
modes above 300 cm™! are Si-like. The zone-edge degeneracies seen at the zone edge Z split at the 
zone edge X, due to vibrational waves crossing both Si and Ge regions. There are several phononic 
gaps, e.g. just above 300 cm~!, around 350 cm7!, just below and above 400 cm~! and just below 
450 cm7!, 


Si/Ge NDSL 


Figure 9.11 shows the atomic structure and phonon dispersion curves for a cubic Si nanodot of 
dimensions a/2 x a/2 x a/2 embedded in a Ge unit cell of dimensions a x a x a. The equilibrium 
value of a is close to (a(Si) + 7a(Ge))/8, as expected from Vegard’s law. A large number of phonon 
branches show confinement for this system. All the confined modes above 300 cm~! are Si-like. 
Similar to the Si nanowire case, we can notice five phononic gaps. These are found above 300 eml!, 
around 375 cm~!, around 400 cm~!, around 425 cm7! and around 450 cm~!. However, as expected, 
compared to the nanowire case there is significantly less spreading of Si-like confined branches. 


9.6 THERMAL CONDUCTIVITY OF PERIODIC NANOCOMPOSITE STRUCTURES 
9.6.1 INTRODUCTION 


Lattice thermal conductivity of bulk solids spans over four orders of magnitude, covering the range 
10-'-10? W m7! K7! at room temperature. Nanostructuring of solids can further increase this 
range (Kim et al 2007). Identification of key physical parameters of nanostructures, particularly 
nanocomposites, for tuning phonon transport is an important topic of both fundamental and prac- 
tical importance. In this section we attempt to identify tuneable thermal transport characteristics 
of nanocomposites made of Si and Ge. We do this based on the application of a combination of 
the full-scale semi-ab initio approach (descibed in sub-sections 5.2 and 6.10.3) and a generalised 
and extended effective medium theory. The reason for this choice is made by realising that a direct 
application of full-scale ab initio or semi-ab initio methods is computationally limited to periodic 
systems containing a reasonably small number (typically less than 200) of atoms per unit cell. 
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Figure 9.12 An schematic illustration of unit cell size D and sample dimensions for periodic nanocomposites 
in the form of planar superlattice (PSL), embedded nanowire (NWSL) and embedded nanodot (NDSL) made 
of two materials A and B. 


Before we proceed, we mention that the application of the Boltzmann transport equation within a 
relaxation time scheme assumes the validity of the Landau-Peierls-Ziman condition (Ziman 1960): 
sample size (L) must be larger than the phonon mean free path (A), which in turn must be larger 
than the phonon wavelength (A), i.c., L > A >A. The energy at temperature T of the dominant 
phonon mode is #@gom = 1.6kgT (Ziman 1960). Using the linear dispersion relation @gom = 2%¢/A, 
the wavelength at temperature T of the dominant phonon mode of speed ¢ can be estimated from 
A =hé/1.6kgT. The choice € = 5000 ms~! gives A = 0.5 nm. Typical values of A and A at room 
temperature are: A = 1 — 10 nm and A = 10— 100 nm (Kim et al 2007). 

Figure 9.12 provides a simple illustration of the unit cell size D and sample length L (taken as an 
effective value from the sample dimensions L1, £2 and L3) for PSL, NWSL and NDSL nanocom- 
posites made of two materials A and B. Note that shapes of nanowire and nanodot are not restricted 
to this illustration. For discussing lattice thermal conductivity calculations of these, we consider 
three situations: D<< A, D~ A and D >> A. We will refer to systems corresponding to these 
situations as ultrathin nanocomposites, nanocomposites and microcomposites, respectively. 


9.6.2. DIRECT CALCULATION FOR ULTRATHIN NANOCOMPOSITES 


As mentioned earlier, we consider ultrathin nanocomposites as periodic systems with unit cell size 
much shorter than average phonon mean free path (D << A). Such systems should be treated as 
new materials and their phonon properties such as dispersion relations, specific heat and thermal 
conductivity should be calculated rigourously employing a well established theoretical technique. 
Note that the volume of the Brillouin zone for a composite material will be smaller than the Bril- 
louin zone for its constituent bulk materials. This will give rise to mini Umklapp phonon-phonon 
scattering processes (Ren and Dow 1982), consistent with the formation of smaller reciprocal lat- 
tice vectors. The state-of-the-art techniques discussed in sections 5.2, 6.2 and 6.10.1 — 6.10.4 can be 
straightforwardly applied to such systems, with one extra consideration. In addition to the intrinsic 
boundary, isotopic mass defect and anharmonic scatterings it would be important to include ‘inter- 
face scattering’ of phonons. This new type of scattering arises from the unavoidable possibility of 
mass smudging across boundaries between different chemical compounds making the nanocompos- 
ite structure. 

Considering mass swap across interfaces as a small perturbation, we can employ an appropriately 
modified version of equation (6.34) to calculate the phonon interface scattering rate. Accordingly, 
the phonon scattering rate due to interface mass smudging (IMS) can be expressed as 


l(IMS) = 55-0°(gs) Y 5(0(gs) — (a's) 
q's! 
IF 
x ) Tims (6) |e*(b;qs) -e(b:q's')|°. (9.50) 
b 


Here Tyys(b) is the mass-smudging disorder coefficient for the bth atom in the interface region. It 
is worth reemphasizing that it is difficult to control and quantify such type of mass disorder in real 
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Figure 9.13 Interface region in the Si/Ge[001](4,4) planar superlattice structure. 


nanocomposites fabricated in laboratory (Huxtable et al 2002a, 2002b). Theoretical calculations 
have employed different mass-mixing schemes across interfaces (Landry and McGaughey 2009, 
Hepplestone and Srivastava 2010, Thomas and Srivastava 2013, Garg and Chen 2013, Srivastava 
and Thomas 2019). 

Figure 9.13 illustrates the interface region for the Si/Ge[001](4,4) PSL structure. Considering 
a simple Gaussian form (Srivastava and Thomas 2019) for mass swap across an interface, we can 
express 

Tims (b) = ¥ exp(—j?@) [1 —m,(b") /m(b)]’, (9.51) 
Bj 

where 77(b) is the average mass of the bth atom, m;(b’) is the mass of the b’th in the jth interface 
layer swapping with the bth atom, and @ is a parameter determining the amount j7@ of atomic mass 
swapping in the jth interface layer. The choice & = 3.5 amounts to mass swapping of approximately 
3% in the first interface layer (j = 1), viz 3% of the first Ge atomic layer is occupied by Si atoms 
and 3% of the first Si atomic layer is occupied by Ge atoms. 


Minimum conductivity in PSL 


Garg and Chen (2013) carried out a fully ab inito investigation of the lattice thermal conductivity 
of Si/Ge[001] superlattices. They employed the single-mode relaxation time (smrt) conductivity ex- 
pression (equation 5.26) and included the isotopic mass defect scattering rate (equation (6.34)) and 
three-phonon scattering rate (equation 6.214). For including the interface scattering rate, they eval- 
uated ys (B) in a manner which is different from that described in equation (9.51). The interface 
region was considered to be four atomic layers (two bi-layers), and the masses of the atoms in that 
region were taken as the average of Si and Ge masses. Figure 9.14 shows the computed in-plane and 
cross-plane conductivity at room temperature as a function of superlattice period (D). 

The result for the shortest period (D = 11 A) is essentially that for the isotropic Sip.5Geo.5 al- 
loy. The conductivity along the in-plane direction increases monotonically with period. However, 
the cross-plane conductivity shows a minimum at a period of D = 33 A. This minimum results 
from the cross-over around 1 THz between the intrinsic three-phonon scattering processes and the 
interface scattering. In short period superlattices most of the heat is conducted by low-frequency 
(below 1 THz) phonons due to the strong interface scattering of high-frequency phonons. These 
low-frequency phonons conduct heat coherently due to their long mean free paths. In thicker period 
superlattices higher frequency phonons begin to play a role, pointing to a transition from coherent to 
incoherent heat transport. Simkin and Mahan (2000) explained the minimum thermal conductivity 
of superlattices using a different language. According to their intution, cross-plane thermal conduc- 
tivity in PSLs should be explained as wave transport when D < 2A and as particle transport when 
D> 2A. 
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Figure 9.14 Ab initio prediction of the room-temperature lattice thermal conductivity of Si/Ge[001] super- 
lattices, with mass disorder in interface regions, as a function of superlattice periodicity (D). The inset shows 
results with perfect interfaces. Reproduced from Garg and Chen (2013). 


Sample size dependence of conductivity in bulk, PSL, NWSL and NDSL 


Sample size dependence of lattice thermal conductivity has been discussed in many experimental 
(Chang et al 2008, Xu et al 2014) and theoretical (Herring 1954, Mingo and Broido 2005, Nika et al 
2012, Vermeersch et al 2016) studies. Using group theoretical arguments, Herring (1954) predicted 
that different size dependence is expected in different temperature ranges and for different sample 
dimensionalities. Some of his predictions have been verified from detailed numerical calculations 
(Nika et al 2012, Vermeersch et al 2016, Thomas and Srivastava 2017). 

It was shown in figure 7.8 that, within Callaway’s relaxation time scheme, the application of the 
semi-ab initio method (Thomas and Srivastava 2017) developed in section 7.4.1.4 reproduces the ex- 
perimental measurements of the lattice thermal conductivity over a broad temperature range for bulk 
Si and Ge with sample lengths of mm size. Employing the same theory and numerical technique, 
Srivastava and Thomas (2019) examined the sample size dependence of the room-temperature con- 
ductivity results for the bulk and ultrathin Si/Ge nanocomposites (PSL, NWSL and NDSL). Pre- 
sented in figure 9.15 are the results for the Si/Ge[001](4,4) PSL, a Si NW of a/2 x a/2 square base 
embedded in a Ge unit cell of dimensions a x a x a, a Si ND of size a/2 x a/2 x a/2 embedded in 
a Ge unit cell of size a x a x a and a Ge ND of size a/2 x a/2 x a/2 embedded in a Si unit cell of 
size a X a X a. It is clear that the conductivity of any of these nanocomposite (lower dimensional) 
systems shows weaker sample size dependence than the bulk (three-dimensional) materials. The 
in-plane nanocomposite conductivity shows a weaker sample size dependence than either of the 
two bulk materials does, and the cross-plane nanocomposite conductivity shows a weaker sample 
size dependence than the in-plane conductivity. Both in-plane and cross-plane conductivities show 
a quasi-ballistic variation of the form In(Lgs), where the sample size is expressed as an effective 
boundary length Lgs. 

It is also interesting to note that for sample size of 1 micron the conductivity results show the 
trend: K(bulk Si) > K(bulk Ge) > K(in-plane PSL) > K(in-plane Si NWSL) > K(cross-plane Si NWSL) > K(Ge NDSL) 
> K(cross-plane PSL) > K(SiNDSL). The trend for sample size of 100 nm is: K(bulk Si) > K(bulk Ge) > K(in- 
plane PSL) > K(in-plane Si NWSL) > K(Ge NDSL) > K(cross-plane Si NWSL) > K(cross-plane PSL) > K(Si NDSL). For 
sample size smaller than 100 nm the results for K(cross-plane PSL), K(cross-plane Si NWSL), K(Ge NDSL) and 
K(SiNDSL) are very close to each other. 
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Figure 9.15 Sample size dependence of room-temperature thermal conductivity of ultrathin Si/Ge nanocom- 
posites. For PSLs, ,, and k;, are, respectively, the in-plane and cross-plane conductivities. For NWSL kj, and 
K, are, respectively, the in-plane and cross-plane conductivities. See text for meanings of SL(8,8), Si-NWSL, 
Si-NDSL and Ge-NDSL. Sample size is presented as the boundary scattering length Lgg. For Lgg = 1m, 
from top to bottom are the results for bulk Si, bulk Ge, SL(8,8) Kj Si-NWSL Kj Si-NWSL xk,, Ge-NDSL, 
SL(8,8) «K, and Si-NDSL, respectively. [Original diagram in colour.] Reproduced from Srivastava and Thomas 
(2019). 


Theory-Experiment Comparison 


The thermal conductivity of nanocomposite structures is usually measured by using the 3@ method 
(Cahill et al 1994). Measurements for Si- and Ge-based nanocomposites have been reported by 
many groups, most notably by Lee et al (1997), Borca-Tasciuc et al (2000), Huxtable et al (2002a, 
2002b), and Lee and Venkatasubramanian (2008). A direct and detailed comparison between theo- 
retical predictions and experimental measurements is generally not possible. This is because first- 
principles theoretical calculations normally assume samples to be homogeneous with perfectly pe- 
riodic structure at atomic level, except for some degree of mass smudging at interfaces, In contrast, 
even the best fabrication techniques produce samples which are inhomogeneous and contain uncon- 
trollable amount of point and extended defects of unknown nature. Notwithstanding these realities, 
it is instructive to compare theoretical results with experimental measurements for a chosen system. 

Figure 9.16(a) shows the results of calculation by Srivastava and Thomas (2020) for the Si/Ge 
PSL with Si and Ge layers each of thickness 2.2 nm and sample size L = Lgs = 400 nm, n-doped 
with 107° m~? and using the IMS factor @ = 2.3 (which amounts to 10% intermixing of Si and 
Ge in the first interface layer). The electron-phonon scattering rate was included by using equation 
(6.134). The temperature variation of the conductivity is similar to what is obtained for crystalline 
bulk Si and Ge, except for a few expected differences. The maximum in the k-T curve has shifted to 
a much higher temperature (around 100 K). The conductivity of the PSL is highly reduced compared 
to the bulk result for either of the constituent materials. These features arise from a combined effect 
of small sample size, superlattice-formation related characteristics of the phonon dispersion curves 
and the IMS scattering. 

Figure 9.16(b) shows experimentally measured results for several p-type and n-type doped Si/Ge 
PSLs of similar periodicity and sample size grown by MOCVD (Borca-Tascius et al 2000). These 
results are hugely different from the theoretical predictions in figure 9.16(a). The experimental re- 
sults reveal a plateau-like feature in the range 50 — 250 K, indicative of gross inhomogeneity or 
amorphousness. There is some indication of a peak in the k-T curve above 250 K. These doped 
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Figure 9.16 Cross-plane thermal conductivity of the Si/Ge[001] PSL of sample length L = 400 nm. (a) The- 
oretical results for Si(2.2 nm)/Ge(2.2 nm) PSL with n-type doping concentration n = 1026 m~3 and consider- 
ation of 10% mass-smudging in the first interface layer (IMS factor @ = 2.3). The lower and upper curves rep- 
resent results from the smrt and Callaway formalisms, respectively. Reproduced from Srivastava and Thomas 
(2020). (b) Experimentally measured results for several p-type and n-type doped Si(2 nm)/Ge(2 nm) PSL 
samples. Reproduced from Borca-Tasciuc et al (2000). 


PSLs have smaller thermal conductivity values than the undoped sample, indicating the influence 
of high dislocation densities and doping on the thermal conductivity reduction. Accurate quan- 
tification of fabrication-related and doping-related atomic-level structural information, and further 
development in theoretical techniques to incorporate such features in first-principles calculations are 
required to understand the complex thermal conductivity behaviour of laboratory fabricated PSLs. 

Experimental measurements by Lee and Venkatasubramanian (2008) show that k in SiGe/Si 
NDSLs decreases monotonically with decreasing period. This is in good agreement with the the- 
oretical prediction in figure 9.15. The experimental measurements suggest that at short periods 
room-temperature K is as low as 2.0 — 2.7 W m7! K™!. This is consistent with the results in figure 
9.15. This experimental work also indicates that low Kk can be attained in SiGe/Si NDSLs either 
with a low superlattice period, a high nanodot areal density, or both. 


9.6.3 EFFECTIVE MEDIUM THEORY FOR NANO- AND MICRO-COMPOSITES 


As we mentioned earlier in this section, a full-scale first-principles calculation of the thermal con- 
ductivity of nanocomposites is limited to periodic systems containing no more than 200 atoms per 
unit cell. For nanocomposite structures made from diamond and zincblende materials, this would 
mean restricting to period size D in the region of 10-12 nm. For practical applications, nanostruc- 
tures with larger periodicities may be required. Methods based upon effective medium approxima- 
tions (EMAs) are widely used to calculate physical properties, including the thermal conductiv- 
ity. Based on a general form of the EMA, Nan et al (1997) derived an expression for the thermal 
conductivity of a two-phase composite including thermal boundary resistance (TBR). To obtain 
physically meaningful results both the TBR and the size effects must be incorporated in the EMA 
theory. Incorporating size effect for a nanocomposite in the form of inclusion of one material in 
a homogeneous matrix of another, Minnich and Chen (2007) proposed a modified version of the 
EMA. This approach produces a closed-form expression for the effective thermal conductivity of a 
nanocomposite. This is achieved by including the effects of phonon scattering from the boundaries 
of spherical inserts in the calculation of the thermal conductivities of the insert and matrix. Note 
that, as mentioned at the beginning of this section, for the application of a relaxation-time theory of 
thermal conductivity the size of the insert must be greater than the phonon MFP (Linsert > A). Gen- 
eralisations of the Minnich-Chen approach have been made to account for different insert shapes, 
where the effects of boundary scattering are not isotropic (Ordonez-Miranda 2011, Behrang et al 
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2013, 2014, 2015), and also to systems containing multiple insertions with different orientations 
(Siddiqui and Arif 2016). An extension of the Minnich-Chen approach that accounts for anisotropic 
TBR effects has been proposed by Thomas and Srivastava (2018a). Here we present the essential 
expressions for the thermal conductivity of a two-component composite structure, details of which 
can be found in the original citations in the references above. 


Basic effective medium theory for isotropic systems 


The general framework of the effective-medium theory for the thermal conductivity of an isotropic 
composite medium was developed by Nan (1993) and Nan et al (1997). The point-to-point thermal 
conductivity variation in a composite medium is expressed as 


K(r) = K°+ K’(r), (9.52) 


where x” denotes a constant part of a homogeneous medium and x’ (r) is an arbitrary fluctuating 
part. By expressing the perturbed part in terms of the Green’s function ¥ for the homogeneous 
medium and the transition matrix 7 for the entire composite medium, the effective conductivity of 
the composite structure is obtained from the equation 


Ker =K°+ <T> (1+ <GT>) |, (9.53) 


where I is the unit tensor and <> denotes spatial averaging. For a composite structure with n 
particles inserted in a host medium, and neglecting interparticle multiple scattering, T can be ap- 
proximated as 


T = VT+ YS T,GTp+... 


n nymén 


YT1+Y«,(I-Ge). (9.54) 


n 


Using this approach, Nan et al (1997) obtained explicit expressions for the thermal conductivity of 
isotropic composite structures with different particle sizes, shapes, volume fractions and topologies. 
The expressions given below are for a two-component composite system in which one component 
is insert and the other a matrix or host. Note that in figure 9.12 we have illustrated material B as 
insert and material A as matrix or host. 

For heat flow parallel to the interface boundary (for PSLs and NWSLs), the effective thermal 
conductivity is simply the volumetrically weighted average of the two bulk components: 


Ky =fe'+(1—f)x”, (9.55) 


where x! and «” are the conductivities of the insert and matrix (host), respectively, and f is the 
volume fraction of the insert within the unit cell of the periodic composite (insert+matrix) system. 
The effective cross-plane effective thermal conductivity of the composite structure can be ex- 
pressed as 
KES HK", (9.56) 
where 77 is a structure-related dimensionless parameter which is defined in terms of an effective 
side d of the inserted particle and the Kapitza’s thermal boundary resistance Rtg (Kapitza 1941). 
For PSLs, NWSLs and NDSLs of insert size d (layer thickness of one PSL component, and diameter 
for cylindrical wires and spherical dots), the explicit expressions for 7 are 
PSL c (9.57) 
S: = . 
’ K'— f[K'(1—a) —K™] 
e(1+a)+«"+f[K'(1—a)—K™ 
wens 4 = “See (9.58) 
K(1+a)+«"— f[Ki(1—a)—K™| 
Ki(1+2a@) +2K"42f[K'(1— a) — «" 


NDSLs : - & 3 | 
oe ‘ K(1+2a@)+2K"— f[k'(1—a)—K«™] ; (9.59) 
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where & is a dimensionless quantity defined as 
a= 2k" Rrp /d. (9.60) 


The IMS effect due to mass smudging can be accounted for post priori. Let Wie and Wes 
represent the bulk thermal resistivities of the insert and matrix with only point-defects resulting from 
the matrix atom(s) replacing insert atom(s) and vice-versa, respectively. Then the IMS resistivity 
Wms can be taken as Ws = wast + Wee, With such consideration, we can obtain the modified 
effective cross-plane thermal conductivity from 


1 /«* (with IMS) = 1/«i +Wms. (9.61) 


Generalised effective medium theory for anisotropic systems” 


The expression in equation (9.59) for the effective thermal conductivity of an isotropic matrix with 
periodic isotropic spherical insertions is similar to that for the effective polarizability in the elec- 
tromagnetic literature where it is generally refereed to as the Garnett (or Maxwell Garnett) mixing 
formula (see, Sihvola 1999). Using that language, and ignoring the role of TBR (i.e. by setting 
a = 0), we can rewrite the effective thermal conductivity expression in equations (9.53) and (9.59) 
as follows: 


KE = else 2 cae ole mar ed 
J = x"+(1-f)g(—e"), (0.62) 


where x’, «’ and J are 3 x 3 matrices. Working with the Cartesian x, y, z coordinates, the cross-plane 
component Ke is any of the diagonal components Ke. With TBR included, we can express 


oS RMS CS (9.63) 
J = K+ (Lf) 5("— Kx") (9.64) 
— Ki[+ Sx'Reetl (9.65) 


where I is the 3 x 3 identity matrix. 

The mixing formulae described above should be modified when either the matrix, the insert or 
both are anisotropic systems (see, e.g. Sihvola 1997a, Levy and Cherkev 2013). Sihvola (1997a, 
1997b, 1999) has presented mixing formulae for the effective polarizability with isotropic spherical 
inserts in an anisotropic matrix, anisotropic spherical inserts in an isotropic matrix and anisotropic 
spherical inserts in an anisotropic matrix. Thomas and Srivastava (2018a) adopted that formalism to 
obtain a mixing formula for the effective thermal conductivity of a composite system comprised of 
anisotropic spherical inserts in an anisotropic matrix, including the treatment of the anisotropy of 
the Kapitza resistance between the insert and the matrix. 

If either the matrix or insert (or both) exhibits an anisotropic thermal conductivity, then it is 
reasonable to assume that the surface region (thought of as a mixture of the matrix and insert regions) 
will also exhibit anisotropy. This behaviour will persist when we consider the Kapitza resistance of 
the surface region in the limit where it is thin and poorly conducting. For correctly calculating 
the effective thermal conductivity of the insert and its surface together, we must perform an affine 
transformation that restores the isotropy of the surface, resulting in an effective distortion of the 
insert shape (see, Sihvola 1997a and Appendix G). 


?Here we consider spherical inserts, but the formalism is valid for cylindrical and disc inserts using only two relevant 
Cartesian coordinates. 
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The effective thermal conductivity matrix «” is obtained from the Maxwell Garnett mixing for- 
mula 


KE = eT ee 
J = 6"+(1—f)Nn(k* —«”), (9.66) 


where f is the volume fraction of the insert within the matrix and N,,, is the matrix depolarization 
tensor (see Appendix G and Sihvola 1997a) accounting for any anisotropy in Kk, and «* is the 
effective thermal conductivity tensor for the system comprising the insert and a thin boundary layer 
around it. 

The effective thermal conductivity tensor for the insert and a thin boundary layer around it, K*, 
is obtained using Sihvola’s generalization of the Maxwell Garnett mixing formula. We start by 
expressing K* using the Maxwell Garnett equation as 


Co o= e+ v( —)L 
L = +(1-Vv)N, (ce —e)[e] 1, (9.67) 


where v = a?/(a+ 6)? ~ 1 —36/a is the volume fraction of the spherical insert of radius a and 6 
is the thickness of the (thin) surface layer around the insert, and N, is the depolarization tensor for 
the insert+surface system. With slight manipulation, the expression for K* can be re-written as 


M=ttv(c—e)L (9.68) 


which is of the form presented in Nan et al (1997). With the assumed consideration 6 — 0, we 
take x° = 0 but express (k°)~!5 = R¥ as the Kapitza (surface, or interface, or thermal boundary) 
resistance, and express 


= [I+ “NKR rae (9.69) 


The anisotropy in «* arises from the introduction of the intended direction of spherical distortion in 
constructing N,, and hence RX. 

In Appendix G, we provide more discussion on the assumptions and procedure involved in ob- 
taining N,, N,,, K* and R* for anisotropic spherical insertions in an anisotropic matrix. 

For isotropic spherical insterts in an isotropic matrix, N, = N,, = sl, and RX. = R¥, = RX‘ = Rts, 
and the results in equations (9.63)—(9.65) can be recovered. The resulting expression for kK? would 
then be identical to that proposed by Minnich and Chen (2007). 


Thermal Boundary Resistance? 


Accurate calculation of the thermal boundary resistance Ryg is a challenging problem and has not 
yet been satisfactorily formulated using first-principles approaches. Based on existing continuum- 
level approaches, we express Rrgr as the sum of weighted diffuse Re and specular Ree contribu- 
tions (Swartz and Pohl 1989, Chen 1998, Behrang et al 2013, Thomas and Srivastava 2018b, 2020). 
Following Thomas and Srivastava (2020), and write 


Rrp_ = Ry t+Rtp (9.70) 
S AY 
= RO +RO +R t Ri (9.71) 


where Rh is a diffuse contribution for transport from material i to material j, and R¥, is the corre- 
sponding specular contribution. 


3Also see Chapter 14 
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The diffuse contribution RP can be approximated as 


2((Civi)w + (Cyvj)w) 
Ri pene (9.72) 
: (Civi) (Cjv)) 
Here 

(Ca = \ Cada (9.73) 
qs 

(Civjw = Y'Ci,qs¥3,98%q (9.74) 
qs 


where Cj, gs is the specific heat for the phonon mode with momentum g and polarisation s and vgs is 
the mode speed (which in the x or y in-plane direction is , /vz + v3 and in the z cross-plane direction 


is |v|), and Gq is the fraction of diffusively scattered modes (see later for a description). 
The specular contribution is expressed as (Thomas and Srivastava 2020) 


Ri, 1-1j-Tji), 9.75 
ij Guntt ' i —Tji) ( ) 
where 
1 
ij = [ Fiji) Mid Mi, (9.76) 
1 
iy = [Funan (9.77) 
with Lj, Uc,i, Fj and Te explained below. 
Define impedances 
(Z)) = Pj) Vj,qsiqs/ Y figs (9.78) 
qs qs 
(Zi)w = PG Valet ¥ Faw (9.79) 
qs qs 


where jigs is the Bose-Einstein distribution function and the material density is p;. Define 


4(Z;)(Z;) 

B 9.80 
CATIERCATIY Meo 

AA 

Bw J 9.81 
(Zw + (Zywis? ve 

(Cjv}) = arr. (9.82) 
qs 


where 1; = cos @;, with 0; representing the angle of incidence of the phonon wavevector to the 

interface. Transmission coefficients for different relative maximum frequencies in materials 7, j are 
then given by the expressions in Table 9.1 (Chen 1998). 

If only elastic scattering is considered, Snell’s law relates the angles in materials i and /: 
sinO; sin 0; 

ee (9.83) 


Vi Vj 
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Table 9.1 


Transmission coefficients from material i to material j under different maximum fre- 
quency conditions. @max; aNd @max,; are the highest frequency mode in materials i and j, 
respectively. From Thomas and Srivastava (2020). 


@max,i = Omax,j | Omax,i < @max,j | Omax,i > Omax,j 
Fij(ui) | Bf B Crp Tii(uj) 
IN (ui) | Be aM ot oN (ui) 
Fils) | ERI) | a 
Fy (wy) | B ae IN un) | a 


Effects of inelastic scattering can be included by using Chen’s approximation (Chen 1998) 


sin 0; sin 0; 


Jew) JCvi) 


Let us denote h = v;/v; (elastic scattering) or h = ,/(Cjv;) /(Civi) (inelastic scattering). When h < 1, 
the critical angle @,; is given by arcsin(h). When h > 1, 0.; = 7/2. 

The effects of specularity can be included by following the scheme presented by Koh et al (2009). 
Let us define a momentum dependent parameter C, as the fraction of modes of momentum q that 
undergo diffusive scattering from the insert interfaces. This parameter can be expressed as 


(9.84) 


by = 1—exp(—7/Aq), (9.85) 


where € is the the average height of surface inhomogeneities and A, is the wavelength corresponding 
to momentum q. For numerical calculations, we can express € = 7]}ay where ao is the lattice spacing, 


and Ag = 27/Q, where Q = 27\g|/ao and |q| = ,/qz +495 +42 is the norm of the lattice momentum 
vector in Cartesian co-ordinates. From these considerations 


b= (le Wal’), (9.86) 


where value of 7) controls the extent of specular scattering. The limit 7 — 0 refers to the specular 
limit C, = 0 for a smooth surface. The limit 7 — © refers to the diffuse limit ¢, = 1, corresponding 
to an infinitely rough surface. 

Using equation (9.66) and the semi-ab inito theoretical scheme described in section 7.4.1.4, 
Thomas and Srivastava (2020) computed the anisotropic thermal boundary resistance between 2H 
WS. and 2H MoSy, with a spherical volume fraction f = 0.125 of the former inserted in the latter 
host. The 2H structure of transition metal dichalcogenides (TMDs) is a three-dimensional version 
of the monolayer TMD structure shown in figure 8.15, where layers are repeated along the z-axis 
with a lattice constant much larger than the in-plane lattice constant. The in-plane and cross-plane 
components of the TBR, Rrgx = Rrgy and Rg, respectively, computed for different values of the 
specularity factor 1 discussed in equation (9.86) are shown in figure 9.17. 

The modelling predicts a rapid decrease in both in-plane and cross-plane TBR as the tempera- 
ture rises before saturating above 400 K. The choice 7 = 5.0 produces results of the diffuse limit 
and the specular limit is attained for the choice 7 < 0.1. The change in Rrg as 7) decreases is not 
monotonic. This is because in the modelling the diffuse contribution varies linearly with the factor 
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Figure 9.17 Thermal boundary resistance (in units of mK wl), cross-plane Rrg,z and in-plane Rrg y, for 
a bulk 2H WSp spherical insert (f = 0.125) in bulk 2H MoS, matrix. Results for different values of the 
specularity factor n are shown. [Original diagram in colour.] Reproduced from Thomas and Srivastava (2020). 


¢, but the specular contribution varies as (1 — €,)?. For any combination of the diffuse and specu- 
larity contributions, it is found that Rrz., > Rrg.x. This is consistent with the fact that the thermal 
conductivity across atomic planes in van der Waals systems, such as TMDs, is much smaller than 
the in-plane conductivity. At high temperatures, the DMM limit is much lower than the AMM limit 
for Rrg.z than for Rrz,x. It is interesting to note that as temperature decreases (typically below 80 
K), the AMM limit of Rrg,, becomes lower than the DMM limit. 


Effective boundary lengths 


Let us discuss PSLs and NDSLs with spherical inserts. It is safe to consider the sample boundary 
itself as purely diffusive. Boundary scatterings for the insert and the matrix require consideration 
of specularity. Considering the insert, any phonon mode not scattered from the interface boundary 
due to specularity must be scattered from the sample boundary, and so the effective boundary length 
must be a weighted average of the sample length and the insert diameter. Considering the matrix, 
only the interface density contribution to the effective boundary length is affected by the specularity. 
The effective boundary length Lg may therefore be expressed as follows: 


PSLs: Ly; = gl; '+(1—Gq)Lgs for j = insert, matrix (9.87) 


Cole 1 +(1—(4)Lgs for insert 


) 9.88 
Lyk + Gqljg! for matrix (9.88) 


NDSLs: Lg! = 


where ie is the length of the jth segment in PSL, Lg ; = d is the insert boundary length in NDSL, 
Lp,s is the sample size (i.e. Lp,.s = Lg) and Lys = 4/% is the scattering length due to interface density 
X= 6f/Lz.1. 

We note that the Minnich-Chen formulation of the EMA theory (Minnich and Chen 2007) re- 
quires use of the effective length Lg, of the insert and the effective length Lg y of the matrix. The 
Minnich-Chen thermal conductivity expressions reduce to Nan’s expressions (Nan et al 1997) when 
Lg; =Lem =Les.- 
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9.6.4 RESULTS FOR COMPOSITES WITH UNIT CELL SIZE IN THE RANGE LOW-nm TO 
MICRONS 


In the previous two subsections, we presented the theoretical ingredients for thermal conductivity 
calculation of a composite system. In this respect it is helpful to consider three regions based on the 
size of the unit cell D in comparison with phonon mean free path A: Region R1 (D << A), region 
R2 (D ~ A) and region R3 (D >> A). Calculations for systems in region R1 can be made from a 
direct application of the phonon Boltzmann equation, as discussed in sections 7.4.1.4 and 7.4.1.5. 
For systems in regions R2 and R3, calculations are performed by applying the EMA theory, with 
input from bulk results. 

Here we present and analyse results for the Si/Ge PSL and NDSL composites. For these isotropic 
systems, the cross-plane conductivity expressions are, from equations (9.56) to (9.60) 


RegionRI (D<<A): k,=  «k,(composite system), (9.89) 
ea PSL 
Region R2 (D ~ A) z kK, = «m (1 +2.01)-+2K«"4 2f[Ki(d a) K™] NDSL (9.90) 
K(1+20)+2K™— f[K'(1—-a)—K™] ? 
Region R3(D>>A): b= gta sie (9.91) 
rT UR tps : 


where h = (1+2f)+2(1—f)K™/k’. The expressions in equation (9.91) result from the expressions 
in equation (9.90) with the recognition that in region R3 the parameter a& = K™Rrp/Lp; becomes 
negligibly small. Equation (9.91) helps explain that, for a given insertion factor f, a larger difference 
between the matrix and insert conductivities leads to a larger change in the conductivity of the 
composite compared to that of the matrix. This can be easily verified in the case of PSL, where a 
larger value of («™/«! — 1) results in a smaller value of K, /K™. 

Figure 9.18 shows the cross-plane thermal conductivity results for Si/Ge composites (PSL and 
NDSL) of sample size 1 mm and unit cell size in the range low-nm to microns. The results have 
been obtained by considering a homogeneous interface between the constituent layers. We have set 
the boundary between the rgions R1 and R2 at the unit cell size D = 10 nm, the typical minimum for 
phonon mean free path (Kim ef al 2007). And the boundary between regions R2 and R3 is arbitrarily 
set at 50 um. Conductivity calculations for bulk Si, bulk Ge and ultrathin Si/Ge PSLs (i.e. in region 
R1) were performed using the Callaway’s relaxation time scheme and the full-scale semi-ab inito 
formalism described in section 7.4.1.4. Note that the same method was used to obtain the results 
for Si/Ge PSLs presented in figure 9.15. The EMA expressions described in equations (9.90) were 
employed to obtain results for thicker unit cell PSLs and NDSLs with Ge inserted in Si matrix with 
a volume fraction v = 0.125. 

Results in figure 9.18(a) of full-scale calculations for the Si(D/2)Ge(D/2)[001] PSL geometry 
in region R1 (for unit cell sizes smaller than 10 nm) are presented by blue colour diamond symbols. 
The variation of cross-plane conductivity, «,, with the unit cell size D is similar to that discussed in 
figure 9.14. The conductivity decreases as D increases, achieves a minimum at D ~ 4 nm and shows 
a slight increase for larger values of D. The EMA results for the PSL geometry with D > 10 nm 
smoothly ‘extend’ the full-scale results for D < 10 nm. The conductivity increases as D increases 
beyond 20 nm, saturating when D > 20 um. The saturated value of the conductivity is the bulk 
weighted result obtained from equation (9.91) for region R3. Results in figure 9.18(b) predict that 
the thermal conductivity of the Si/Ge NDSL geometry also increases with unit cell size D and 
saturates when D > 20 um at the bulk weighted result obtained from equation (9.91) for region R3. 

Based upon the qualitative and quantitative discussions in this section, a few statements can be 
confidently made. Full-scale thermal conductivity calculations should be affordable for periodic 
composite structures with unit cell size in the range D < 10 nm. Generalised effective medium 
theories, which are valid for D > 10 nm, are capable of providing accurate results for systems of 
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Figure 9.18 Variation of cross-plane room-temperature thermal conductivity of Si/Ge composites, of sample 
length 1 mm, with period size D for: (a) Si(D/2)Ge(D/2)001] PSL and (b) NDSL with f = 0.125 Ge insert in 
Si matrix. The regions marked R1, 2 and R3 correspond to D<< A, D~ A and D >> A, respectively, where 
A is phonon mean free path. [Original diagram in colour.] Reproduced from Srivastava and Thomas (2020). 


periodic sizes in the range 10 nm < D < 50 pm. The conductivity of composites with period sizes 
larger than 50 yum is simply the bulk weighted value. 


9.7 DIMENSIONALITY DEPENDENCE OF THERMAL CONDUCTIVITY 


Thermal conductivity of a material depends on several factors, such as sample length, average 
atomic mass, strengths of harmonic as well as anharmonic inter-atomic forces and dimensional- 
ity of crystal structure. We have earlier discussed the role of the first three factors. Here we provide 
a brief discussion on dimensionality dependence of thermal conductivity. This can best be done by 
examining the thermal conductivities of carbon solids in four different structural forms, viz. three- 
dimensional diamond, quasi two-dimensional graphite, two-dimensional monolayer graphene, and 
quasi one-dimensional carbon nanotubes (CNTs) and graphene nanoribbons (GNRs). 

From the kinetic theory expression in equation (5.64), we note that K « C,c?t. At low tempera- 
tures, where T is governed by boundary scattering, the temperature dependence of k is that of the 
specific heat C,. The low temperature specific heat scales as C, ~ T¢/", where d is the dimensional- 
ity of crystal structure and n refers to the acoustic phonon dispersion relation @ ~ q”. Experimental 
C, results for diamond and graphite are presented in figure 9.19(a). Also presented in the inset is the 
theoretically predicted variation of C, for monolayer graphene. In agreement with the discussion 
in equation (2.136), C, « T°? for the three-dimensional structure of diamond. The specific heat of 
graphite varies as ~ T? at very low temperatures (< 10 K) and as ~ T? in an intermediate temper- 
ature range (10-100 K). This behaviour is consistent with the quasi three-dimensional crystalline 
nature of graphite. Theoretical results suggest that for the two-dimensional structure of graphene 
C, « T in a wide low-temperature range (up to 50 K). Experimental data for the thermal conductiv- 
ity of these forms of solid carbon are presented in figure 9.19(b). It is interesting to discuss both the 
room-temperature and low-temperature results. 

At low temperatures, the thermal conductivity of diamond increases as T°, as it does for other 
homogeneous three dimensional insulators. Theoretical calculations (Alofi and Srivastava 2013) 
estimate the variation (up to 40 K) of the conductivity of graphite as ~ T?+ in the basal plane and 
as ~ T! across the basal plane. The same theoretical scheme (Alofi and Srivastava 2013) estimates 
the variation of the conductivity of graphene as ~ T!°. 

The room-temperature thermal conductivity can be affected by sample length and the level 
of sample homogeneity and chemical purity. For the samples studies in figure 9.19(b), the 
room-temperature thermal conductivity results show the ordering KcnT > Keuspended graphene > 
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Figure 9.19 (a) Lattice specific heat and (b) lattice thermal conductivity of solid carbon with crystal structures 
of different dimensionalities. Symbols represent experimental data and lines show numerical calculations (as 
referenced in Pop et al (2012)). Reproduced from Pop et al (2012). 


Kbasal plane graphite > Ksupported graphene > Keross plane graphite- The result for a GNR at ~ 800 K lies well 
below the conductivity of graphene or graphite (basal plane). The relatively lower conductivity of 
GNRs is due to surface or edge perturbations of phonon propagation. 


9.8 NANOSTRUCTURING FOR ENHANCED THERMOELECTRIC PROPERTIES 


A thermoelectric process, in which heat waste is converted to useful electrical power, is an important 
item for thermal management. Thermoelectric efficiency is usually discussed in terms of a dimen- 
sionless quantity called figure of merit ZT (Schmid 1960) defined as ZT = S* OT /(Kearriers + Kpn)> 
where S, 6, T, Kearriers ANd Kp are Seebeck coefficient, electrical conductivity, temperature, thermal 
conductivity due to charge carriers and lattice thermal (phonon) conductivity, respectively. Conven- 
tionally, materials with heavy elements (e.g. BizTe3 and PbTe) have been used. Heavy cations and 
anions in such systems make their phonon spectrum quite narrow (and thus low C,) and produce 
large anharmonic interactions. Low lattice thermal conductivity of these heavy cation and anion 
systems is the outcome of their narrow phonon spectrum and large anharmonicity. Similarly, as 
discussed further in sections 11.5.1 and 11.5.3, low thermal conductivity of sintered semiconductor 
alloys such as SiGe has been recognised useful in thermoelectric applications. Several other avenues 
have been explored. For achieving high ZT, use of materials exhibiting ‘phonon glass electron crys- 
tal’ (PGEC) behaviour has been advocated (Slack 1995). In practice, it is a big challenge to find 
or fabricate such materials. Use of materials containing large, complex unit cells, has also been ex- 
plored. There is potential to reduce lattice thermal conductivity of materials containing large void 
spaces (e.g. skutterudites, clathrates and Zintl phases) through disorder within the unit cell or filling 
with heavy atoms (Synder and Toberer 2008). In early 1990s, theoretical predictions suggested that 
ZT could be greatly enhanced through nanostructuring (Hicks and Dresselhaus 1993). Following 
that, attention has turned to thin-film and nanostructuring designs. Venkatasubramanian et al (2001) 
demonstrated that BizTe3/Sb2Te3 thin-film superlattice structures (which can be classified as one- 
dimensional patterning) can offer enhanced ZT. Nakamura (2018) has outlined a three-dimensional 
patterning method for the independent control of phonon and electron transport in nanostructures 
containing connected epitaxial Si NDs and epitaxial Ge NDs embedded in epitaxial Si films. The 
proposed structures are shown in figure 9.20. Huge reduction in the thermal conductivity in the Si 
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Figure 9.20 Nanostructures for independent control of thermal and electronic conductivities: (a) connected 
Si NDs, (b) Ge NDs embedded in Si film. Reproduced from Nakamura (2018). 


film was observed, which was proposed to arise from efficient phonon scattering at the Ge NDs. On 
the other hand, electron scattering at the interface between the Ge NDs and Si did not significantly 
reduce the electron mobility. NDSL structures with Ge nanodots periodically embedded in Si matrix 
have also been fabricated and studied by other groups (Yang et al 2002, Liu J L et al 2003, Lee and 
Venkatasubramanian 2008). The work carried out by Lee and Venkatasubramanian showed that low 
thermal conductivity can be attained with a low superlattice period, a high ND areal density, or both. 

Experimental investigations provide clear evidence that three-dimensional patterning can provide 
huge reduction in thermal conductivity. Established theoretical methods must be employed to verify 
the experimentally observed trends and numerical results for NDSLs. While it may not be possible 
to have atomic-level control of the dot-matrix interface region during fabrication of patterned struc- 
tures, it is possible to make some predictions based on the EMA theory described in section 9.6. 
From computational point of view, there are four main factors that control the magnitude of thermal 
conductivity of periodically patterned nanostructures: sample length (Lg), insert side (d), repeat pe- 
riod size (D) and the amount of roughness/disorder (i.e. IMS) in the insert-matrix interface regions. 
Interface density is related to d, D and Lg, as mentioned after equation (9.88). Results in figures 9.15 
and 9.18 clearly show that the conductivity becomes smaller both with decrease in sample length 
and in period size. Figure 9.21 shows how the thermal conductivity of Ge/Si NDSLs can change 
both with SL period size (D) and the amount of mass smudging (IMS) at the dot-matrix interface. 
While the phonon-interface scattering contribution can be controlled by changing the quality of the 
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Figure 9.21 Predicted period size dependence of room-temperature thermal conductivity results for Ge nan- 
odots of volume fraction f = 0.125 periodically embedded in Si matrix. Sample size is 500 nm and interface 
mass smudging (IMS) of different amounts is considered. Results for all period sizes are from the EMA theory, 
except for the smallest period size for which full-scale calculations are performed. The results with a@ = 2.3 
(lower curve) account for 10% IMS within one atomic layer across dot-matrix interface. Adopted from Srivas- 
tava and Thomas (2020). 
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interface regions, maintaining insert size (d) in low nm range will lead to strong phonon-boundary 
scattering for the insert material. Theory, therefore, provides qualitative support of the experimen- 
tally obtained trends. 


9.9 BREAKDOWN OF FOURIER’S LAW 


The kinetic theory expression for thermal conductivity (cf equation (5.64) is based on the appli- 
cation of the Fourier law Q = —.# VT (cf. equation (5.19). In section 9.6 we mentioned that the 
application of the Boltzmann transport equation to express the heat current Q within a relaxation 
time scheme assumes that the sample length is larger than phonon mean free path: L > A. Con- 
sidering that typical values of A lie in the range 10 — 100 nm (Kim et al 2007), it is reasonable 
to expect that the Fourier law of heat transfer will break down for solids of sizes in the low nm 
range. This indeed has been reported in several experimental works (see, e.g. Chang et al 2008, 
Yang et al 2010, Wilson and Cahill 2014). The failure of Fourier law has direct consequences for 
measurement and modelling of thermal boundary resistance Rypg and thermal conductivity kK in LDs, 
including nanocomposite structures of all dimensionalities, such as PSLs, NWSLs and NDSLs, dis- 
cussed in the previous section. As yet, there is no firm criterion to predict when Fourier’s law will 
break down in nanoscale heat transfer. 

Various attempts have been made to model heat transport beyond the Fourier law. These include 
improvements of the kinetic theory (Struchtrup 2005, Péraud et al 2016, Sellitto et al 2017, Qu et 
al 2017), use of fluctuation-dissipation theorems (Banach and Larecki 2005, Larecki and Banach 
2010, Pop 2010) and computer simulations (Hua and Cao 2014, 2016). Péraud et al (2016) ex- 
tended the range of validity of Fourier’s law into the kinetic transport regime. For this they derived 
the continuum equations and boundary conditions for heat transfer in the limit of small but finite 
mean free path from the asymptotic solution of the linearised phonon Boltzmann equation in the 
relaxation time approximation. Their asymptotic approach can also be used to calculate the thermal 
boundary resistance Rryg at the kinetic level, provided that the interface transmission and reflections 
coefficients are available. 

Qu et al (2017) have presented a diffusive-nondiffusive two-parameter nanoscale heat conduction 
model. Following the Guyer—Krumhans! model (Guyer and Krumhans! 1966), Qu ef al extended the 
Fourier law to the form 


Qe = oT +¥.0 (9.92) 
x ApAg 2 
Q = -K«VT*4 : (V°Q+2V(V-Q)). (9.93) 


Here Q* is the internal heat generation, T* is a nonequilibrium temperature defined as T* = E/C,, 
where E is energy density and C, is volumetric specific heat, and Ag = cTg characterises the nondif- 
fusive heat transfer length with tg, representing phonon relaxation time for nondiffisive heat transfer 
and c as the speed of sound. The two parameters of this model are x, characterising diffusive heat 
transfer, and Ag, characterising nonlocal effects on the heat flux from nondiffisive heat transfer. 
Considering a heater-substrate system with heater temperature Theater, an iterative procedure would 
be required to solve the equations (9.92) and (9.93) for T* and Q simultaneously. Qu et al defined a 
nondimensional parameter & for spatially periodic heating with a period P 


_ ApAg 
g= (Px (9.94) 


A small tolerance value for € can be set to predict the breakdown of Fourier’s law. 
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9.10 PHONON INTERACTION WITH A TWO-DIMENSIONAL ELECTRON GAS 


Potential device applications of semiconductor superlattices, quantum wells, metal-oxide- 
semiconductor (mos) structures, and semiconductor—metal contacts are due mainly to formation 
of electron layers either at interfaces or in quantum wells. These electron layers show very distinct 
two-dimensional (2p) properties. A 2p electron gas (2DEG) can interact with phonons of both acoustic 
and optical branches. In 2p systems we have, in addition to bulk phonons (with nodes at interfaces), 
a series of 2p modes (so-called interface phonons). In this section we discuss phonon interaction 
with 2DEG. 


9.10.1 ACOUSTIC PHONON INTERACTION WITH 2peEG 


The interaction between a 2pEG and acoustic phonons can be studied by observing phonons emitted 
from a hot 2pEG or absorbed by a cold 2pkc. The participating phonons will be acoustic as long 
as kgT) < h@ yp ~ 50 meV, where T., = electron temperature, @pp = optical phonon frequency. 
The phonons can be detected by using superconducting tunnel junctions (cf section 13.3). Here we 
discuss phonon emission and absorption from a 2DkEG in a (001) plane of a Si mosret (mos field-effect 
transistor). This approach is used by Hensel et al (1983a), Rothenfusser et al (1986) and Challis et 
al (1987). 

Let us recall from section 6.5.2 that in bulk Si there are six degenerate conduction band minima 
along the (100) directions. The energy surface ellipsoid along [001] is described by 


W(R+K) WR 


2m* my’ 


E3p = (9.95) 


where m; and my are transverse and longitudinal electron effective masses. In the case of 2D sys- 
tems, such as those discussed in this section, the z component of the energy is modified as discrete 
eigenvalues so that equation (9.95) becomes 


he (ke +k) s G | aa 


2my Qn t? 


ES = (9.96) 
where Eo is the energy of the lowest subband, nis an integer and L is the width of the well containing 
the 2pEG. The ground-state energy (n = 0) is now two-fold degenerate, with a valley degeneracy 
factor g, = 2 and a spin degeneracy factor g, = 2. The Fermi wave vector kp for the 2D case is given 
by 

kp = (20N,/gy)"/?, (9.97) 


where N, is the carrier density in the 2DEc. 


9.10.1.1. Phonon emission 


Phonons can be emitted during the transition of an electron from state k to state k’ within the lowest 
subband. We assume that the phonons emitted in the process are bulk Si phonons. 
The emission rate of phonons qs is given by the golden rule formula 


-p! 
Pomi(s) — ro ae 
ri 


|M(k,k’) )P° 
bie xo, ke ho, E,), (9.98) 
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where the matrix element M(k,k’) can be calculated by following the scheme presented in section 
6.5. Here €(g,@) represents a dynamic screening factor and can be evaluated using a reasonable 
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scheme (also see section 3.3.2.3). Assuming equilibrium distribution for phonons and electrons, we 
can write, from equations (6.117) to (6.119), 


sk’ +q _ MWg EK! (qs)|* = 
B= eeomodteon 
xf — fe) Ste 4¢ +-q9 (Ex — Ey = h@,), (9.99) 


where &(qs) are given by equation (6.115). 
For the (001) plane equation (6.135) becomes 


CG + Iqs = EaGe(9S) + Exgze:(9s) (9.100) 


with Ey and E,, as dilatation and shear deformation constants, respectively. For an isotropic (Debye) 
model, we can choose the two TA modes for each q to be polarised within and perpendicular to the 
plane (001) such that e,(gs) = sin@ and 0, respectively (with 6 = 0 along the z direction). Then 
equation (9.100) becomes 


CG-@gs = Eqt+ky cos* @ for LA modes 
= E,sin@cos@ for TA in — plane modes 
= 0 for TA out — of — plane modes. (9.101) 


Further, for evaluating ©, , for the 2DEG problem, we modify equation (6.116) to write 


Velr) = ew i(k +hy)]0 (2), (9.102) 


where 


@(z) = 7 220 (9.103) 
22 


is a variational functional with zo as a thickness parameter for the ground state (lowest subband 0), 
and A is the area of the 2DEc. 
Using equations (9.99)—(9.103), we can finally express 


A Tg IR(qz) . Ks 2 
4n? pNoQc3 [e(q,@)|? (ca en) 
x (jig + 1) foPeii( — 7!) 
* x 4! 4g) 9 (Ex — Ex — hg) (9.104) 


Pemi(Q,8) = &s&v 


with g; = qcos 6, q = sin @ as the component of q in the (001) plane, and 


IR(q2)|? = (1+-¢228)-3. (9.105) 


The integral in equation (9.104) is similar to the integral J in equation (6.124) and can thus be 
evaluated similarly. Let us express 


hi 
= —*| (Koos $ — ko), (9.106) 
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where @ is the angle between k and q\, and 


q , m*cy 
ko = a 
Oe hand 


(9.107) 
y = 0 requires kcos dp = ko < kp, or q < 2kp —2m*cs/hsin@. We next write 


dk = kdodk 
m* 

= ———dkdysin@ 
nq 


so that the integral in equation (9.104) becomes 
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(the factor 2 counts for the two values of @o satisfying y = 0, and we assume that the second integral 
can reasonably be approximated to (singo)~! throughout the range). Thus the emission from the 
2pEG of phonons with polarisation s in a range of frequencies dq@ in a solid angle dé at an angle 0 
from surface normal is Pemi(gs)d§d@, where 


xm* IR(qcos @)|" 
phi NoQc; sin 0 le(q,@) |? 
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Pemi (Qs) = g8sgvA (fig +1) 


(9.108) 
This integral can be evaluated numerically. 


9.10.1.2_ Phonon absorption 


The absorption of a phonon of energy fiq@, scatters an electron from an occupied state with |k| < kp 
to an unoccupied state with |k’| > kr, subject to the conservation rules k’ =k +q) and Ey = Ex + 
h@,. The procedure outlined above can be used to obtain an expression for phonon absorption 
rate Pyps(qs). The result will be similar to equation (9.108), except that the factor (fig + 1) will be 
replaced by fig, and kg will be given by 


— q m*Cs 2 
0 2 fhsin@ 


with Bie 
Mm Cs 
< 2k ; 
aoe hsin @ 
The total emitted (absorbed) phonon power is 
S =Y'ho,P(qs) (9.109) 
qs 


and emission (absorption) is the ratio 


Al(qs) _ NoQP(qs) 
I(qs)  AN,escos 0° 


(9.110) 
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Figure 9.22 Phonon emission from a hot 2DEG formed in a Si-MOs structure. Dashed lines are theoretical 
results using Ey = —6.0 eV, E, =9.0 eV, p =2.33 g em™3, cL =9.4x 10° cms~!. (Reproduced from Rothen- 
fusser et al (1986).) 


9.10.1.3. Measurements and theoretical results 


Figure 9.22 shows phonon emission from a Si-Mos sample (Rothenfusser et al 1986). The figure also 
shows the result of the theoretical calculation by Rothenfusser et al (1986). The steep signal increase 
with at small values of N, is very well reproduced by theory for emission of both TA and LA phonon 
modes. The dependence of the phonon signal on emission angle and polarisation is characteristic of 
the 2p nature of the electron gas. The theory could not explain the hump at N, = 5 x 10!? cm~? and 
the signal decrease beyond N, = 6 x 10'* cm~?. Rothenfusser et al (1986) suspected, however, that 
these anomalies are caused by the neglect in the theory of the population of higher subbands which 
lie close to Er for larger values of Ny. 

Figure 9.23 shows profiles of LA phonon absorption by a 2DEG in a Si MosFET measured at lat- 
tice temperature 2.15 K. The agreement of theoretical calculations by Challis et al (1987), without 
allowing for screening, with experiment (Hensel et al 1983b) is convincing. 


9.10.2 EMISSION OF ACOUSTIC PHONONS BY A 2pEc IN A QUANTISING MAGNETIC 
FIELD 


When a large magnetic field B is applied to a system with a 2pEc at low temperatures, the electronic 
energy levels are quantised into the so-called Landau levels. This leads to the remarkable quantum 
Hall effect (see, e.g. von Klitzing 1986). When an electric pulse is applied to such a system, electrons 
can be excited to higher Landau levels. These electrons can ‘relax’ to their ground state by emitting 
phonons (Kent et al 1988). A brief discussion of this is also given in section 13.5. 


292 The Physics of Phonons 


$i(001) 
6=54,7° 


-Al/I &® 


LA PHONON ATTENUATION, 


2ke (108 om) 


Figure 9.23 Absorption of LA phonons by a 2DEG in a Si MOSFET at lattice temperature 2.15 K and 0 = 54.7° 
for different phonon temperatures: (a) theory (Challis et al 1987), (b) experiment (Hensel et al 1983b). 


The theoretical method of the previous section can be extended to study the spectrum of acoustic 
phonons of a heated 2pgc in the presence of a quantising magnetic field. Challis et al (1987) and 
Toombs et al (1987) have made a thorough study of this point by suitably modifying the form of the 
electronic wavefunction in equation (8.94) in the presence of the quantising magnetic field. 


9.10.3 MAGNETOPHONON EFFECT IN 2D SYSTEMS 


In the previous section we have considered interaction between a 2pEG and acoustic phonons. In- 
teraction between a 2pEc and longitudinal optic (LO) phonons also occurs. In the case of bulk (3p) 
polar semiconductors, the interaction between electrons and optical phonons is usually described 
by a model presented by Frohlich (1954). The effective interaction of polar phonons with a 2DEG is 
strongly modified compared to the 3p case. 

The dominant electron—phonon coupling is with LO phonons, due to the large electric polarisation 
associated with these modes. The Frohlich Hamiltonian which describes such an interaction is 


2 1/2 
fehao/l 1 
Ag = 41 
Sonne i| Sears (= =)| 


1 . : 
x ¥—(ale#” —a,et”), (9.111) 
q 
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where @ 0 is the frequency of longitudinal optical phonon, and &p and €.. are, respectively, static 
and high-frequency dielectric constants. 

In the 3p case the interacting electron can be treated as a ‘polaron’ (a quantum of the coupled 
electron-phonon system) with an effective mass given by 


mip = m*(1+ 0/6), (9.112) 


where m* is the effective mass of the electron. The parameter @ (the Frohlich coupling constant), 
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assumed to be very small (@ << 1), is defined as 


1 1 ee is 
a=e( )( ae :) (9.113) 
Eo —«& 2@Loh 


The energy of the lowest conduction band can be expressed as 


24,2 


= * 
2m pol 


E3p(k) — ah@o + O(k*), (9.114) 


where the last term is used to express non-parabolicity. 
In 2D systems the effective polaron mass is given by (Das Sarma 1983) 


m2D — m*(1+ 20/8) (9.115) 


pol 


and the electronic dispersion relation is modified to 


2,2 2,2\ 2 
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Absorption of LO phonons by electrons can result into a resonant inelastic scattering of electrons 
between Landau levels. This causes the magnetophonon effect: the magneto-conductivity exhibits 
oscillations which are periodic in 1 /B. The maxima in the conductivity occur at 


MLO = NA, (9.117) 


where n = 1,2,3,..., and @, is the cyclotron resonance frequency. The magnetophonon effect can 
be observed in high purity and non-degenerate (3p) I—V semiconductors when electron mobility 
reaches the highest values. The effect can be observed in the degenerate case of 2p systems at 
high temperatures. The first observation of the magnetophonon effect in 2p systems was made in 
GaAs/GaAlAs heterostructures (Tsui et al 1980). The effect has also been observed in GaInAs/InP 
and GalnAs/AlInAs heterostructures. 


Taylor & Francis 
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10 Topological 
Nanophononics and 
Chiralphononics 


10.1. INTRODUCTION 


In this chapter we discuss some aspects of topology, phononics, chirality, topological nanophonon- 
ics and topological chiralphononics. We begin by clarifying the meaning of the words topology, 
nanophononics and chirality. The word topology refers to a geometric property that remains un- 
changed upon any continuous change. For example, termination of a solid at an edge or a surface is 
a continuous (or first-order, or incremental) change. Relationship between the topological structure 
of bulk crystal to the presence of gapless boundary states comes from the bulk-boundary corre- 
spondence. The topic of nanophononics deals with the manipulation and engineering of phonon 
properties at the nanoscale. Thus nanophononic topology refers to the topological properties of 
nanophonic materials. An object which cannot be superimposed on its own mirror image is called a 
chiral object. Chirality, or handedness, is a geometric property which signifinies the mirror image 
asymmetry of an object or a physical variable. Topological phononic chirality refers to the topolog- 
ical properties of phonons in chiral materials. 


10.2 TOPOLOGICAL SOLIDS 


Solids whose properties are invariant under topological transformations are known as topological 
solids. Considering electronic properties, there are different types of topological solids. These in- 
clude topological insulators (TIs) (Hasan and Kane 2010), topological semimetals (TSMs) (Yan and 
Felser 2017) and topological superconductors (TSCs) (Qi and Zhang 2011, Leijnse and Flensberg 
2012). TI materials are characterised by electronic states with Dirac-like linear dispersion relation 
for edge or surface states that lie inside the band gap and can be protected by time reversal symme- 
try or by crystal lattice symmetry. There are two types of TSMs: Dirac semimetal (DSM) and Weyl 
semimetal (WSM). A three-dimensional gapless material with crossings of linear energy bands is 
a DSM if time reversal and inversion symmetry are preserved, and is a WSM if there is a lack of 
either time reversal or inversion symmetry. The crossing points are called Weyl nodes. There are two 
types of WSMs. In type-I linear crossing of two linear electronic bands occurs at the Fermi level 
with the energy cones collapsing at a pointlike Fermi surface. Type-II WSMs are characterised by 
tilted Weyl cones with Fermi surfaces consisting of electron-hole pockets which touch each other. A 
TSC has a superconducting gap in its bulk but has topologically protected metallic edge or surface 
states, which are made up of Majorana fermions (chargeless and spinless fermions which are their 
antiparticles (Majarona, 1937)). 

Let us try to understand the concept of topological surface states at a more basic level. As dis- 
cussed in section 2.2.1, when dealing with bulk properties, such as electronic band structure or 
phonon dispersion relation, we usually invoke periodic boundary condition to avoid unimportant 
end, or boundary, effects. This makes the electronic wavevector k and the phonon wavevector q good 
quantum numbers which ensure the translational symmetries f(k+G) = f(k) and f(q+G) = f(q), 
where G is a reciprocal lattice vector for the bulk crystal structure and f represents a property in 
reciprocal space. The termination of a crystal into a surface makes k and g complex vectors (i.e. 
these are no longer good quantum numbers). A brief explanation of the complex phonon dispersion 
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Figure 10.1 Schematic illustration of topologically trivial (a) and non-trivial (b) surface electronic states 
inside the bulk band gap of a semiconductor or insulator. For the trivial case, the lower(upper)-lying surface 
state is derived from a bulk valence(conduction) band of p(s) orbital. For the non-trivial case, the valence 
and conduction band derived surface states cross each other inside the bulk band gap, with a linear dispersion 
relation in the region of the crossing point. 


curves was presented in figure 9.3 and the text around that. The electronic wavefunction, or the 
atomic displacement, corresponding to a surface state is localised close to the surface, damps in an 
oscillatory fashion inside the crystal and decays monotonically in vacuum along the surface nor- 
mal. In Chapter 8 we have presented and discussed several examples of surface phonon modes on 
semiconductor surfaces. Similarly, many examples of electronic states on semiconductor surfaces 
have been investigated, both theoretically and experimentally (see, e.g. Srivastava 1999). Such sur- 
face states normally originate from one bulk band and return to (or close at) the same bulk band. 
Figure 10.1(a) presents a simple illustration of two surface electronic states, one just above the 
bulk valence band and the other just below the conduction band minimum. For normal semicon- 
ductors, the lower(upper)-lying surface state is derived from an p(s)-orbital of the bulk (see, e.g. 
Srivastava et al 1983). A small perturbation, such as disorder or chemical adsorption, can easily 
destroy/change/modify such surface states. For this reason, such surface states are known as trivial 
surface states (or surface states with trivial topology). Electronic surface states in the bulk band gap 
of topological semiconductors or insulators obeying time reversal symmetry, continuously connect 
conduction and valence bands, as illustrated in figure 10.1(b), and are known as topological surface 
states (or surface states with non-trivial topology). Such special surface states are robust against any 
perturbation. 

We now present clarification of the statements made above regarding trivial and non-trivial 
topological surface states by considering real systems. Let us consider the electronic structure of 
graphene (a two-dimensional system) and the (111) surface of the Bi, _,Sb, alloy'. Graphene, char- 
acterised with inversion symmetry, has an even number of Dirac points (DPs) at the Fermi level. 
Following the Kramers theorem (Schiff 1968), a small perturbation (such as by changing the chem- 
istry of the surface) can easily open a gap at the DPs (i.e. the DPs are destroyed). Thus, the surface 
states on graphene exhibit normal, or trivial, topology. In contrast, the Bij_,Sb,(111) surface is 
characterised with an odd number of DPs at the Fermi level (Teo et al 2008). These Dirac states 
are robust against any slight imperfection or impurities. Thus, Bi;_,Sb, is a TI (ie. its surface 
states exhibit non-trivial topology). The topological character of this alloy comes from Sb due to 
the inversion of its valence and conduction bands at the L point in the Brillouin zone. 

What makes the surface states for Bi,_,Sb, or Snj_,In,Te non-trivial? To understand this, let 
us consider bulk SnTe, which at room temperature has the simple rocksalt crystal structure. This 


'This is so in a certain range of values for x. There are other bulk crystals that are predicted to be three-dimensional 
topological insulators, e.g. BizTe3, BizSe3, Sb2Te3, Sny_,In,Te etc. 
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IV-VI material is a narrow-gap (E, = 0.18 eV) semiconductor with the valence band maximum 
(VBM) and conduction band minimum (CBM) at the Z point of the Brillouin zone. In the absence 
of spin-orbit coupling, the VBM and CBM states at the L point are mainly contributed by (s-cation, 
p-anion) and (s-anion, p-cation), respectively (see, e.g. Tsang and Cohen 1971). [This is similar to 
the normal ordering of the band edge energies in III-V and II-VI semiconductors (see, e.g. Walter 
and Cohen 1971).] The presence of strong spin-orbit coupling inverts the cation/anion characters 
around the Z point in these systems. The inverted orbital ordering produces a negative band gap in 
these systems. SnTe is a topological crystalline insulator (TCI), whose surface states are protected 
by crystal lattice symmetry. Considering the (001) surface, the presence of crystal mirror symmetry 
with respect to the family of {110} planes topologically protects pairs of surface states (Schmidt 
and Srivastava 2020). Angle-resolved photoemission measurements have confirmed the existence 
of non-trivial topological states on this surface (Sato et al 2013). 

As topological considerations refer to surface states, it is obvious that surface electronic band 
structure should be calculated to examine the energy location and robustness of the Dirac states. 
However, it is not necessary to perform expensive surface state calculations, as bulk symmetry con- 
siderations can reveal information about the robustness of topological surface states. This requires 
examining winding of bands invoking the concepts of Chern number C and the topological invariant 
Z. The Z2 index expresses whether the number of times the boundary state crosses the Fermi level 
between the zone centre and zone edge is even or odd. Let us consider the z surface plane for the 
bulk-boundary correspondence. The Chern number for a 2D system is defined as (see, e.g. Fukui et 
al 2005, Sato and Ando 2017) 


i ee 
= 2 dk,.dk,F, 
ls [abo 
F, = (VxA,)-z 
An = i<unglVelln >, (10.1) 


where A,, is the Berry connection, u,x is the cell-periodic part of the Bloch wave function for 
wavevector k and the nth band. C = 0 corresponds to a trivial state and C = +1,+2,+3,... cor- 
responds to a Chern insulator state. The Z2 invariant? is defined in 2D as (see, e.g. Fukui et al 2005, 
Fu and Kane 2006, Bansil et al 2016, Sato and Ando 2017) 
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The 3D extension requires computation of several 2D contributions using equation (10.2) by taking 
various pairs of time-reversal-invariant-momenta (TRIM) points in the 3D BZ. Z) = 0 corresponds 
to a trivial state and Z, = | corresponds to a TI state. The Chern number is not well defined in 
the presence of spin-orbit interaction. However, for a spin-preserving and time-reversal-invariant 
system, the Z) index coincides with the parity of the spin Chern number (Sato and Ando 2017). 
From these considerations for a crystal terminated on an inversion plane, Teo et al (2008) established 
a theorem which states that the surface fermion parity is determined by the parity invariants of the 
bulk band structure. The surface fermion parity determines which surface TRIM points are enclosed 
by an odd number of Fermi surface lines. 


10.3 TOPOLOGICAL PHONONS 


The concepts described in the previous section regarding electronic surface states in topological 
solids can be applied to discuss topological phonon modes. We will consider examples of topologi- 
cal phonons in 1D, 2D and 3D systems. 


2Z is the group of integer numbers, and Z) is the quotient group of Z classifying even and odd numbers. 
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10.3.1 TOPOLOGICAL PHONONS IN 1D SYSTEMS 


In section 2.2.2 we discussed phonon dispersion curves for a diatomic linear chain with alternating 
masses m, and m2 connected with a single force constant A. Let us extend that exercise by con- 
sidering a linear chain with alternating masses m, and mp2, alternating force constants A; and Az, 
and unit cell length a, as illustrated in figure 10.2(a). The equations of motion and solutions can be 
straightforwardly obtained by following the approach in section 2.2.2. The dispersion relation can 
be obtained from the equation below: 


ies \) le a re | ,; (10.3) 


ee (Ay + Az)(m, +mz) 
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For the case when m, = m2 = m, as shown in figure 10.2(b), equation (10.3) reduces to 
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In the long wavelength limit ga << 7, cos(qa) © 1 — (qa)”/2, and the lower (acoustic) and upper 
(optical) branches of the dispersion curves can be expressed as 


Aj Ay 
= a 10. 
Dac 2m(A; +.Az) (qa) ( 0.5) 
2(A; +A 
Wop = Aes) = O(qa)*. (10.6) 


At the Brillouin zone boundary ga = 7, and the frequencies are 


ow = | (S42) (4). (10.7) 
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For convenience sake, let us define the reduced frequency Q = x, 0. The dispersion relation 


in equation (10.4) can then be expressed as 
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Figure 10.2(c) shows the plot of as a function of ga/a for the consideration Az = 1.5A;. The 
reduced frequency Q takes the values 0 and ,/5 at the zone centre, and \/2 and \/3 at the zone 
boundary. 

Following the work of Pal and Ruzzene (2017), we now consider a superlattice structure, with a 
unit cell containing N contiguous primitive cells of type A (A; < Az) and N contiguous primitive 
cells of type B (A; > Az). As indicated in figure 10.3, this structure is characterised by the presence 
of two types of interfaces between the primitive cell types A and B. One interface (labelled A-B 
IF) connects the stronger springs between the A and B primitive cells and can be referred to as the 
Astrong — Astrong IF. The other interface (labelled B-A IF) connects the weaker springs between the 
B and A primitive cells and can be referred to as the Aweak — Aweak IF. Notice that the superlattice 
constructed in this manner is characterised by broken parity (or, space inversion) within the unit 
cell. 

Numerically calculated phonon dispersion curves for such a superlattice, with N = 20 and 
Astrong = 1.5 Aweak, are shown in figure 10.3. While the BZ boundary for this superlattice is at 
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Figure 10.2 (a) Linear chain of alternating masses and force constants. (b) Linear chain of identical masses 
but alternating force constants. (c) Plot of the reduced phonon frequency Q = ,/m/A,@ against the wavevector 
q for the chain in (b) with Ay = 1.5 Ay. 


q = Na/N, the dispersion curves have been unfolded onto the first BZ for the bulk for a direct 
comparison with the results presented in figure 10.2. Apart from the appropriate number of folded 
acoustic and optical branches, there appear three additional interface modes. Two interface modes, 
featuring two A; — A; and Az — Az springs, lie within the bulk band gap. The lower mode (dashed 
line) is the B—A or Ayeak — Aweak IF mode, and the upper mode (dotted—dashed line) is the A-B 
or Agtrong — Astrong IF mode. A third mode, topologically trivial and localised at an interface having 
adjacent Agtrong — Astrong Springs, lies above the bulk spectrum. 

As discussed in the previous section in the context of electronic topological states, the existence 
of these superlattice interface phonon modes can be predicted by examining the Zz invariants as- 
sociated with the A and B type bulk linear chains. The expression for the Zz invariant of the bulk 
chains is 

i t/a . ) 
a= 55 fH (a gtlaa (10.9) 
where u is the eigenvector associated with the dynamical problem D(q)u(q) = @?mu(q). The two 
types of bulk chains (A and B) have distinct topological indices. Pal and Ruzzene (2017) showed 
that for both acoustic and optical branches Z. = O for the bulk chain B (7.e. when A; > Ag) and 
Z2 = 1 for chain A (i.e. when A; < Az). Thus, while both A and B chains have identical frequency 
spectrum, their branch topology is distinct as quantified by the different Z) values. 

The difference in the Zz values for the two chain types can be further explained by considering 
the problem in the basis w = [u‘,u“], where u* and u“ are, respectively, the symmetric and anti- 
symmetric combinations of the displacements of the two atoms in a primitive unit cell. For chain B, 
at both the zone centre (q = 0) and zone edge (gq = 1/a), tac = [1,0] for the acoustic branch, and 
Wop = [0,1] for the optical branch. These modes do not flip in the range [—12/a,/a], resulting in 
Zz = 0. For chain A, for the acoutic branch wa. takes values [1,0] and [0,1] at g =0 and q = 2/a, 
respectively, while for the optical branch Mp takes values [0,1] and [1,0] at g = 0 and gq = 2/a, 
respectively. This interchange between the acoustic and optical eigenvectors for chain A corresponds 
to Z, = 1 for both branches. Such a difference in the topology of the chains A and B generates a 
localised mode at an interface between the two chains in the superlattice structure. It should be 
pointed out that this topological behaviour is related to the two localised modes in the bulk band 


gap. 
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Figure 10.3 Phonon dispersion curves for a superlattice with a unit cell containing 20 contiguous primitive 
cells of type A (with Astrong = A2, Aweak = A1 ) and 20 contiguous primitive cells of type B (with Astrong = At, 
Aweak = Az ). Plotted along the y-axis is the reduced frequency Q = @,/m/Astrong with Agtrong = 1.5 Aweak- 
The two localised modes inside the acoustic—optical gap are topological in nature, while the mode above the 
optical continuum is topologically trivial. The dispersion diagram (original in colour) is reproduced from Pal 
and Ruzzene (2017). 


Figure 10.4 shows the displacement amplitudes of the atoms for the two localised modes in the 
gap region. The localised displacement decays rapidly away from the interface in both cases. It is 
important to point out that while these localised modes are similar to the defect modes discussed 
in section 8.3, they cannot be eliminated by varying or changing the properties of the interfaces. 
Also, while these localised mode frequencies may vary with the interface properties, they cannot be 
moved into the bulk regions. This means that these are topologically protected interface states. In 
contrast, the localised mode above the bulk spectrum (i.e. above the bulk optical branch) is a trivial 
interface state, as this can be moved into the bulk bands by varying the interface type, and does not 
arise for low interface stiffness springs. 


10.3.2 TOPOLOGICAL PHONONS IN 2D SYSTEMS 


As an example of topological phonons in two-dimensional systems, Pal and Ruzzene (2017) consid- 
ered a crystalline structure similar to graphene, but with dissimilar masses for the two basis atoms, 
so that inversion symmetry of the structure is broken. In order to follow their approach, we first 
discuss the lattice dynamics of graphene using the simple mass spring model. 
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Figure 10.4 Amplitudes of (a) Astrong — Astrong IF mode and (b) Aweak — Aweak IF mode. For convenience, 
the adjacent strong-strong and weak-weak bonds are shown below the amplitude plots. [Original diagram in 
colour.] Reproduced from Pal and Ruzzene (2017). 


10.3.2.1_ Lattice dynamics of graphene 


Figure 10.5 shows the atomic geometry of graphene, with a choice of the primitive unit cell and 
primitive translation vectors a; and aj. Let (;,n2) denote a hexagonal lattice point at nya) +n2a2, 
with n, and nz as integers. If one of the basis atoms is located at (0,0), then the second basis atom is 


positioned at {i, zh i.e. at (a; +a2)/3. For the choice a; = a(1,0) anda = als, v3), the primitive 


translation vectors of the reciprocal lattice are b) = 27 (1,— 7) and by = 22 (0, a): 
The equations of motion of the two basis atoms within the unit cell can be written down by 
extending the scheme discussed in section 2.3.2. With wu and v as the two-dimensional displacement 


vectors of the two basis atoms, the equation of motion for the basis atoms can be written as 


d2 
ma gu(nin2) = A,[v(m1,n2) —u(n1,n2)|+ 
Ag[v(11,n2 — 1) —u(n1,n2)| + A3[v(m1 — 1,02) —u(n41,n2)] 
(10.10) 
d2 
ms a(n n2) = A,[u(n1,n2) —Vv(n1,n2)|+ 
Ag[u(n no +1) —v(n1,n2)] + A3[u(m + 1,n2) —v(11,n2)], 
(10.11) 


where m is the mass of a carbon atom, and A;, Az and A3 represent force constants as described 


Figure 10.5 Atomic geometry of graphene. A choice of the primitive unit cell is indicated by dotted lines. 
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further on. The atomic displacement vectors can be written as 


u(m,n2) = Ajexplig- (nia) +n2a2) — ot] (10.12) 
v(nj,n2) = Azexplig: (nya, +n2a2 +d) — at), (10.13) 


where d = {%, 3} is the separation vector between the two basis atoms, @ is vibrational frequency, 
and q = k,b, + kzb2 is a phonon wavevector inside the Brillouin zone for k,,k2 < 1. The equations 
of motion can be be expressed as 


VdiAj=0'mA;,, i,j = 1,2 (10.14) 
J 
with 
Ay +A2+A3 —elF4 (Ay + Age 14 + Age 19%) 
D= ~ig-d ipa te (10.15) 
—e (Ay + Agel’ + Agel’ ) A, +A2+A3 


Note that the atomic displacements wu and v, and the amplitudes A; and Ag, are all three-dimensional 
vectors, with two independent in-plane components and an out-of-plane component. And the force 
constants A;, Ag and A3 are 3 x 3 matrices, containing radial, in-plane tangential and out-of-plane 
components, as detailed in Sahoo and Mishra (2012) and Saito et al (1998). With these considera- 
tions, the dynamical matrix in equation (10.15) is 6 x 6 in size, resulting in six phonon branches, as 
expected for a three-dimensional problem. 

Sahoo and Mishra (2012) calculated phonon dispersion surves of graphene by taking into account 
force constant components between nearest neighbours and beyond. The results, with the choice of 
the force constant components given in their paper and in Saito et al (1998), are shown in figure 
10.6. The three acoustic branches are labelled ZA, TA, LA and the three optical branches are labelled 
ZO, TO, LO, with ZA and ZO characterised as out-of-plane (or flexural) vibrational modes. The results 
obtained with consideration of interactions up to fourth nearest neighbours and presented in figure 
10.6(d), compare quite well with ab initio results displayed in figure 10.7 (Dubay and Kress 2003). 
However, as seen from figure 10.6(a), inclusion of only nearest-neighbour interaction is not good 
enough to obtain good results for the dispersion curves. Indeed, Sahoo and Mishra’s work demon- 
strates that even inclusion of interactions up to the third nearest neighbours does not reproduce the 
the quadratic dispersion of the ZA branch in the long wavelength region. The ab inito work by Dubay 
and Kress (2003) finds that neglecting the force constants before the 20th nearest-neighbours causes 
significant changes in either the low- or high-frequency regions. 
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Figure 10.6 Phonon dispersion curves for graphene, obtained by using the mass and spring model and taking 
into account (a) nearest-neighbour interactions and (d) interactions up to fourth nearest neighbours. Repro- 
duced from Sahoo and Mishra (2012). 
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Figure 10.7 Phonon dispersion curves for graphene, obtained by using the ab initio method described in 
section 3.3.1.4. Symbols represent experimentally measured data points. Reproduced from Dubay and Kress 
(2003). 


10.3.2.2 Topological phonons on graphene 


Regardless of the interaction range, it is interesting to note that the ZO and ZA branches cross each 
other at the K point in the Brillouin zone. Also, these two branches are characterised with Dirac- 
like linear dispersion around the K point. The presence of Dirac-like linear dispersion of the ZA and 
ZO phonon branches at the K point on the graphene Brillouin zone prompts an investigation into 
the topological nature of these phonon modes. Note that there are two types of corner points on 
the Brillouin zone: K and K’. These are inequivalent, but time reversal exchanges K and K’. At the 
start of this chapter, we mentioned that crossings of linear dispersion curves in a gapless material 
with time reversal and inversion symmetries provides a signature for Dirac-like topology. As the 
graphene structure is characterised by inversion symmetry and the dispersion curves around the K 
point obey time reversal symmetry, we can confirm that the system is characterised with a Dirac- 
like phonon topology. With careful analysis of ab initio phonon dispersion curves for graphene, Li 
et al (2020) have suggested that there are four Dirac crossing points (DPs) of linearly dispersive 
phonon branches on the Brillouin zone, as shown in figure 10.8. Two of these are at the K point: 
one, labelled (DP1), is due to the ZO/ZA crossing and the other, labelled (DP2), is due to the LO/LA 
crossing. In addition, there are two more crossing points between the LO and TO branches along the 
I’—M and I'— K directions, labelled, respectively, as DP3 and DP4. The Berry phase 


berry — f Anla) -dl (10.16) 


was computed by defining a circle on the q,, plane centred the K point. The phase for DP! at K is 
—m and at K’ is z. This indicates that the DP1 point at both K and K’ is topologically nontrivial, 
and also that their Berry phases are opposite to each other. 


10.3.2.3 Topological phonons on graphene-like structure with broken inversion 
symmetry 


Pal and Ruzzene (2017) investigated the topological properties of the ZA and ZO modes by perform- 
ing lattice dynamical studies of a graphene-like structure with broken inversion symmetry. For this 
purpose, they considered the two basis carbon atoms in the primitive unit cell to have slightly dif- 
ferent masses, m, = (1+ B)m and my = (1 — B)m with B 4 0, while maintaining the C; symmetry 
of the structure. Figure 10.9(a) shows the atomic structure. 
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Figure 10.8 Topological Dirac points (DPs) and phonon nodal ring (PNR) in graphene. The Berry phases of 
the Dirac points DP1—DP4 are marked as ‘+’ for z and ‘“—’ for —7. [Original diagram in colour.] Reproduced 
from Li et al (2020). 


Considering only the nearest-neighbour out-of-plane interaction of spring constant k, the equa- 
tions of motion for the masses in the primitive unit cell can be written, following equations (10.10)- 
(10.11), as 


d2 
Masa ue(m1 2) = klv,(ny,n2) —u;(ny,n2)|+ 
k[v-(m1,n2 — 1) — uz(m1,n2)] +k[ve(m1 — 1,2) — uz(m1,n2)] 
(10.17) 
d2 
Mya ¥z (M142) = k[u-(n,n2) —v-(n1,n2))+ 
k[uz(1,n2 +1) —v-(m1,n2)] +kluz(m1 + 1,22) —vz(m1,72)], 
(10.18) 


where uw, and v, are the out-of-plane atomic displacement components. Following equations (10.14)— 
(10.15), these can be expressed as 


3—(1+8)9? —elf4(1 +e 9 @ + e941) | | At | _ 

_a-ig-d iq-ay ig-ay —({1l— 2 cs — 0, (10.19) 
e 44 (1 + elf +4 6941) 3—(1—B)Q As 

where Q = @,/m/k is the dimensionless flexural frequency, and A? is the amplitude of the ith 

flexural mode. 

Figure 10.9(b) shows the dispersion curves for the ZA and ZO branches. For B = 0, the dashed 
lines show the crossing of the Dirac-like dispersion curves at the K point, in agreement with the 
result presented in figure 10.6(a). The results in solid curves, with B = —0.2, show that the DP is 
destroyed and a clear gap opens up at the K point. The same dispersion curves would appear with 
fB =-+0.2, but with the eigenvectors Aj and A§ flipped. 

The Chern number C at the K and K’ valleys can be computed by integrating the Berry curvature 
over a small region near the K and K’ points (cf equation (10.1)). It is found that for B > 0, C = -5 
for the ZA branch and C = 5 for the ZO branch. For B < 0, the values are reversed. This means 
that breaking the inversion symmetry results in distinct valley Chern numbers for these branches. 
The bulk boundary correspondence, therefore, guarantees the presence of topologically protected 
localised modes inside the gap region between the the ZA and ZO branches at the interface between 
two strips, one having B > 0 (i.e. mg > mp) and the other having B < 0 (i.e. mp > ma). 

The above approach can be extended to examine the phonon states around the K and K’ valleys 
for a honeycomb structure composed of A/B basis atoms with broken inversion symmetry (“), bro- 
ken time-reversal symmetry (.7) and a combination of Y and 7. Liu et al (2018) have summarized 
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Figure 10.9 (a) Graphene-like structure with broken inversion symmetry. (b) Dispersion curves of the flexural 
branches ZA and ZO for the structure in (a). [Original diagram in colour.] Reproduced from Pal and Ruzzene 
(2017). 


the results. Figure 10.10 shows the Dirac phonon cones, Barry curvature distribution and topological 
boundary phonon states for these situations. For the inversion and time-reversal symmetric case (i.e. 
when the two basis atoms have the same mass, as in graphene), identical Dirac cones are formed 
at the K and K’ valleys [figure 10.10(a)]. If only time-reversal symmetry is broken, C = +1, and 
topologically protected phonon modes exist within the Dirac gap [figure 10.10(b)]. If only inversion 
symmetry is broken, C = 0, corresponding to a topologically trivial phase. However, for an inter- 
face structure with opposite basis atom masses on the two sides, there exist topologically protected 
and valley-momentum locked interface modes [figure 10.10(c) and the discussion presented above]. 
When both inversion and time-reversal symmetries are broken simultaneously, the K and K’ valleys 
are no longer frequency degenerate and their gaps can be tuned independently [figure 10.10(d)]. 


(a) PT symmetric (b) T breaking (c) P breaking (d) PT breaking 
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Figure 10.10 (a) Graphene-like honeycomb structure with basis atoms A and B (top), and the Dirac cones at 
the K and K’ valleys (bottom). (b)—-(d) Berry curvature distribution (top) and Dirac cones (bottom) with broken 
time-reversal symmetry (.7), broken inversion symmetry (Y) and broken Y.Y symmetry, respectively. Red 
and blue colours represent phonon states localized at A and B basis atoms, respectively. [Original diagram in 
colour.] Reproduced from Liu et al (2018). 
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10.3.3 TOPOLOGICAL PHONONS IN 3D SYSTEMS 


In the previous section we discussed the concept of Dirac phonons in 2D materials. Dirac phonons 
have also been predicted in three-dimensional (3D) materials. Similarly, several 3D TSMs have been 
identified. There are two distinct types of Weyl fermions in Weyl semimetals (WSMs). Type-I Weyl 
fermions are associated with a closed point like Fermi surface. Type-II Wey] fermions have an open 
Fermi surface. Similar to type-I and type-II Weyl fermions, there are also type-I and type-II Weyl 
phonons. 

Here we present the results of theoretical predictions for the existence of Dirac phonons in Si, 
as discussed in Chen ef al (2021). We also exemplify identification and analysis of the ideal type-II 
Weyl phonons in zinc-blende CdTe and wurtzite ZeSe, as presented by Xia et al (2019) and Liu et 
al (2021), respectively. 


10.3.3.1_ Dirac phonons in body-centred Si 


In 3D semimetals, DPs in phonon spectrum, preserved by time reversal and inversion symmetry, 
are four fold degenerate with linear dispersion along all directions in momentum space. DPs can 
exist either at symmetry points (essential degeneracy) or along high symmetry lines (accidental 
degeneracy). Chen ef al (2021) theoretically predicted the presence of Dirac phonons in Si (c/16), 
a metastable silicon allotrope with space group Ja-3, which crystallizes in a body-centred cubic 
structure with 16 atoms per primitive unit cell (Wosylus et al 2009). 

Figure 10.11 shows the crystal structure, Brillouin zone and the phonon spectrum along the high 
symmetry directions of body centred Si (c/16). Also shown in that figure are phonon surface states 
and arcs projected on the (110) plane. The calculations were performed by employing the ab inito 
method described in section 3.3.1.4. The four-fold degenerate DP at around 8 THz is located at the 
symmetry point P. There is also a quadratic triple degenerate point (QTP) with frequency slightly 
above 8 THz at the symmetry point H. The topological nature of of these points was verified by 


wf 15 
i 
| os 
” mn Ys a 
N r 
As a5 
z La ; 
= 
2 eS “a 25 
E> 4 , 
: P 2 
F, = 
7) a 
ar — 1 
= 
z . 5 
g asa H 
gE - 0 


fey (210/'ag) 


Figure 10.11 (a) The body-centred Si (c/16) structure viewed in the conventional cubic unit cell. (b) The 
Brillouin zone for the BCC lattice. (c) Phonon dispersion curves and density of states. (d) Details of phonon 
dispersion curves around the quadratic trip point (QTP) and the Dirac point (DP). (e) Phonon states on the (110) 
surface. Each of the two sets of surface states represents Weyl phonons. (f) Surface phonon arcs projected 
on the (110) surface. Phonon surface arcs cross over the BZ boundary and connect the projections of two 
nonequivalent DPs. [Original diagram in colour.] Reproduced from Chen et al (2021). 
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computing phonon local density of states and the corresponding isofrequency surface projected 
on the (110) surface. The surface states are composed of two sets, with each set viewed as the 
Weyl phonon states with opposite chirality. The phonon surface arcs cross over the Brillouin zone 
boundary and connect the projections of two nonequivalent DPs. 


10.3.3.2 Weyl phonons in zinc-blende CdTe 


Xia et al (2021) have investigated topological phonons in zinc-blende CdTe. Figure 10.12 shows 
the phonon spectrum of CdTe, obtained from the application of the ab intio method decribed in 
section 3.3.1.4, without the inclusion of spin-orbit interaction. There is a doubly-degenerate point 
in the X-W direction, originating from the crossing of the longitudinal acoustic (LA) and transverse 
optical (TO) branches at 3.5 THz. This crossing with linear dispersion along X-W is with respect 
to the two-fold rotational symmetry C2 at the Brillouin zone boundary. The two crossing branches 
belong to opposite eigenvalues +1 of the symmetry operator C2. A 3D Dirac phonon can be treated 
as the overlap of two Weyl phonons with opposite chirality. As the crossing of the two inverted 
phonon branches forms a tilted DP, it can be inferred that the crossing point belongs to type-II 
Weyl phonons. Detailed investigations, considering crystal symmetry, suggest that there are a total 
of 12 WPs along the symmetry direction X-W, where the Cy symmetry coexists with the time- 
reversal symmetry. Xia et al determined the chirality C = +1 for phonon wavevectors (22,0, +p), 


2 2 ‘adi 2 2 2 
(+p, = ,0) and (0, ,+p), and the chirality C = —1 at (,+p,0), (0,£p, ,0) and (+p,0, =), 
with p =0.054 A~!. Figure 10.13 shows the phonon isofrequency surface on the gy — dy plane with 
dz = 21 /a (a) below, (b) at and (c) above the Weyl phonon frequency, and the locations of WPs (d) 


at the Brillouin zone {001} boundaries. 
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Figure 10.12 (a) Phonon dispersion curves for CdTe. (b) Enlarged version of the spectrum marked by the box 
in (a). (c) A tilted Weyl phonon formed by the inverted phonon branches on the g, — qy plane with g, = 27/a, 
where a is the cubic lattice constant. [Original diagram in colour.] Reproduced from Xia et al (2019). 


(d) 


Figure 10.13 CdTe phonon isofrequency surface on the qx — gy plane with g; = 27/a (a) below, (b) at and 
(c) above the Weyl phonon frequency. (d) Locations of WPs at the Brillouin zone {001} boundaries. [Original 
diagram in colour.] Reproduced from Xia et al (2019). 
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Figure 10.14 (a) Phonon dispersion curves for wurtzite ZnSe. (b)—(d) Enlarged version of dispersion curves 
in the range of optical branch crossings along [— M, — K and M — Q, respectively. [Original diagram in 
colour.] Reproduced from Liu et al (2021). 


10.3.3.3. Weyl phonons in wurtzite ZnSe 


Liu et al (2021) have made first-principles prediction of ideal type-II Weyl phonons in wurtzite 
ZnSe. The wurtzite structure is a noncentrosymmetric hexagonal structure with space group P63mc 
with four atoms per unit cell. Phonon eigensolution calculations were made by using the theoretical 
method described in section 3.3.1.4. The phonon dispersion curves are shown in panel (a) of figure 
10.14. Enlarged versions of the dispersion curves along the symmetry directions [—M, I'— K and 
M — Qin the frequency range 5.40 — 5.60 THz are presented in panels (b)—(d). The inversion of two 
optical branches gives rise to a WP along the M-Q symmetry line. 

On the basis of time-reversal, mirror and sixfold rotational symmetries present in the system, 12 
WPs have been predicted in the g, = 0 plane. Six of these are characterised with the topological 
charge chirality C = +1 and the other six with the topological charge chirality C = —1. Clear veri- 
fication of the type-II WPs was made from an examination of the topologically protected nontrivial 
surface phonon states and Fermi arcs. 


10.3.3.4 Experimental investigation of DPs and WPs 


Most optical measurements probe bulk electronic states in a material. As Dirac and Wey] fermions 
exist within bulk band structure, these can be investigated in optical measurements. Ultrafast pump- 
probe techniques, which are routinely used to generate and detect coherent optical phonons (see, 
chapter 13 for discussion), can therefore be used to investigate and control Dirac and WP in DSMs 
and WSMs. 

Sie et al (2019) demonstrated that terahertz light pulses can be used to induce terahertz-frequency 
interlayer shear strain with large amplitude to produce a topologically distinct metastable phase 
in WSM WTez. Zhang et al (2019) have reported structural transition between the type-II Weyl 
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semimetal phase and normal semimetal phase in bulk crystalline WoTez by using ultrafast pump- 
probe and time-resolved second-harmonic-generation spectroscopy. Reflectivity changes, measured 
in pump-probe spectroscopy, are induced by coherently generated optical phonons of irreducible 
representation A;. Weber (2021) has reviewed the topic of ultrafast investigation and control of 
Dirac and Weyl semimetals. It is pointed out that optical pulses may controllably and reversibly 
move, split, merge, or gap the material’s Dirac and Wey] nodes. It is suggested that coherent phonons 
excited by an ultrafast optical pulse may offer mechanisms for similar control of the nodal structure. 
For example, using an ultrafast optical pulse, a DP may be split into a pair of Weyl nodes, or simply 
a gap at the DP may be opened. Advances in reversible control of the topological behaviour are 
expected to generate highly significant new technological applications, such as turning the proposal 
of a “topological field effect transistor” (Qian et al 2014) into reality. 


10.4 PHONONIC SYSTEMS 


Some naturally occurring crystals are characterised with absolute frequency gap(s) (clear frequency 
gap(s) in all directions). Some examples, with a clear optical—acoustic gap, are the II-V semicon- 
ductors AIN, AlAs, AlSb, GaN, GaP, GaSb, InN, InP, InAs, and II-VI semiconductors ZnS, ZnTe, 
CdS, CdSe, HgS, HgTe. An absolute frequency gap in a compound semiconductor arises from the 
combined effects of the mass ratio, crystal structure and the harmonic force constant matrix. 

Phononic crystals are characterised by the presence of frequency gap(s) in their phonon spectrum 
in which vibrational energy cannot propagate and phonon wave cannot be focussed. Usually such 
crystals are artificial materials fabricated in laboratory with a periodic structure comprised of two or 
more constituents. The periodicity involved in phononic crystals is much larger (in the nm—m range) 
compared to that in natural crystals (in the sub-nm range). Nanophononic crystals have periodici- 
ties in the nm range. Acoustic metamaterials are also phononic crystals, but with some difference: 
periodicity in metamaterials may be similar to phononic crystals but the physical dimension of the 
structure is small compared to the wavelength of the acoustic wave. 

Several experiments have revealed phononic band gaps in planar superlattice (PSL) structures. 
The first demonstration of such a gap was observed by Narayanamutti et al (1979) in the LA phonon 
branch for a GaAs/Alg,5Gag.5As[111] superlattice of equal individual layer thickness and period size 
122 A. Using superconducting tunnel junctions as the source and detector of quasimonochromatic 
phonons, the centre of the gap was determined at 0.93 meV (232 GHz) with a width of 0.16 meV 
(39 GHz). 


Criteria for true phononic gap in two-component structures 


Let us consider a ball-and-spring model of a periodic structure consisting of two atom types A and 
B with masses m4 and mg and mass ratio m = m,/mg. The diatomic linear chain model discussed 
in section 2.2.2 clearly suggests the presence of a phononic gap in a 1D system when m > 1. For 
simplicity, assume square (cubic) unit cell for the 2D (3D) structure of unit cell sizeL x L(Lx Lx L), 
in which heavier atoms of type A are arranged in a square area (cubic volume) of size ¢ x £ (£ x €x £). 
The packing fraction for the considered 2D (3D) structure is Pp = Li(L4), where Ly = €/L. As 
mentioned earlier, phononic gaps are controlled by a combination of factors including the mass ratio 
m, length fraction Ly, differences in force constant components and dimensionality of system. From 
model calculations, Hepplestone and Srivastava (2008) established that a true 2D (3D) phononic gap 
in square (cubic) structure will appear when m > 10 (m > 15) within the range 0.9 > Ly > 0.1. These 
simple model criteria, however, generally prove insufficient in predicting phononic gap results for 
real systems. 


Si/SiGe PSL as 1D nanophononic structure 


Ezzahri et al (2007) presented generation and detection of coherent LA wave packet in a 
Si(4 nm)/Sio.4Geo.6(8 nm)[001] superlattice by femtosecond laser pulses. By analysing the 1D 
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Figure 10.15 Phonon dispersion curves a Si(4 nm)/Sio,4Gep,6(8 nm)[001] superlattice, obtained from the 
application of the bond charge model. Three lowest LA frequency gaps are highlighted, with the central region 
showing a true phononic gap. [Original diagram in colour.] Reproduced from Hepplestone and Srivastava 
(2008). 


phonon dispersion relation using the continuum theory described in section 9.2, they concluded 
that the system exhibits three LA band gaps at 145 THz, 283 THz and 527 THz. Hepplestone and 
Srivastava (2008) made a full-scale (3D) theoretical investigation of the phonon spectrum of the 
same superlattice using the bond charge model (cf section 2.4.3.2). They obtained several frequency 
gaps for both LA and TA polarisations in the entire frequency range covering acoustic as well as 
optical regions), as shown in figure 10.15. This work predicts two lowest TA gaps at 175 THz and 
350 THz, and two lowest LA gaps at 252 THz and 495 THz. The LA gaps are in agreement with the 
experimental results in Ezzahri et al (2007). In addition, the full-scale calculations reveal the pres- 
ence of a true phononic gap between 507 and 515 THz, in which phonons of neither polarisation 
can propagate. 


10.5 NANOPHONONIC TOPOLOGY 


In section 10.4 we noted that PSL structures are characterised with the presence of phononic band 
gaps along their growth direction. The essential phononic physics of such systems is that of a 1D 
atomic chain with either alternating masses, or identical masses but alternating force constants, 
or both, as discussed in section 10.3.1. It was also shown in figure 10.3 that topologically robust 
interface states are generated in a phononic gap common to two ID atomic chains with different 
topological indices. These considerations suggest that with fabrication of nanostructures contain- 
ing interfaces between PSLs with periodicity in the nm range and different topological indices 
it would be possible to engineer topologically robust nanophononic devices. Esmann et al (2018) 
have successfully constructed a topologically robust interface state at 350 GHz at the junction of two 
concatenated GaAs/AIAs superlattices with different layer thicknesses. Their approach is described 
below. 

Consider a GaAs/AIAs superlattice of period ae + a, and layer thicknesses dgaas = 
d§*4s(1 +) and daias = dj’ (1 — 8), with 6 considered as a parameter in the range —1 < 6 <1. 
This is shown in figure 10.16(a), with dgaas = ag (1 +6) =a=A/2, where A is a phonon wave- 
length. Theoretical calculations were performed by using the scheme described in section 9.2. Fig- 
ure 10.16(b) shows the phonon dispersion curves for the structure with ane = 6.7 nm, oe = 8.0 
nm, dpe 6 = 0.8 nm and a = 0.67 nm. As 6 is varied from —1 to +1, there is an exchange of 
the atomic displacement patterns, as well as of the Zak phases (i.e. the Berry phases for Bloch bands 
in one dimension), with respect to the centres of the material layers, as shown in figure 10.16(c). 
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Figure 10.16 Phonon dispersion curves and topological phases of a nanophononic GaAs/AIAs superlattice 
containing 20 centrosymmetric unit cells: (a) Unit cell with layer thicknesses; (b) dispersion curves and band 
gaps; (c) topological phases. See text for details. [Original diagram in colour.] Reproduced from Esmann et al 
(2018). 
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Figure 10.17 Topological interface state at 350 GHz at the junction of two concatenated nanophonic 
GaAs/AIAs superlattices shown in figure 10.16: (a) local band diagram; (b) phonon reflectivity; (c) displace- 
ment pattern, |v, x|, of the topological interface state together with that for the superlattice structure. The dotted 
vertical line separates different topological phases. [Original diagram in colour.] Reproduced from Esmann 
et al (2018). 


Figure 10.17(a) shows the phonon dispersion cuves for a system containing two concatenated 
nanophonic GaAs/AIAs superlattices shown in figure 10.16: one with 6 = —0.1 and the other with 
6 = +0.1. The dip in the phonon reflectivity in (b) corresponds to the topological mode confined to 
the interface between the two superlattices. The corresponding displacement pattern |u(z)| is shown 
in (c). 
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Figure 10.18 High-resolution Raman spectrum of a GaAs/AIAs topological nanophononic interface phonon 
mode. (a) Sample structure; (b) Raman spectrum; (c) Experimental and theoretical spectra; (d) Simulated 
acoustic reflectivity spectrum; (e) Confirmation of the topological nature of the interface state B, compared to 
the non-topological nature of the peaks A and C in panel (c). [Original diagram in colour.] Reproduced from 
Esmann et al (2018). 


To confirm the esistence of topological states in real nanophononic systems, Esmann et al per- 
formed all-optical Raman scattering measurements on a system containing two concatenated nano- 
phonic GaAs/AIAs superlattices shown in 10.18(a), which is similar to that in figure 10.16(a). The 
sample was grown by molecular-beam epitaxy on a GaAs(001) substrate and consisted of two parts 
in the central region: 20 superlattice unit cells with GaAs and AlAs bilayer thicknesses correspond- 
ing to 6 = —0.1 and 20 superlattice unit cells with GaAs and AlAs bilayer thicknesses correspond- 
ing to 6 = +0.1. This structure produces a common frequency gap at 354 GHz with inverted phonon 
branches for the two parts. This structure was enclosed within two GaAlAs-based optical mirrors, 
which serve as a resonant optical microcavity with the topological acoustic structure acting as a 
space of width 2A (the optical path length of the acoustic structure). Double optical resonances in 
Raman spectra were recorded as a function of laser incidence position on the sample, as shown in 
figure 10.18(b). The Raman spectrum (solid black) is shown in 10.18(c). Also shown in this figure 
are photoelastic model calculations without and with a Gaussian convolution in solid red and dashed 
red, respectively. Three clear peaks at 323 GHz (A), 360 GHz (B) and 397 GHz (C) are observed. 
The clear dip in the simulated acoustic reflectivity of the sample shown in panel (d) is assigned to 
the topological interface mode at 360 GHz, corresponding to the Raman peak B in panel (c). The 
middle part in panel (e) confirms the topological nature of the interface mode B. 

These concepts, of established direct connection between centrosymmetric unit cells and stan- 
dard bilayers, bridging the fields of topology and nanophonics, are expected to be useful in opto- 
electronic, photonic and optomechanical applications. 


10.6 PHONON CHIRALITY 


In this section we will outline the concept of topologically chiral phonons in nanostructured systems. 
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10.6.1 PHONON ANGULAR MOMENTUM IN CRYSTALS 
The angular momentum vector of lattice vibrations is defined as 


J =Yiu(lb) x mpa(ib), (10.20) 
lb 


where u (Ib) is the displacement vector for the bth atom of mass mp in the unit cell located at J. One 
of the components, say the z-component, can be expressed as 


J. = Yomg¥. [ux(lb)ay (Ib) — uy(lb)a,(0b)| (10.21) 
b 1 
_ ux(Ib)\" ( 0 mp\ (ax (Ib) 
7 tera e sear (10.22) 


Using equations (2.48), (2.56), (4.9), (4.30) and (4.32), we can write 


u(Ib) Sevres mma! aj, — a_qs)e(b\gs) exp[i(q-1— @gst)], (10.23) 


where e(b|qs) is a vibrational eigenvector. Using equations (10.3), (10.4), (2.58), (4.13), (4.26) and 
(4.29), the quantum mechanical operator J, can be expressed as 


A 0 -—m 1. 
J,= ny Ye" (b\gs) & 0 ') e(blqs) (aj .aqs + 51): (10.24) 
qs b b 
where las) 
ex(blqs 
e(blgs) = {| * : 10.25 
(oes) = (Se) (10.25) 
The operation of /, on the phonon state |ngs) produces, using equation (4.38), 
J,|Nqs) = hj-|ngs); (10.26) 
where i 
5 0 —mp 2 
= y+ =). 10.27 
EEC" Olas) (yp, 0) elas 5) (10.27) 


At T = 0, jigs = 0 and the zero-point contribution to the z-component of the phonon angular mo- 


mentum is i 
T 0 —m, 
rLE Oia (7, 9”) ela 


At high temperatures figs + kgT /h@gs and all excited phonon modes contribute equally to the angu- 
lar momentum component. Non-magnetic crystals are characterised by the presence of time-reversal 
symmetry. Using the symmetry properties of the dynamical eigenvalue problem, it can be shown that 
j-(qs) = —j-(—gs), so that the total contribution to the each component of the angular momentum 
is zero. 


10.6.2 PHONON PSEUDO ANGULAR MOMENTUM IN MONOLAYER THIN CRYSTALS 


It is useful to note that the inversion (or, parity) symmetry (“) and the time-reversal symmetry (.7) 
transform the linear momentum q and angular momentum / of a phonon in a crystal as follows: 


FP qj) > (-4aJ) (10.28) 
T(qj) — (-4,-S) (10.29) 
PIT (qj) — (4-H): (10.30) 
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It follows that a phonon mode with wavevector q will have a zero angular momentum if it is char- 
acterised by the presence of the YY symmetry. In order for a phonon to acquire a finite angular 
momentum, either the Y or the Y symmetry must be broken. 

Atomically thin honeycomb structures AB lack the inversion symmetry (“) within the plane and 
the time reversal symmetry (7) is broken at the K and K’ points in the hexagonal Brillouin zone. 
Due to these reasons, the phonon modes at K and K’ are non-degenerate and acquire definite pseudo 
angular momenta (PAMs). The symmetry at these points is C3 which produces a phase change to 
the eigenvector 


2n 20 5 
AS 2) Blgs) =e F204) n (bigs), (10.31) 
where 
1 (b|qs) =e(b\qs)e', (10.32) 


with Tp as the coordinate of the bth basis atom in the unit cell. In above, j,(b,qs) is the PAM, or 
the z-component of the angular momentum, for the bth basis atom at g (K or K’). The value of the 
PAM of a phonon branch at K or K’ can be —1, 0 or +1. 

Using a spring and ball model, with mg = 1, mg = 1.2, longitudinal spring constant A; = 1 and 
transverse spring constant Ay = 0.25, Zhang and Niu (2015) calculated the in-plane phonon disper- 
sion curves for a two-dimensional honeycomb AB structure, and evaluated the PAM for different 
phonon polarisation branches at the BZ points K and K’. These are shown in figure 10.19. 


10.6.3 PHONON CHIRALITY INMONOLAYER THIN CRYSTALS 


The chirality of the phonon modes at the K and K’ points for a honeycomb AB structure is related 
to their PAMs. Let us expand the eigenvector e in right-handed and left-handed components 


€ =er|R) +e,|L) (10.33) 
and define the circular polarisation operator 
= |R)(R|—|L) (LI. (10.34) 


The eigenvalue of this operator produces the phonon circular polarisation 


C, = he'Ge=ny (ler, |? —|ex,|") (10.35) 
b 
= Yc.b)=V\) C05). (10.36) 
b bis 


The left-hand (C, < 0) and right-hand (C, > 0) polarisations indicate the chirality of the phonon 
modes. The eigenvalue C,(b) represents the contribution of the bth basis atom to the phonon circular 
polarisation. At the K’ point, as shown in figure 10.19, C,(A,2) =0,C_(B,2) = —h, while C,(A,3) = 
hand C,(B,3) =0. In contrast, opposite circular vibrations of atoms A and B result in the PAM being 
zero for the phonon bands (polarisation indices) 1 and 4. 

Helically-resolved Raman scattering experiments have been performed to investigate phonon 
chirality in monolayer transition-metal dichalcogenides (TMDs) (Chen et al 2015). In another ex- 
periment, Zhu et al (2018) identified phonons in monolayer WSe2 by the intervalley transfer of 
holes through hole-phonon interactions during the indirect infrared absorption and confirmed their 
chirality by the infrared circular dichroism. 
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Figure 10.19 (a) Model in-plane phonon dispersion curves for a honeycomb AB structure, using the ratio 
0.25 of the transverse and longitudinal force constants and the mass ratio mg/m, = 1.2. The phonon energy 
along the vertical axis is € = hw. (b) Phase correlation of the basis atoms A (upper two panels) and B (lower 
panels) at K’ (left panels) and K (right panels) points of the Brillouin zone. (c) Phonon pseudo angular mo- 
mentum (PAM) for phonon polarisation branches 1—4 at K’ and K. [Original diagram in colour.] Reproduced 
from Zhang and Niu (2015). 


10.6.4 TOPOLOGICALLY CHIRAL PHONONS 


Topology and chirality can co-exit in crystals. Using a tight-binding model, Chang et al (2018) have 
investigated the topological electronic property of a class of chiral crystals. Angle resolved photoe- 
mission experiments have been performed to investigate surface electronic topology in the chiral 
topological crystals, some examples being CoSi, RhSi (Sanchez et al 2019) and PdGa (Schroter 
2020). In analogy with the concept of topologically chiral electronic states, we can think of topo- 
logically chiral phonon modes. 

As discussed in the previous sub-section, chiral phonons exist in asymmetric hexagonal two- 
dimensional systems. Xu ef al (2018) have found nontrivial topology of chiral phonons in a bilayer 
system made of a monatomic hexagonal structure of atoms A (atomic mass m,) centre-stacked with 
another monatomic hexagonal structure of atoms B (atomic mass mg). Their ab initio theoretical 
work shows that circularly polarised phonons with nonzero Berry curvature are observed at the K 
and K’ points in the BZ, and that the chirality of those modes remains robust with change in the 
mass ratio of the A and B atoms and interlayer coupling. 

In another ab initio investigation, Li et al (2021) find a chiral interface phonon mode at the 
line defect in the monolayer hexagonal boron nitride (h-BN) intralayer heterojunction, which is 
topologically protected. For this they modelled the line defect at the interface between the ordinary 
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Figure 10.20 af f«a-type zigzag monolayer hexagonal boron nitride (h-BN) nanoribbon. The dashed rect- 
angle indicates the 32-atom unit cell and the rectangle indicates the location of the interface (i.e. line defect) 
between the @P and Ba type nanoribbons. The direction of the period is indicated by the dots. [Original 
diagram in colour.] Reproduced from Li et al (2021). 


aBap-type h-BN and BaBa-type h-BN zig-zag nanoribbons of a finite width, as shown in figure 
10.20. Phonon eigensolutions were obtained by employing the ab initio DFPT method applied to a 
periodic supercell geometry. 

The phonon dispersion curves, including all of in-plane and out-of-plane branches, are shown in 
figure 10.21. The results in panels (a) and (b) are for the N—N and B-B interfaces, respectively. The 
corresponding polarisation and vibrational amplitude results are shown in panels (c) and (d), and (e) 
and (f), respectively. Due to the breaking of the inversion symmetry arising from different atomic 
masses of the basis atoms in monolayer h-BN, there is a finite gap in the phonon spectrum at the K 
point in the BZ. Within that gap region, three interface phonon branches are obtained from the ab 
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Figure 10.21 Phonon dispersion curves, interface polarisation at K and interface vibrational amplitude at 
K for @BaB-type zigzag monolayer h-BN nanoribbon with 32 atoms per unit cell. Thick curves show the 
interface branches. Panels (a), (c), and (e) show results for the N—N interface, and panels (b), (d), and (f) show 
results for the B—B interface. [Original diagram in colour.] Reproduced from Li et al (2021). 
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Figure 10.22 Prediction of chirality transmission of topological N-N interface phonons at K and K’ for a 
32-atom zigzag monolayer h-BN nanoribbon. This is presented by taking a snapshot of the polarisation field 
at f = 135T. The arrow indicates the harmonic force exerted on the interface atoms. Dark and light dots, 
respectively, indicate the left-handed and right-handed vibrations of the atoms. [Original diagram in colour.] 
Reproduced from Li et al (2021). 


initio calculations. Their dispersion, polarisation (chirality) and amplitude are shown by the blue, 
green and red curves. 

The interface branch shown in red is topologically protected. In contrast, the interface branches 
in blue and green correspond to the boundary modes localised at the upper and lower boundaries, 
and are topologically trivial. For the topological interface mode at K, the atoms on the two sides of 
the interface have opposite left-handed or right-handed circularly polarised vibrations. As discussed 
in the previous sub-section, phonon polarisations at K’ are opposite to those at K. 

Li et al (2021) further showed that chirality transmission of the topological phonons at the K and 
K’ valleys can be achieved by giving different harmonic force excitations to the interface atoms. 
To show that they chose the N-N interface, due to its localised polarisation distribution. They ex- 
cited nitrogen atoms at the central interface with harmonic forces. Figure 10.22 shows a snapshot 
of the polarisation field at time t = 135T, where T = 27/q@ (@ being the eigenfrequency) is the 
characteristic time period of the system. Stable chirality transmission of the topological phonons is 
clearly evident. Corresponding to the opposite phonon group velocities, the transmission directions 
are opposite for the K and K’ valleys. 
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Phonon chirality can be considered as a new degree of freedom. Ordinary chiral phonons can eas- 
ily be made unstable by their interaction with impurities and defects. Topologically chiral phonons, 
on the other hand, are robust against impurites and defects and can be useful in nondissipative 
thermal transport and thermal management in general. This finding paves the way for designing 
chiral phononic devices, based on the concept of topological valleyphononics, or topological chi- 
ralphononics. 


1 71> Phonons and Thermal 
Transport in Impure and 
Mixed Crystals 


11.1. INTRODUCTION 


Defects in a crystal may be of a chemical nature such as a substitutional impurity atom, or of a me- 
chanical nature such as a vacancy, or of an extended nature such as a dislocation or a stacking fault. 
In our discussion in this chapter, we will restrict ourselves to point defects such as substitutional 
impurities. The study of the effects of defects and disorder on the vibrational properties of crystals 
can be traced back to the works of Baden-Powell (1841), Hamilton (1940) and Rayleigh (1945). 
The modern theory of defect lattice dynamics dates from the work of Lifshitz (1943a, b). A good 
review of the modern theory is given by Maradudin (1965). 

The presence of a small concentration of substitutional impurities gives rise to mass-defect and 
changes in force constants and may destroy the translational symmetry of the host crystal. These 
effects alter the frequencies of the normal modes of vibrations and the eigendisplacements in the 
crystal. In general, two types of vibrational modes may be created by defect atoms: localised modes 
and resonance modes. A localised mode is characterised by its frequency which lies in ranges for- 
bidden to the normal modes of the perfect host crystal, and by its vibration amplitude which is 
large at the impurity site and decreases very rapidly with increasing distance. A localised mode is 
termed a local mode if its frequency lies above the maximum vibrational frequency of the perfect 
host lattice, and a gap mode if its frequency lies between the optical and acoustic bands of the host 
(i.e. in the reststrahlen band). A resonance mode is characterised by its frequency which lies in the 
ranges of frequencies allowed to the normal modes of the perfect host crystal, and by its vibration 
amplitude which is large at the impurity atom or at atoms with which the impurity atom interacts. 

An impure crystal should be termed a disordered solid with increased defect concentration such 
that interaction between defect atoms begins to play an effective role. If the disorder is spatial, the 
solid is glass-like. (The vibrational properties of such a system will be discussed in Chapter 12). If 
the disorder is configurational, we have a disordered alloy (isotope mixture or mixed crystal); if the 
impurity content is not isotopic in nature but of a different chemical nature, then we have a mixed 
crystal. In general, two or more elements or compounds can be used to form a mixed system (single 
crystal or polycrystalline aggregate). The first experimental work on mixed crystals was made by 
Krueger et al (1928). The first theoretical study of a mixed linear chain was made by Matossi (1951). 
Developments in experimental techniques such as Raman scattering and infrared spectroscopy have 
stimulated a great deal of experimental and theoretical studies of long-wavelength optical phonons 
in mixed crystals. 

Let us consider a mixed crystal of the type A;_,B,C. We can define three classes of mixed 
systems. One class exhibits the so-called one-mode behaviour in which one set of g ~ 0 (long- 
wavelength) optical phonon frequencies (local or gap modes which are infrared or Raman active, 
or active under both investigations) are found to vary continuously with the concentration x from 
the mode frequencies of one end member (AC) to that of the other (BC), and all frequencies appear 
with approximately constant strengths. The other class exhibits the two-mode behaviour in which 
for a given concentration x there occur two sets of long-wavelength optical phonon frequencies 
(local and gap modes) close to those of the end members, with the strength of each mode being 
approximately proportional to the mole fraction of each component. Some mixed crystals show a 
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mixed-mode behaviour in which a two-mode behaviour is observed over a particular composition 
range and a one-mode behaviour over the remaining composition range. 

In this chapter we discuss infrared and Raman scattering data on long-wavelength optical 
phonons in impure and mixed crystals of primarily covalent nature. Theoretical models are re- 
viewed which explain experimental data and make some predictions as well. Finally, experimental 
and theoretical results for lattice thermal conductivity of mixed crystals are presented. 


11.2, LOCALISED VIBRATIONAL MODES IN SEMICONDUCTORS 
11.2.1. INFRARED ABSORPTION MEASUREMENTS 


In section 6.9.1 we discussed the principle of infrared absorption in diamond and zincblende struc- 
ture crystals. In zincblende crystals, which do not possess a centre of inversion, the TO modes 
give rise to an electric dipole moment and are infrared active, and may be determined directly by 
infrared absorption measurements on large thin crystals. Substitutional impurities in zincblende 
crystals have Tz symmetry and give rise to localised modes which can also be observed in infrared 
absorption experiments. Impurity complexes in diamond and zincblende crystals with defect sym- 
metries C;,C2,,C3,,D3q etc can also be infrared active. 

Table 11.1 shows results of infrared measurements for some localised modes in tetrahedrally 
bonded semiconductors. Figure 11.1 shows the infrared absorption peaks due to Al and P substitu- 
tional impurities in GaAs. The absorption peak positions shift slightly to lower frequency when the 
temperature of the sample increases from liquid nitrogen to room temperature: the Al peak shifts 
from 362 cm! to 359 cm7! and the P peak shifts from 355 cm! to 353 cm~!. As Al and Ga have 
the same tetrahedral radii (1.26 A), we expect the 362 cm™! local mode frequency to be close to the 
optical mode frequency in AlAs. The P radius (1.10 A) is also close to that of As (1.18 A) and the 
local mode frequency of 353 cm~! compares with the TO (I) value of 366 cm™! for GaP. 

It is quite interesting to study localised modes in GaAs:Si. At low concentration, Si is pre- 
dominantly a donor, with a local mode @(Siga) = 384 cm~!. With increased concentrations, 
> 10~!8 cm~3, Si dopant goes almost equally as a donor and an acceptor. The Sias local mode 
is observed at 399 cm~!. Apart from local modes due to substitutional impurity of J symmetry, 
there are also observed modes of C3, symmetry due to Siga—Sias defects at 367, 393 and 464 cm_!, 
Although there are only three local modes, a simple model for (Sig,—Sias) pair defects in GaAs 
predicts four modes (figure 11.2) (Spitzer 1971). 

When Zn (or Te) is introduced along with Si during growth of GaAs crystals, Zn goes as an ac- 
ceptor and (Siga—Znga) pair defects are formed. As a result the 399 cm! mode due to Siag becomes 
absent, the 393 cm~! mode due to (Siga-Sias) pair 1S also virtually eliminated, and three new modes 
are observed which are attributed to the Si vibrations in (Siga—Znga) pair defects with C, symmetry: 
378 cm~!, 382 cm~! and 395 cm~!. 


11.2.2) THEORY OF LOCALISED MODES 


We describe here the theory of Dawber and Elliott (1963a, b) for the vibrational modes and infrared 
absorption due to point defects in a crystal. Consider a crystal with No unit cells and p atoms per 
unit cell. Following the notation used in Chapters 2 and 4, the equation of motion of atom b of mass 
Mp in unit cell / can be written as 

Mopiia (Ib) + VY. Bag (1b: 1'b' up ('b‘) = 0, (11.1) 

Ib! B 

where uw is the displacement vector, &@ = x,y,z, and ® is the interatomic force constant tensor. In the 
presence of impurities in the crystal equation (11.1) is modified to 


Miviig (Ib) +. Y Bop (1b: 1'B' Jug (U'b') 


I'b' B 
= AM piig (Ib) + VY AD gp (Ib: U'b' ug (U'b'), (11.2) 
I'b' B 


where AM and A® are changes in the mass and force constants, respectively. 
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Table 11.1 


Localised modes in semiconductors, observed in infrared absorption experiments. (1 THz 
= 33.3563 em™! = 4.1357 meV.) 


Crystal Impurity Defect symmetry — Localised mode frequency (em!) 
Temperature (K) is given in brackets 
Si 0B Ta 644(300), 646(80) 
1B Ty 620(300), 622(80) 
ORT j C3y 683(300), 584(300), 534(300) 
Mp 6y j C3, 657(300), 564(300), 534(300) 
659(80), 566(80), 536(80) 
OB7Li C3y 681(300), 584(300), 522(300) 
683(80), 586(80), 523(80) 
UBT A C3y 655(300), 564(300), 522(300) 
656(80), 566(80), 523(80) 
10p_ 0B D3a 570(300) 
lp _llp Dyq 615(80), 552(80) 
As Ta 366(80) resonance 
P Tg 441(80) resonance, 491(80) resonance 
Mc Ta 570(300), 573(80) 
BC Ty 586(300), 589(80) 
RC Ta 605(300), 680(80) 
Ge Si Ty 389(300) 
Si-Si Da 476(300), 448(300) 
GaSb Alsp Ta 316.7(77) 
Psp Ta 324(77) 
GaP Al Ta 444.7(77) 
C Ta 606(20) 
oO Ta 464(77) 
As Ty 272(300) reflection 
GaAs Al Ta 362(80), 359(300) 
P Ta 355(80), 353(300) 
Sica Ta 384(80) 
Sias Ty 399(80) 
Siga-Sias  C3y 367(80), 393(80), 464(80) 
Siga-Znga Cs 378(80), 382(80), 395(80) 
10B Ty 540(80) 
Np Ty 517(80) 
InP 0B Ty 543.5(77) 
1B Ty 522.8(77) 
InSb Psp Ty ~ 293(77) 
ZnSe Al Ta 359(77) 
31p Ty 343(80) 
Ss C3y 266.5(300), 269(300) 
Ga-P C3y ~ 343(80), 350(80) 
CdTe Sete Ty 170(300) 
CdS Se C3y 182(300), 186(300) 


The displacement vector u(Jb) can be expressed in terms of the polarisation vector e(b | gs) and 
phonon creation and annihilation operators as in equations (2.48) and (4.79). Expressing 


1 . 
x (Ib | qs) = Trem?” | qs)eia! (11.3) 
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Figure 11.1 Liquid-nitrogen temperature absorption peaks due to substitutional impurities in GaAs: (a) Al 
content 69 parts per million, (b) P content 140 parts per million. (From Lorimor et al (1966).) 


1 
W,)W.>W3>W, 


Figure 11.2 A simple model showing vibrational modes due to (Sigg—Sias) pair defects with symmetry C3, 
in GaAs. 


the orthonormality condition in equation (4.23) reads 


LM Y |xa (lb | gs)|° = 1. (11.4) 
lb a 


With equations (4.79) and (11.3), equation (11.2) becomes for each normal mode qs 
-—0' Mp Xa(lb | qs) +) Y Pap (1b:1'b') xp (U' | qs) 
Vb! B 


= YY Dap (Ub; 'b') xp UB" | gs), (11.5) 
'e B 


where 
Dap (1b: U'b') = —AM 0° Sep 6,1 Sp + AP ap (1b31'0').. (11.6) 
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The eigensolutions of the perturbed crystal are obtained by solving equation (11.5) which can be 
expressed as 


VY" Gap (Ib31"'b" Dg y(U'b" UB’) — Say5y 5yy'| = 0, (11.7) 
lp" 


where the Green’s function 


Xa(lb | qs)x5(U"b" | gs) 


ip, fan 
Gop (Ib;1"b =" ign = > (11.8) 
is a solution of the equation 
= 0° Mp Gay(Ib31'b"; @) + YY Dep (Ibs 1'b')Gpy(U b's". @) = SaySyr Spy. (11.9) 


'b! B 


Consider a single impurity of mass Mj, in the unit cell at the origin. For simplicity assume that 
there are no changes in force constants. Then 


Dap (1b) = —My€,0° 54g 51,05) 0 Spu (11.10) 
and from equations (11.3) and (11.8) 


a(b | qs)ep (b' | qs) 


Gp (Ob; 0b’; @) = ™ oun PG l= we (11.11) 
and finally equation (11.7) reduces to 
Mp0? Gerp (0b; 0b"; @) + Sarg 51] = 0. (11.12) 
In the above equations, the mass defect is introduced through a dimensionless quantity 
&) = (M, — My) /Mp. (11.13) 


Calculation of the Green’s function Y in equation (11.12) can be considerably simplified by using 
the symmetry of the defect (Maradudin 1965). For a substitutional defect in a cubic crystal equation 
(11.12) is reduced to 


10" y eet len ye 


=0 11.14 
+N @? (qs) ( ) 


qs 


and has three-fold degenerate solutions. For the diamond structure, all M, are identical and equation 
(11.14) can further be reduced to 


2 
EO 1 

1 =0 11.15 

r 6No L @?(qs)—@2 ( ) 
where to satisfy the orthonormality relation in equation (4.23) all |eg,(b|gs) |? is taken equal to p= 
1/6. 

For local modes, the solutions of equation (11.15) yield @* = @;,.. > oo? (qs). This allows the 

summation in equation (11.15) to be replaced by an integral so that 


Um 
1+ ea f au =0, (11.16) 
loc 
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where ! = (qs), f'" duv(u) = 1, and v(1) is a density of unperturbed states per unit energy 


range 
dS, 
oe eeies cs (11.17) 
Vali (qs) 


with dSg as an element of constant energy surface in g-space, and Q as the volume of a unit cell. 
The linear absorption coefficient o(@) due to the local mode from a defect at origin in a cubic 
crystal is given by 
27? De? 
a(@) = x OF F@), (11.18) 


where 17 is the refractive index, e is the static charge on the impurity, D is the impurity density, 
and f(@) is a shape function of frequency normalised to unity, {y° f(@)d@ = 1. The mean-square 
relative amplitude of the local mode at the defect atom is given by 


J Em —1 
M'\y(0) 2 = Guar ais -e) (11.19) 


M Op. — 


Equations (11.16) and (11.19) can be computed provided the density of states v(1) is available 
from a realistic calculation for the unperturbed crystal. If a Debye spectrum is used, then v(t1) takes 


the form 
3u!/2 
Voebye (ML) = 375 3a?” (11.20) 


with \/Um = max. In a study of Si Dawber and Elliott (1963a) used v(u) which was computed by 
using Cochran’s shell model (cf section 2.4.3). Their results for the relative frequency and relative 
amplitude of a localised mode at a defect atom in Si host are plotted in figure 11.3. This calculation 
predicts that the localised mode does not appear until € > 0.075. A Debye spectrum for v(i1) would, 
however, give rise to a localised mode for all positive values of €, i.e. for all light impurity masses 
M' <M. 

The calculation of Dawber and Elliott predicts absorption for D = 10!°cm~? impurities of various 
masses in Si. For B impurity in Si the predicted absorption peaks are at, without incorporating any 
changes in the force constants, 680 em! (for !°B) and 654 cm7! (for !!B). These values, although 
somewhat higher than those observed (table 11.1), show the correct relative peak positions for the 
two isotopes. 

In general some mass criteria can be established for the occurrence of impurity modes. Consider 
a binary crystal. When the lighter mass is replaced, a lighter impurity (€ > 0) produces a local mode 
and a heavier impurity (€ < 0) causes a gap mode. When the heavier atom is replaced, two impurity 
modes are produced: a lighter impurity (€ > 0) gives rise to a local mode as well as a gap mode, 


oo fo = 
> A @ oOo 


fut ond MXC)? 


2° 
ns 


%—~ Or 02 03 04 05 06 07 08 09 10 
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Figure 11.3 Relative frequency @/@» — 1 (curve I) and relative amplitude (curve ID) of the localised mode 
as a function of mass defect € = (M —M"')/M at the origin in a Si crystal. (From Dawber and Elliott (1963a).) 
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whereas a heavier impurity mass (€ < 0) does not generate any new modes, local or gap. These 
criteria can often give a clue to the understanding of the one-mode or two-mode behaviour in mixed 
crystals, as discussed in section 11.4.2. 


11.3. EXPERIMENTAL STUDIES OF LONG-WAVELENGTH OPTICAL PHONONS IN 
MIXED CRYSTALS 


11.3.1. INFRARED REFLECTANCE MEASUREMENTS 


Infrared reflectance measurements can be made on mixed crystals in the infrared reststrahlen region. 
Infrared reflectance spectra are commonly analysed by employing two procedures, a Kramers— 
Kronig dispersion analysis and a damped harmonic oscillator fit. The Kramers—Kronig analysis 
permits the determination of optical constants n (refractive index) and k (extinction coefficient), 
or, alternatively, the real €; and imaginary € parts of the dielectric function € from the reflectivity 
spectrum. In the analysis both €, and Im(1/€) (the energy loss function) show two sharp maxima 
whose frequencies correspond to the long-wavelength (g ~ 0) TO and LO phonon frequencies. 

Figures 11.4(a) and 11.4(c) show long-wavelength TO and LO mode frequencies in Gaj_,Al,As 
and Ga;_,Al,Sb, respectively, obtained from a Kramers—Kronig analysis. Typical two-mode be- 
haviour is observed for both the alloys at all mixed crystal compositions. 

In Ga;,_,Al,As, the AlAs-like band is well defined for all compositions and shifts to slightly 
lower frequencies with decreasing values of x. Extrapolating the analysis to x = O one obtains the 
local mode of Al in GaAs: @jo-(GaAs : Al) = 356+2 em~!, which is in good agreement with the 
infrared absorption result listed in table 11.1. The GaAs-like band shifts to lower frequencies with 
decreasing values of | — x. Extrapolation of the result to x = 1 gives the localised gap mode of 
Ga in AlAs at ~ 252 cm™!. The LO phonon frequency of the GaAs-like band and the TO phonon 
frequency of the AlAs-like band are essentially linear with concentration, whereas GaAs-like TO 
and AlAs-like LO modes show a non-linear dependence. 

Tables 11.2 and 11.3 list several mixed semiconductor systems whose mode behaviours have 
been observed by infrared reflectance and Raman scattering spectroscopies. 

In Ga;_,Al,Sb the AlSb-like band grows in strength and shifts towards higher frequencies with 
increasing values of x. Extrapolation of LO and TO branches to x = 0 gives the local mode fre- 
quency for Al in GaSb: @¢(GaSb: Al) = 312.3+0.9 cm7!, which is in good agreement with 
316.7 cm7! listed in table 11.1. The GaSb-like band decreases in amplitude and shifts to lower 
frequencies with increasing values of x. For x = | one gets the Ga impurity mode in AISb at a fre- 
quency @,-(AlSb : Ga) = 205.4+0.9 cm~!). The variation with composition of mode frequencies, 
both AlSb-like and GaSb-like, has a definite non-linear dependence. 


11.3.2 RAMAN SCATTERING MEASUREMENTS 


As discussed in sections 6.9.2 and 9.4 Raman scattering is dependent on the polarisation of the 
incident and scattered light relative to the crystal axes. In the back scattering configuration for 
zincblende compounds and mixed crystals with zincblende structure, the LO phonon is observed for 
the (100) and (111) surfaces, while the TO phonon is observed for the (110) and (111) surfaces. 
Due to the microscopic nature of the compositional disorder in mixed crystals, there exist potential 
fluctuations which result in a g-vector relaxation process and hence in somewhat asymmetric and 
broader phonon lines. 

The most studied mixed crystals are of the IN—V family. In figure 11.4(b) is plotted the variation 
of AlAs- and GaAs-like LO and TO phonon modes as a function of composition x in Ga;_,Al,As. 
These measurements were made in the back scattering configuration on the (001) face, which only 
allows observation of LO modes. However, some deviation from strict back scattering geometry 
made it possible to measure weak TO modes as well. From a comparison of figures 11.4(a) and 
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Figure 11.4 Long-wavelength LO and TO mode frequencies in III-V mixed crystals. IR = infrared reflectance 
measurements, RS = Raman scattering measurements. Solid curves show theoretical results from the MREI 
model. References are given in table 11.2. (Reproduced with permission from the original references.) 


11.4(b), it can be seen that there is good agreement between the results from Raman scattering and 
infrared reflectance measurements. 

A glance at table 11.2 reveals that almost all IJ—V mixed crystals show either two-mode or 
mixed-mode behaviour. Possibly In;_,Ga,P is the only system which shows one-mode behaviour. 
However, more recent investigations (Galtier et al 1984, Jusserand and Slempkes 1984) suggest 
that this system can be considered to show a ‘modified two-mode’ behaviour. Abdelouhab et al 
(1989) have suggested that strain-free bulk Ga;_,In,P materials show one-mode behaviour, but the 
presence of internal stress in epitaxially grown layers could induce a switchover from one-mode to 
two-mode behaviour. 

II-VI mixed crystals grow either in the zincblende structure or wurtzite structure and can exhibit 
one-mode, mixed-mode or two-mode behaviour. Raman scattering and infrared reflectance exper- 
iments indicate that Hg,_,Cd,Te, Cdj_,Zn,Te, ZnSe;_,S,, CdSe;_,S, and Cdj_,Mg,Te show a 
two-mode behaviour (see figure 11.5 and table 11.3). On the other hand, Cd)_,Zn,S,ZnTe;_,Se, 
and Cd)_,Zn,Se show a one-mode behaviour with some structure and can therefore be regarded as 
crystals with mixed-mode behaviour. 

Raman scattering measurements have also been reported for some metastable semiconducting 
(HI-V)\_,IV;. alloys. The crystalline alloy (GaAs);_,Ge, exhibits a one-mode behaviour (Barnett 
et al 1982). The degenerate optic modes of Ge (for x = 1) split into GaAs-like LO and TO modes 
for x < 1. The crystalline alloy (GaSb);_,Ge, exhibits an intermediate mixed-mode behaviour, as 
shown in figure 11.6 (Krabach ef al 1983). 

The quaternary compound InGaAIP shows a partial three-mode behaviour (Asahi et al 1989), 
as is seen by the compositional dependencies of Raman shifts in figure 11.7. The compound 
In;_,Ga,AsyP}_, is reported to show a four-mode behaviour (Jusserand and Slempkes 1984). 
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Table 11.2 


Behaviour of long-wavelength optical phonons in mixed III-V semiconducting crystals in 
the zincblende structure. RS = Raman scattering; IR = Infrared reflectance. 


System Behaviour Method Reference 
Ga,_,Al,As 2 mode RS, IR Jusserand and Sapriel (1981), 
Kim and Spitzer (1979) 
Ga,_,Al,Sb 2 mode IR Lucovsky et al (1975) 
Ga,_,Al,P 2 mode IR Lucovsky et al (1976), 
RS Armelles et al (1988) 
Ga,_,In,As mixed mode IR Lucovsky and Chen (1970), 
2 mode RS Emura et al (1988) 
(with strain) 
Ga,_,In,Sb mixed mode IR Brodsky et al (1970) 
Iny_,Ga,P 1 mode RS Besserman et al (1976), 
modified RS Jusserand and Slempkes (1984), 
2 mode Abdelouhab et al (1989) 
In;_,Al,P 2 mode RS Asahi et al (1989) 
Inj_,Al,As 2 mode RS Emura et al (1987) 
GaP _,As, 2 mode RS Galtier et al (1984) 
InP;_,As, 2 mode RS, IR Carles et al (1980), 
Talwar et al (1980), 
Kekelidze et al (1973) 
GaAs _,Sby mixed mode IR Cohen et al (1985), 
2 mode RS McGlinn et al (1986) 
InAs;_ Sb, mixed mode IR Lucovsky and Chen (1970) 
InP;_,Sb, 2 mode RS Cherng et al (1989) 
GaP _,Sb, 2 mode RS Cherng et al (1989) 
(GaAs) Gey 1 mode RS Barnett et al (1982) 
(GaSb) ;-.Ge, mixed mode RS Krabach et al (1983) 
Ing.49Gao.51-,Al,P 3 mode RS Asahi et al (1989) 
Inj_,xGayAsyPj_ 4 mode RS Jusserand and Slempkes (1984) 


11.4 THEORETICAL MODELS FOR LONG-WAVELENGTH OPTICAL PHONONS IN 
MIXED CRYSTALS 


Our discussion so far in this chapter can be summarised as follows: defect induced local or gap 
modes for small impurity concentration are broadened into vibrational bands (leading to one-, 
mixed- or two-mode behaviour) for high impurity concentrations in mixed crystals. A satisfac- 
tory theory of localised defect mode calculation was described in section 11.2.2. However, it will 
be a daunting task to develop a full-scale theory for the lattice dynamics of a disordered three- 
dimensional mixed crystal. In this section we discuss simple theoretical models which can be used 
to describe the mode behaviour of long-wavelength optical phonons in mixed crystals. A good re- 
view of various theoretical models has been given by Chang and Mitra (1971). 


11.4.1. LINEAR CHAIN MODEL 


Matossi (1951) and Lisitsa et al (1969) considered a periodic linear equidistant chain, with only 
nearest-neighbour force constants, to discuss the mode behaviour of a mixed crystal of the type 
Aj—xB,C with x = 0.5. The unit cell for this system is shown in figure 11.8. (For other values of x 
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Table 11.3 


Behaviour of long-wavelength optical modes in mixed II-VI crystals. ZB = zincblende 
structure, W = wurtzite structure 


System Crystal Behaviour Method Reference 
structure 
HgTe—CdTe ZB 2 mode IR, RS Carter et al (1971), 
Mooradian and Harman (1971) 
MegTe-CdTe ZB 2 mode IR, RS Nakashima et al (1973) 
ZnTe—CdTe ZB 2 mode IR Harada and Narita (1971) 
RS Olego et al (1986) 
ZnSe-ZnS ZB 2 mode IR, RS Brafman et al (1968) 
ZnSe—ZnTe ZB 1 mode RS Nakashima et al (1971) 
+ 


weak structure 


CdSe—CdS WwW 2 mode IR, RS Parrish et al (1967), 
Chang and Mitra (1968) 
CdSe-ZnSe W 1 mode RS Brafman (1972) 
(probably) 
ZnS—CdS WwW 1 mode IR Lucovsky et al (1967) 
+ 
fine structure Mityagin et al (1976) 
CdSe-CdTe W-ZB 2 mode IR Géorska and 


Nazarewicz (1973) 


SnS—SnSe CdIn 2 mode IR, RS Garg (1986) 
or 
mixed mode 


an appropriately big unit cell should be considered.) 
The equations of motion for this chain are 


Miigg = A(uai41 — vai) — A(uai — Uai43) 
M'iigign == A’ (uai43 —Uai42) — A’ (uain2 — Uai+1) 
miigi41 = A! (U4i42 —Uagi41) — A(ugi41 — U4i) 
miigiy3 = A(uai—Uai43) — A’ (ugi43 — Uai42), (11.21) 


where u represents atomic displacement, and as shown in figure 11.8 M,M’,m are atomic masses 
and A, A’ are the nearest-neighbour interatomic force constants. 
For long-wavelength modes (q ~ 0), we try solutions 


ie = ve Mag =Ve 


Wain) = Welt = ugg = Wei, (11.22) 
With these displacement functions, the following vibrational frequencies can be derived: 
(1) o7=0 with U=V=W=wW'. (11.23) 
This corresponds to a pure translation and thus is of no importance for the present discussion. 


(2) @=(A+A)/m — with U=V=0,W=—-wW’. (11.24) 
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Figure 11.5 Same as figure 11.4 for II-VI mixed crystals. References are given in table 11.3. For ZnS,Se)_,, 
1=LO;, 2= TO, 3 =LOo, 4 = TO. (Reproduced with permission from the original references.) 


Wave Number = (cm=1) 


2005 es ee ee eee 


GeContent (percent) 


Figure 11.6 Long-wavelength opical phonons in the alloy (GaSb);_,Ge,. (From Krabach et al (1983).) 


This is an infrared inactive mode, but may be Raman active. 


t,,0 — !|@f,,.™ ple eR: 
(3) 0;+0, = 5 c (1 an) + Wo (: wen) (11.25) 
2.2 . 19 %Mm(1+2m/M+M'/M) 
O30, = 50 % (Mim)(M’tm)” (11.26) 
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Figure 11.7 Compositional dependencies of long-wavelength phonon frequencies in epitaxially grown 
Ing.49Gao,.5;~,~Al,P. Partial three-mode behaviour can be clearly seen. (From Asahi et al (1989).) 
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Figure 11.8 A linear chain with four atoms per unit cell to model a mixed-crystal (AC)9.5(BC)o.5. Only 
nearest-neighbour forces are considered, and the atoms are assumed equidistant. The chain is assumed to be 
periodic, so that the atom 4(i+ 1) is identical to the atom 4i, etc. 


where @@ = 2A(1/M+1/m) and o = 2A‘(1/M’' +1/m) are the highest phonon frequencies in the 
pure compounds AC and BC, respectively. This case gives two infrared active modes. The ampli- 
tudes of @3 and @y4 are given by 


= a [mas — (M+ m)a} 4] /@} [may — (M' +m) o%4] 


= 1-(M—m)oj,/ma; — W' =W. (11.27) 


<| =| < 


It is interesting to consider two limiting cases: 
(i) m << _M,M". This gives 


1 
Ost ar ~ 5(@) + Oy) 
@30; ~ small (11.28) 
or, one particular solution, 
OF ~12(@ +7) a, ~0. (11.29) 


This particular solution can be regarded as a one-mode behaviour. 
(ii) m >> M,M". This gives 


& 
+ 
& 
I 
& 
+ 
& 


OO; ~ May. (11.30) 
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11.4.2) RANDOM ELEMENT ISODISPLACEMENT (REI) MODEL AND ITS MODIFICATIONS 


A more appropriate scheme for long-wavelength optical phonons in mixed crystals was developed 
by Chen et al (1966) and modified by Chang and Mitra (1968), and Gorska and Nazarewicz (1974). 
In this model, one considers a “quasi-unit-cell’ containing one unit of AB;_,C, and makes two 
assumptions. 

(i) Isodisplacement. Cations and anions of like species are considered to vibrate as rigid units, 
i.e. the units vibrate with the same phase and amplitude. This assumption is exactly true for the 
reststrahlen frequency in an ordered diatomic crystal, since there is no phase shift from unit cell to 
unit cell for g ~ 0 modes. 

(ii) Randomness. It is assumed that the B and C ions are randomly distributed on the anion 
sublattice |. Thus each atom is subjected to forces produced by a statistical average of its neighbours. 
In the zincblende structure for AB;_,C, each A is surrounded by exactly 4x ions of C and 4(1 —x) 
ions of B. Furthermore, both B and C ions are assumed to have exactly 12(1 — x) next-nearest 
neighbours of B and 12x next-nearest neighbours of C. 

The equations of motion for the A,B and C atoms in AB;_,C, within the modified random 
element isodisplacement (MRE!) model are 


mu, = -(1 —x)Aap(ua —Up) —xAac(Ua — Uc) + eaE eff 
mpglip = —Aap(ug—ua)—xAgc(ug—Uc) — epE eff 
metic = —Aac(Uc—ua)—(1—x)Agc(uc —up) —ecEers, (11.31) 


where mg,mg,mc are the masses of A, B, C, u4,ug,uc are the displacement vectors, and 
Aas, Asc, Aac are nearest-neighbour interatomic force constants. FE, is an effective field required 
to study long-wavelength modes and in a crystal of cubic symmetry is given by the Lorentz formula 
(see equation (2.84)) 


4a 
E.pp =E+ gis (11.32) 


where E is the macroscopic electric field and P is the polarisation. The condition of electrical neu- 
trality of the crystal requires 
ea — (1—x)eg—xec =0 (11.33) 


in terms of two effective charges eg and ec which are considered as adjustable parameters. 
For long-wavelength transverse optical phonons, one can approximate E ~ 0. The polarisation 
is given by the equation 


P=Nlequa — (1 —x)egug —xecuc] +NQE cr, (11.34) 


where WN is the ion-pair density. The electronic polarisability @ is related to the high-frequency 
dielectric constant by the Clausius—Mossotti formula 
4a Exo — 1 


— . 11.35 
3 a Evo + 2 ( ) 


Inserting equations (11.32)—(11.35) into equation (11.31) we get 


malig = —(1—x)A4g(ua —up) —xAjc(Wa — Uc) 
mpupz = —A\p(up—ua) —xNgc(up —Uc) 
metic = —N)c(uc—ua) — (1 —x)Agc(uc — Ua), (11.36) 


'Here we have considered A as cation and B and C as anions. For A,yB;_,C one should interchange ‘cation’ and ‘anion’, 
as well as ‘A’ and ‘C’, in the text. 
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where 
4a Eco +2 
Ap = Aap — —Ne,ep ( 
3 3 
4a Evo +2 
Nic = Aac = —Ne,sec 
3 3 
4a Evo +2 
Nbc = Asc + ig OBER ( 3 ) . (11.37) 


Writing w; =u,4 —Uug and w2 = U4 — Uc, we can express the difference of equations (11.36) as 


N N AN N! AY 
Ww, = ( (1 x) ‘AB ‘AB x me) € ‘AC x ale 
mA mB mB mA mB 
N N / 
Wo = (-s“ac ‘AC (1 x) BC W 
MA Mc 
N AY 
(a x)—48 — (1—x) aka (11.38) 
ma mc 
For g ~ 0 modes, we try solutions 
wy =Aje™ wy = Ane 1, (11.39) 
Equation (11.38) then results into 
2 
—O°+ kK, Ky Aj| _ 
Kp gp el a =0. (11.40) 
Non-trivial eigenfrequencies are therefore determined from 
w* — (K, + Ky) @* + (K, Ky — Ky2K>1) = 0, (11.41) 
where 
Ki = (I Nip Ap Apc 
LN MB MB 
Ko = Nac Nic (1 ) Mac 
MA mc Mc 
N AY 
Ki ge age 
MA MB 
AN’ AN 
Ky, = (1—x)—48-—(1—x)—2 (11.42) 
LN mc 
For long-wavelength longitudinal optical phonons, we have from Gauss’ law 
E=-—4n7P (11.43) 
and therefore 
87 
Eepp=—P. (11.44) 


With this, the longitudinal optical frequencies are determined from equation (11.41) after replacing 
A’ by A” and with 


87 Eco +2 
AY _— A + —_N, 
AB BY ee Bes 
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8a Exo +2 
Mic = Aac + 3 Neaec ( 36. ) 
8x Exo +2 


The quantities N and €,, are assumed to be linearly dependent on composition 


N = (1—x)Nap +xNac (11.46) 
Eo = (1L—Xx)&0 AB + XE AC: (11.47) 
The force constants A4g,Aac and Agc are actually functions of the lattice constant. In mixed crys- 


tals, the lattice constant shows linear dependence on concentration x (known as Vegard’s law). 


Therefore, one can assume 
Aap — Aac _ Asc 


AaBy = AACyp ~~ ABC 


1— 6x, (11.48) 


where the zero labels quantities for the pure compounds and @ is a constant dependent on the change 


in lattice constant Aa/a: 
AA 2A@_, Aa 


Ox eo (11.49) 


where y is the Griineisen constant. 

The mre! model contains five parameters: eg,ec,Aap,Aac and Agc. The force constants could 
be expected to be determined from observed quantities, thus leaving the effective charges eg and 
€c as the only two adjustable parameters. The force constants are subjected to boundary conditions, 
which are obtained by solving equation (11.41) for a gap mode at x = 0 and a local mode at x = 1. 

TO modes 


For x =0 
A 4m Napey (= ~ *\ 
2 2 ABo AB©AB AB 
ao = = (11.50) 
OT 0.AB re Ts 3 
Macy + Asc 
0 = Orapag = AS. (11.51) 
For x = 1 
Mac (1- 0) 42 Nace% (= 2) 
2 2 ACo ‘ACfAC AC 
o= oa (11.52) 
®T0 Ac ie 3 gud 3 
AABy tA 
0” = Wigeac APo 9 (1 9), (11.53) 
: mp 
where [4g and Myc are the reduced masses of the crystals AB and AC 
1 1 1 1 1 1 
= oF = + (11.54) 
UaB OMA OMB Mac Mma Mc 


€AB = €B,eAC = €C; @foc,ac denotes the local mode frequency of impurity B in the crystal AC, and 
@gap,AB is the gap mode of impurity in the crystal AB. 


LO modes 
For x = 0 
A 87 Nape? (5 **) 
% > ABo ABE AB AB 
eae = | : (11.55) 
LO.AB LAB 3 UAB 3 €0,4B 
Aac, +A 
soe Oy an — aco F ABC (11.56) 


mc 
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For x = | 
o=@ _ Aaco(1= 8) | 82 Naceac ( ac +2 (11.57) 
ROG Hac 3 Mac 3 €00,AC 
Aap +A 
Wr =O2.4¢ = aA (1 8), (11.58) 


Notice that equations (11.51) and (11.56) are identical, and so are equations (11.53) and (11.58). 

From the mre! model, one can derive conditions for mode behaviour in a mixed crystal. Let 
us remember that two-mode crystals exhibit local and gap modes (frequencies above and below, 
respectively, the optic band of the host lattice) when one component or the other is infinitely diluted 
in the mixed system. For x = | we can use either equations (11.52)—(11.53) or equations (11.56)— 
(11.57) to derive the condition for the existence of a local mode. Writing 


A N 
Ore ac > Orgy ~ —H (11.59) 


max — 
mB Hac 


and assuming that Ag and Aw are of the same order of magnitude (which is the case for most 
zincblende structure mixed crystals), we conclude that for the existence of a local mode 


mp < Mac: (11.60) 


Applying the above arguments for x = 0 and using equations (11.50)—(11.51) or (11.54)-(11.55), 
we derive the following condition for the existence of a gap mode: 


mc > LaB- (11.61) 


Equation (11.60) is a stronger condition than equation (11.61). Thus those mixed systems which 
obey the inequality mg < [4c exhibit two-mode type behaviour, whereas the opposite is true for 
the one-mode type behaviour. In other words, for a mixed crystal to exhibit two-mode (one-mode) 
behaviour it must (must not) have one substituting element whose mass is smaller than the reduced 
mass of the compound formed by the other two elements. 

Thus, given the properties of the end members, the mre! theory can predict whether a mixed 
crystal will show one-mode or two-mode behaviour and also the dependence of the optic phonon 
frequencies on the mole fraction x. 

It is interesting to apply Saxon—Hutner’s theorem (Saxon and Hutner 1949) on energy gaps to 
the mixed system AB;_,C,: the frequencies which are forbidden in both end-member crystals AB 
and AC will be forbidden for any mixture of AB and AC (Jahne 1976). This means that the common 
gaps which are shared by pure AB and AC crystals persist in the AB;_,C, mixed crystal over the 
entire composition range. An accurate picture for the common gap can be obtained from the optical 
phonon densities of states, and not necessarily from the reststrahlen bands, of the end-member 
crystals. Therefore, the criterion for one- (two)-mode behaviour is the non-existence (existence) of 
a common gap between the optical phonon densities of states of the end-member crystals. It may, 
however, be sufficient for one-mode behaviour to occur if the reststrahlen bands of the end-member 
crystals overlap. 


11.4.3. APPLICATION OF THE MREI MODEL TO MIXED CRYSTALS 


Let us consider two mixed crystals GaP;_,As, and Ga;_,In,P. As seen from figure 11.4, the former 
shows two-mode behaviour, while the latter shows one-mode (or a very weak two-mode) behaviour. 
These behaviours are easily understood by noting that the optical phonon densities of states of GaAs 
and GaP do not overlap but those of InP and GaP do overlap (but in a narrow frequency range). 
The two-mode behaviour of GaP;_,As, can also be explained from the inequality mp < LUcaAs 
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which arises from equation (11.60). On the other hand, because mga > Minp and myn > cap, the 
MREI predicts one-mode behaviour for Ga;_,In,P. For another example, consider Ga;_,Al,As. This 
crystal, which exhibits a two-mode type bahaviour, meets the mass criterion ma, < UGaAs- 

Calculations of TO modes (with E.¢¢ =0 in equations (11.31) and LO modes from the mreI model 
show good agreement with Raman scattering and infrared reflectance measurements for a number 
of mixed crystals. Such agreements can be seen in figures 11.4 and 11.5. 


11.5 PHONON CONDUCTIVITY OF MIXED CRYSTALS 


In this section we discuss the lattice thermal conductivity of mixed crystals. This could have been 
done in Chapter 7, but in view of the importance of the physics of phonons in mixed crystals, we 
have kept this topic for the present chapter. 

An ab initio calculation of the lattice thermal conductivity of mixed crystals is a very difficult 
task, and indeed has not yet been achieved. The reason for this is clear. We remind ourselves that, 
using equation (5.64), calculation of k requires determination of @, c and Tt for phonons of the 
crystal under investigation. Calculations of the first two of these properties require harmonic force 
constants, and calculations of t require both harmonic and anharmonic force constants. For ran- 
domly disordered semiconductor alloys, estimates of changes in the harmonic force constant due to 
mass-disorder, changes in lattice constant and local bond length distribution would be required for 
calculation of phonon scattering rate generated by disorder, t~! (disorder). Mass-disorder, changes 
in lattice constant and local bond length distribution would also be required for a realistic calcula- 
tion of anharmonic force constants, and hence t~! (anharmonicity). Considerations of these factors 
require thinking about possible crystal structures of such systems. In general, semiconductor alloys 
obey Vegard’s law (i.e. have lattice constants very close to the fractional average of parent solids) 
but are characterised by distribution of bond lengths that are close to bond lengths of parent solids 
(Srivastava et al 1985). Considering a binary alloy A,B; —, made of parent solids A and B, it is 
possible to identify crystalline structures for certain concentration values x (Srivastava et al 1985). 
But modelling of random alloy structures requires a great deal of additional considerations (Srivas- 
tava et al 1985, Zunger et al 1990, Chouhan et al 2014). The simplest and most popular scheme is 
the virtual crystal approximation (VCA), in which lattice constant, bond lengths, harmonic force 
constant and anharmonic force are taken as the concentration average of parent compounds. The 
harmonic scattering rate due to mass disorder is calculated using the perturbation theory of isotopic 
mass defects discussed in section 6.2.1. Flicker and Leath (1973) developed a formulation within 
the coherent potential approximation (CPA) which calculates from the Kubo expression the lattice 
thermal conductivity of high-concentration mixed crystals in the harmonic approximation. Arrigoni 
et al (2018) made ab initio calculations of k within the embedded-cluster approximation for al- 
loy structure. In that they described an alloy by a small cluster of atoms embedded in an effective 
medium. The mass disorder and harmonic force constant disorder were treated by employing a the- 
ory similar to that discussed in section 11.2.2. However, they employed the VCA for calculating 
the third-order anharmonic force constants, viz concentration average of third-order force constants 
of parent compounds. Their work shows that it is necessary to include the contribution from inter- 
atomic force constant disorder in calculations of « of III-V and I-VI semiconductor alloys. On the 
other hand, for alloys made of homopolar compounds such as Si,Ge;_, mass disorder is the leading 
term and VCA is a reasonable approximation. Garg et al (2011) calculated the « for bulk Si and 
Ge using the ab-initio method described in section 7.4.1.5. Using those results, they employed the 
VCA to calculate the room-temperature thermal conductivity of Si,Ge;_, is shown in figure 11.9. It 
is pleasing to note good agreement with experimental results. Both theory and experiment suggest 
that very low conductivity values, close to 10 Wm~!K~!, are obtained for the alloys with x values 
in the range 0.10 — 0.90. 

Within the VCA, discussion of phonon scattering in alloys was presented in section 6.3. 
To summarise, in a single-crystal undoped semiconductor alloy the main phonon scattering 
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Figure 11.9 Room-temperature thermal conductivity of Si,Ge;_,. Solid circles show predicted results from 
Garg et al (2011). Experimental values are shown by open square symbols (Stohr and Klemm 1954) and 
open diamond symbols (Abeles ef al , 1962). [Original diagram in colour.] Reproduced from Garg et al 
(2011). 


mechanisms include boundary scattering, isotope scattering, mass disorder scattering, strain scatter- 
ing and anharmonic scattering. In a doped mixed crystal there will be, in addition, phonon-electron 
or phonon-hole scattering. The effect of sintering an alloy gives rise to strong scattering at grain 
boundaries. Expressions for phonon scattering due to these mechanisms were derived in chapter 
6. Phonon scattering due to mass disorder and strain in alloys is characterised by the following 
relaxation time (cf equations (6.36) and (6.37)): 


Q 
t) Ding ©, (11.62) 


mass disorder Are 


where ¢ is an average phonon velocity, Q is the unit cell volume and I,,g is the mass-disorder 
parameter given by equation (6.37). Abeles (1963) has approximated equation (6.37) to 


Ae: _ sg! 2 
rma = Ei (8) +0(* 5) | (11.63) 


where MM; is the atomic weight of the ith constituent with fractional concentration f;, and b is re- 
garded as an adjustable parameter. For mixed crystals of the type A;_,B,C, we can express 


Vind =Vna(x) =x(1—x) (AF) +0() | (11.64) 


M 


where 
AM=Ma—Mg = M=(1—x)Ma+xMg Ad = 64-6, (11.65) 


with 64,5, and 6 as the radii of atom A, atom B, and of the virtual crystal atom, respectively. 
Abeles (1963) and Parrott (1963) independently approximated Callaway’s expression (see equa- 

tion (7.12)) for the lattice thermal conductivity of alloys in the limit of high temperatures. In the 

case of extreme (weak or strong) mass-disorder scattering their result for the thermal resistivity of 
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the alloy can be reduced to 

_1(1 +26 +2587/21) 
3 (1+5B/9)2 

= We(x)+AT na(x), (11.67) 


W(x) = Wpe(x)4 Ail na (x) (11.66) 


where B = ty t [Ty ' is taken as a constant ratio of N-process to U-process scattering, A, and A are 
constants, and Wp(x) is the thermal resistivity of the ordered virtual crystal. From equation (11.66), 
we can, therefore, express the thermal resistivity of the ternary system A;_,B,C in the form 


W(x) = (1—x)Wac +xWec +x(1 —x)Wa_p, (11.68) 


where the first two terms give the virtual crystal result and the last term contains the contribution 
Wh z from the random distribution of the A and B atoms in the cation sublattice. 
The result in equation (11.68) can be extended to a quaternary system Aj_,B,C,Dj1_,: 


W(x,y) = (1—x)yWac + (1 —x)(1 —y)Wap +xyWac 
+x(1—y)Wep +x(1 —x)Wa_p t+y(1 —y)WC_p, (11.69) 


where Wo p is the C — D disorder due to the random distribution of the C and D atoms in the anion 
sublattice. Thus in such a quaternary system alloy disorder gives rise to two bowing parameters, 
W,_p and WE_p. 


11.5.1 THERMAL RESISTIVITY OF UNDOPED SINGLE CRYSTAL ALLOYS 


Figure 11.10 shows the room temperature thermal resistivity of InAs—GaAs, InAs—InP, GaAs—GaP, 
InSb—GaSb, InP—GaP and GaAs—AlAs single crystal alloys. Also shown are the results of calcu- 
lation using equation (11.68). There is reasonable agreement between theory and experiment. The 
interesting feature is that the thermal resistivity increases markedly with alloying and exhibits a 
maximum at composition near x = 0.5. This feature has been recognised to be very useful in high 
performance for thermoelectric power conversion since the figure of merit for such devices varies 
proportionally with the thermal resistivity (Parrott and Stuckes 1975). 

The bowing in the thermal conductivity of mixed crystals is caused by mass-disorder scattering 
as well as strain scattering. The bowing in the conductivity as a function of x is predominantly due 
to mass-disorder scattering in Ge,_,Si,, whereas mainly due to strain scattering in Ga;_,Al,As 
(Abeles 1963). The effect of disorder and strain scattering is to reduce the sharpness of the fall in 
the conductivity at high temperatures: .# (alloy) « T~",n < 1. Near equimolar composition (x ~ 
0.5) where mass disorder is highest the phonon mean free path may be reduced to interatomic 
distance leading to .% « T°. In such a situation heat transfer by energy quantum exchange between 
neighbouring atoms (i.e. due to phonon hopping) becomes possible. 

Inj_yGa,As,P_,, a quaternary alloy which can be grown epitaxially on a lattice matched InP 
substrate, is a promising candidate for the light source (1.3—-1.7 4m wavelength region) of an optical 
fibre communication system. The thermal resistivity of this alloy is an important parameter in the 
optimisation of such devices because it influences both device operation and operating life through 
the active-layer temperature. Figure 11.11 shows the thermal resistivity as a function of y for a 
Inj_,Ga,As,Pj_, lattice matched to InP. For the lattice matching condition, x and y compositions 
can be related by (Adachi 1983) 


0.1894y 


eyed ca rahe 117 
*=Oaie4—-00By S980 we) 


It can be noticed that both theory and experiment reveal bowing in the resistivity, with a maximum 
bowing for y values between 0.6 and 0.75. These results suggest that the thermal resistivity of the 
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Figure 11.10 Room-temperature thermal resistivity of II—V mixed single crystals as a function of composi- 
tion. The dashed curve is the experimental result. The solid curve is a theoretical fit using equations (11.64)— 
(11.66). The dotted curve is a theoretical calculation by Abeles (1963). (Reproduced from Adachi (1983).) 


GalInAsP alloy in the composition range of fibre optic communication is about 20 times higher than 
that of InP. A three-dimensional view (Both ef al 1986) of the thermal resistivity for this quaternary 
alloy is given in figure 11.12. 


11.5.2, LOW-TEMPERATURE THERMAL CONDUCTIVITY OF DOPED SEMICONDUCTOR 
ALLOYS 


As discussed in section 7.7, at low temperatures the phonon scattering by donors or acceptors due 
to impurities in semiconductors dominates over other scatterings. This can also be true for semicon- 
ductor alloys doped with donor or acceptor impurities. Here we consider one such case. 

Briggs and Challis (1969) observed that at liquid helium temperatures the lattice thermal conduc- 
tivity of Ga,_,In,Sb increases with increasing concentration x of InSb. This behaviour is explained 
as follows. Due to non-stoichiometry, there is a high concentration of acceptor impurities in pure 
GaSb. This is confirmed by its low-temperature lattice thermal conductivity which is about 100 
times smaller than its expected value from the boundary scattering of phonons alone. On the other 
hand, InSb is free from such impurities. When InSb is mixed with GaSb to form Ga,_,In,Sb, the 
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Figure 11.11 Room-temperature thermal resistivity of the GaInAsP alloy lattice matched to InP. Curve 1: 
after Both and Herrmann (1982), curve 2: theoretical result of Adachi (1983), curve 3: experimental results. 
(Reproduced from Both et al (1986).) 
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Figure 11.12 A _ three-dimensional representation of the room temperature thermal resistivity of 
Inj_,Ga,AsyPj_, alloys over the entire range of compositions. (Reproduced from Both et al (1986).) 


impurity concentration in GaSb decreases and consequently the number of phonon-impurity scat- 
tering centres also decreases. 

Sood and Verma (1973) investigated the contribution of phonon-hole scattering in the thermal 
conductivity of Ga;_,In,Sb. These authors used the Callaway model for the conductivity. Phonon— 
hole scattering was calculated from Ziman’s expression given in equation (6.130), and the mass- 
disorder scattering was calculated from equation (11.64). The deformation potential, m*/m, and Er 
were treated as adjustable parameters. It was concluded by these authors that the holes associated 
with the acceptor impurities in GaSb are largely responsible for the phonon scattering in the alloy 
in the temperature range 4-10 K. With increasing concentration of InSb, the density of acceptor 
centres as well as the hole effective mass decrease, and thus the phonon-hole coupling strength 
decreases. Consequently the low-temperature thermal conductivity increases. This is clearly seen in 
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Figure 11.13 Variation of lattice thermal conductivity of GaSb-InSb alloys with temperature. InSb concen- 
trations are given in mole %. (Reproduced from Briggs and Challis (1969).) 


figure 11.13 for x =0.03, 0.045, 0.0675 and 0.125. When the InSb concentration is increased to x = 
0.325, the mass-disorder scattering of phonons becomes stronger than the phonon-hole scattering 
and the thermal conductivity is reduced. 


11.5.3. THERMAL CONDUCTIVITY OF SINTERED SEMICONDUCTOR ALLOYS 


In a mixed crystal, high-frequency phonons are very strongly scattered as w*, so that the heat trans- 
port is mainly due to low-frequency phonons of long mean free paths. Goldsmid and Penn (1968) 
and Parrott (1969b) pointed out that even at high temperatures boundary scattering of phonons can 
be important in mixed crystals. Smaller the crystal size, larger the additional boundary scattering 
resistance can be expected. 

The realisation of the non-linear, indeed synergistic, combination of scattering processes of dif- 
ferent phonon frequency dependence in determining the lattice thermal conductivity has led to some 
technological advancement. In particular, reduction in the thermal conductivity of semiconductor al- 
loys makes them potential thermo-electric materials for high-temperature applications. The cost of 
preparing thermoelements is significantly reduced by using hot pressed (pressure sintered) materi- 
als. Apart from fabrication facility, hot-pressing substantially reduces thermal conductivity and thus 
improves the thermoelectric figure of merit compared to single crystal alloys (Parrott and Stuckes 
1975). 

Using theoretical calculations based on Callaway’s model, equation (6.130) for phonon-free car- 
rier scattering, and an effective grain boundary scattering, Meddins and Parrott (1976) predicted that 
for heavily doped Ge/Si alloys the effective grain size would be in the range 0.2 um < L <2 um. 
These limits may be altered somewhat by making a more detailed calculation. (Indeed, x-ray mi- 
croscopic measurements suggest grain sizes in a range about an order of magnitude bigger than the 
theoretical prediction (Meddins and Parrott 1976).) Figure 11.14 shows a comparison of theoretical 
and experimental results for the lattice thermal resistivity of a few Geo.3Sig,7 specimens. It is clearly 
seen that the effect of sintering is to increase the thermal resistivity by 20% or more. Further, the 
temperature dependence of the resistivity is less marked than T*! in sintered materials than in single 
crystals. 
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Figure 11.14 Lattice thermal resistivity of Geo 3Sig,7 alloys. Open circles represent experimental results for 
sintered material with carrier concentration n = 1.75 x 102°cm~3. The curves C and S are theoretical curves 
for crystalline and sintered materials, respectively. (Reproduced from Meddins and Parrott (1976).) 


11.5.4 ROLE OF SINTERING ADDITIVES IN INCREASING THERMAL CONDUCTIVITY OF 
CERAMICS 


Subject to favourable thermodynamic, kinetic and microstructural factors, sintering additivities can 
improve the thermal conductivity of ceramic powders. This has been demonstrated by Jackson et al 
(1997) for polycrystalline AIN that has been sintered with yttria (Y2O3). In general, additivities can 
enhance thermal conductivity of such ceramic samples by three mechanisms: (i) purifying the sam- 
ple (ie reducing oxygen content), (ii) increasing sample density and (iii) increasing average grain 
size. Employing the isotropic continuum version of Callaway’s conductivity expression, AlShaikhi 
and Srivastava (2008) examined the role of these mechanisms. In particular, for 8 wt% Y20O3 ad- 
ditive, the following features were established. At low temperatures (below 30 K) the dominant 
contribution to increase in the conductivity is exclusively due to the increase in grain size gained 
by sintering additive. In the intermediate temperature range (typically between 100 — 500 K), the 
increase in the conductivity is due to the combined effect of reduction in the oxygen-related im- 
purity, reduction in grain size and increase in density (which was estimated by using the relation 
Pmix = OPadditive + (1 — a) Ppowder, Where & is the fraction of additive). The first of these factors was 
found to be most influential. At higher temperatures, anharmonic scattering becomes progressively 
more important, the defect scattering remains a dominant factor, and the role of increase in material 
density becomes a weak factor. 
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1 2 Phonons in 
Quasi-Crystalline and 
Amorphous Solids 


12.1. INTRODUCTION 


So far in this book we have discussed the physics of phonons in crystalline solids. In Chapter 11 
where we discussed phonons in impure and mixed systems, the underlying structure was periodic: 
the disorder was compositional, not structural. Even in section 11.5 where we discussed sintered 
alloys, the grains were assumed to have crystalline structure. In this chapter we discuss the physics 
of phonons in quasi-crystals and in amorphous solids. Our discussion on quasi-crystals will be 
brief, and our discussion on amorphous solids will be sketchy as this subject is far from being well 
understood. 


12.2) PHONONS IN QUASI-CRYSTALS 
12.2.1. STRUCTURE OF QUASI-CRYSTALS 


In 1984 Shechtman et al reported that rapidly solidified Al—-Mn alloys exhibited electron diffraction 
patterns with both sharp peaks and with an icosahedral point-group symmetry (with six five fold, 
ten three fold and 15 two fold axes). Since this discovery, many other alloys have been found to 
exhibit similar structure. Such alloys known to-date can be classified as follows (Henley 1987). 

(i) i(AI-TM) class: This is a class of alloys, made with Al and transition metals, which show 
icosahedral symmetry. Some examples are i(AlgsMnj4) (the original structure studied by Shecht- 
man et al (1984)), Aljg4Mnz9Sig and AlzgCr17Ruy. 

(ii) The AlZnMg class: Alloys such as Alg5Zn3gMg37, AlggZnj5CusMg36 and AlggCujoLizo also 
show icosahedral symmetry but have different atomic structure than the i(Al-TM) alloys. 

(iii) The d(AI-TM) class: Al-TM alloys such as d(AlggMnj4), AlggPd29 and AlgnpFego show quasi- 
crystalline structure of decogonal (ten-fold) symmetry in a plane, but periodic structure perpendic- 
ular to it. 

(iv) U29.6Pdsg.5Sio9.6 showing icosahedral symmetry. 

(v) (Tip.9 Vo.1 )2Ni showing icosahedral symmetry. 

This list of alloys or their classes is not exhaustive. 

The sharp diffraction peaks suggest presence of long-range order in these alloys, but the five-fold 
or ten-fold axes are incompatible with the classical concept of crystallography. The simultaneous 
presence of long-range positional order and icosahedral (or decagonal) symmetry can be resolved 
by constructing an ordered aperiodic or quasi-periodic structure (Levine and Steinhardt 1984). In 
this terminology, the alloys mentioned above are ‘quasi-crystals’. 

A quasi-crystalline structure, which falls between crystalline and amorphous structures, can be 
defined as follows (Levine and Steinhardt 1984). 

(i) Every lattice point lies within some distance R > 0 of another lattice point, and the distance 
between any two lattice points is greater than some R’ > 0. 

(ii) If a subset of the lattice points is eliminated, another quasi-crystal lattice is obtained with 
nearest-neighbour distances increased by a constant factor. Thus a quasi-crystal is ‘self-similar’. 

(iii) The lattice has perfect long-range bond-orientational order. 
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(iv) The lattice has quasi-periodic translational order with p(> 1) linearly independent (incom- 
mensurate) lattice spacings along each lattice vector direction. For p = | a quasi-crystal reduces to 
a simple crystal. 

The lattice points of a three-dimensional quasi-crystal are defined by a set of vectors x such that 


xX:°@; =Xin XC) =X jn! XC KH Xp", (12.1) 


where n,n’ and n” are integers, e; are unit vectors along the axes of a regular polyhedron, i > j > k, 
and i= 1,2,...,N, with N as the number of axes of the polyhedron. 

The lattice positions of a two-dimensional quasi-crystal are given by x;, and xj, in equation 
(12.1), where e; are unit vectors along the axes of a regular polygon, i > j,i = 1,2,...,N, and 
N is the number of axes of the polygon. Examples of two-dimensional quasi-periodic lattices are 
provided by Penrose’s tiling patterns, which show mixture of order and unexpected deviations from 
order. Most Penrose two-dimensional patterns have local five-fold axes. An illustrative description 
of Penrose patterns is given in a fascinating article by Gardner (1977). A review of the remarkable 
properties and structure of quasi-crystals is given by Gratias (1987). 

An example of a one-dimensional quasi-periodic lattice is the Fibonacci lattice whose points 
can be described in terms of a sequence of p = 2 linearly independent (incommensurate) intervals. 
Consider for simplicity a monatomic linear chain with two different interatomic lengths a and b. 
Define the pattern ro = (a,b) as stage 0 of the sequence of intervals. The (n+ 1)th stage of the 
sequence is obtained from the substitution rule 


ntl = Srp, (12.2) 


11 
s=({ ae (12.3) 


It is easily seen that the Fibonacci chain has the sequence of intervals 


where Sis a 2 x 2 matrix 


(a,b) > (a,b,a) > (a,b,a,a,b) + (a,b,a,a,b,a,b,a) >.... (12.4) 


The number of occurrences of the lengths a and b at stage n, ni”) and N, iad respectively, satisfy the 
following recurssion relation (Lu et al 1986): 


nen Syne” + Son” 
NET) = Syonh” + Syonl”. (12.5) 


I 


The ratio T = lim (ni /ni”) is given by 
n—co 


S11 —So2 + [(S22 — $11)? + 4812821 ]!/? 
7 a SucSx [(S22 — S11) 12821] (Sin £0) (12.6) 


2812 
V/5+1 
2 


= 1.61803... (12-7) 


and is the ‘golden mean’. The Fibonacci monatomic linear chain is shown in figure 12.1. It is 
obvious to note that for a = b the chain becomes an ordinary monatomic linear chain. 

You and Hu (1988) have developed a ‘global cut-and-project’ method to construct both gener- 
alised Fibonacci lattices and quasi-lattices. 
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a b a a b a b a 
nm Aa Ay 


Figure 12.1 The Fibonacci monatomic linear chain (shown up to the third stage). m is the atomic mass, a and 
b are interatomic lengths, and A, and Ay, are the nearest-neighbour inter-atomic force constants. For a = b the 
chain becomes an ordinary monatomic linear chain. 


12.2.2 VIBRATIONAL PROPERTIES OF THE FIBONACCI MONATOMIC LINEAR CHAIN 


Consider a finite chain of N + 2 atoms, as shown in figure 12.1, to be connected by harmonic springs 
with nearest-neighbour force constants A, and Ay. The equation of motion of the nth atom is given 
by 

=n) tn = Kinni (Unst — Un) + kn—1n(ta-1— Un) 2 = 1,2,...,N, (12.8) 
where m,, is the mass of the nth atom, u,e~' is the displacement of the nth atom, and k,,,+1 is 
the spring constant between atoms n and n-+ 1. The set of N equations in equation (12.8) cannot be 
solved analytically, owing to the fact that the nearest neighbours of the nth atom cannot completely 
determine the nearest neighbours of the (n+ 1)th atom. Lu et al (1986) used a transfer matrix 
method to solve equation (12.8) numerically. A good description of the transfer matrix method can 
be found in Matsuda (1962). 

We can express equation (12.8) as 


Un—1 = Cyn + dnUn+1, (12.9) 
which can be written as 
— {4n-1] _ }|en dn Un = 
Wn = | Un | = E ‘| heal =T Wat, (12.10) 
where . 
Kant My, Kn n+1 
ee f=, (12.11) 
kKn—14n kKn-1n " kKn—1n 


Following the structure of equation (12.10) we can write 
w, =71T)...Ty-1Tnwn+1 = Own +1- (12.12) 
If the fixed boundary condition up = uy+) = 0 is used, then equation (12.12) can be written as 
c}-Le: ale m0 
For a non-trivial solution uy, the vibrational frequency @ must satisfy the eigenvalue equation 
Q\1(@) =0. (12.14) 


This equation must be solved numerically. 
Let us define an integrated (or cumulative) density of vibrational states as 


Peat [ e(o’)do’, (12.15) 


where g(@) is the density of states as defined in section 2.5. 
Consider all atoms to have the same mass, i.e. m, = m for all n. The integrated density of vibra- 
tional states for the Fibonacci monatomic chain of 2000 atoms as a function of a scaled frequency 
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Figure 12.2 (a) Integrated vibrational density of states for the Fibonacci monatomic linear chain of 2000 
atoms with Aq/Ap = (V5 — 1)/2. The horizontal axis is the scaled frequency x = m@*/Ayj. It is considered 
that a > b. (b) the same as (a), but the frequencies are enlarged around x = 3.10. (c) the same as (b), with 
further enlargement around x = 3.0905. The self-similarity in the density of states is clearly seen. (Reproduced 
from Lu et al (1986).) 


x =m@*/Ap, with Ag/Ap = (V5 —1)/2 ~ 0.618, is shown in figure 12.2. The following observa- 
tions have been made by Lu et al. 

(1) In the low-frequency region (x << 0.1), the spectrum behaves almost identically to that for 
a periodic monatomic linear chain. 

(2) The spectrum is self-similar, which is a general feature of quasi-crystals. This behaviour is 
more explicitly seen in the high-frequency region as shown in figures 10.2(b) and (c). In the limit 
N — oo the spectrum is ‘Cantor-like’, and there are an infinite number of gaps. Near the edges of 
bands in the spectrum the density of states exhibits van Hove singularities. 
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(3) Low-frequency vibrational wavefunctions are extended, while high-frequency waves tend to 
be localised and/or critical. This is a general feature of disordered solids (also see section 12.3.4). 

Thus the Fibonacci chain processes the properties of both periodic and disordered chains. This 
conclusion can be extended to other types of quasi-crystals, including two- and three-dimensional 
cases. 


12.2.3. FIBONACCI SUPERLATTICES 


Merlin et al (1985) succeeded in growing, by molecular beam epitaxy, layers of GaAs and AlAs 
alternated in a Fibonacci sequence. This scheme of artificially fabricating one-dimensional quasi- 
crystalline superlattice structures has been followed by others (see, e.g. Dharma-wardana et al 
1986). Raman scattering results from several Fibonacci superlattices have also been reported: these 
include GaAs/AIAs superlattices (Merlin et al 1985) and Si-Ge,Si,_, strained-layer superlattices 
(Dharma-wardana et al 1987). An x-ray Bragg-driffraction analysis of the Fibonacci sequence of 
GaAs and AlAs layers has been presented by Tapfer and Horikoshi (1988). 

It is expected that many more detailed theoretical and experimental studies of the structural, 
electronic and vibrational properties of Fibonacci superlattices will become available in the future. 


12.3. STRUCTURE AND VIBRATIONAL EXCITATIONS OF AMORPHOUS SOLIDS 
12.3.1. STRUCTURE 


Amorphous solids (a-solids) lack long-range order, and also to some extent intermediate and short- 
range order. The lack of translational symmetry means that in a-solids we cannot use the concepts 
such as lattice and unit cell. This makes ‘crystal structure’ a rather ill defined term for a-solids. 
In fact one may consider an infinite number of possible structures for a-solids. In general, a-solids 
may show both macroscopic structural inhomogeities (e.g. voids, density fluctuations, etc) and mi- 
croscopic structural defects (e.g. vacancies, broken bonds, etc). Experimentally, however, no single 
diffraction technique is wholly sufficient to determine the structure of a-solids. At best conventional 
neutron and x-ray scattering techniques can be used to determine the one-dimensional radial distri- 
bution function (RDF) which measures the probability of an atom at a distance from a given atom. 
This gives the description of the environment of an average atom. 

The extended x-ray absorption fine structure (EXAFS) technique can be used to investigate the in- 
dividual contribution to RpF from each type of atom present in a-solids. Infrared and Raman spectro- 
scopies can be used to explore both microscopic and macroscopic details of structure. In particular, 
Raman spectroscopy has been used to correlate the width of the TO-like peak and its ratio to the 
TA-like band with the disorder in bond angles in a-Si and a-Ge (Lannin 1988). 

Detailed studies using a combination of inelastic neutron scattering, ExAFS, infrared and Raman 
spectroscopies suggest that a-solids exhibit some order on the scale of several interatomic spacings. 
The range of this local ordering depends on the material and the condition of formation of the 
a-solid. 

Amorphous solids may be metallic, semiconducting, or insulating. However, much more conclu- 
sive evidence exists for local structural ordering in a-semiconductors. A detailed discussion on the 
physics of amorphous materials can be found in Elliott (1983). 

Theoretically, it is a formidable challenge to model real a-solids. A variety of random network 
models have been proposed for different types of a-solids such as Si, Ge, SiOz, Se, etc. However, 
the best prescription available to date is the computer modelling of tetrahedrally bonded continuous 
random-networks with periodic boundary conditions (Wooten and Weaire 1987). In this scheme a 
periodic structure with a large cubic unit cell (say, with 216 atoms) is considered to model a-Si or 
a-Ge. The use of the periodic boundary conditions eliminates any surface states at the boundary of 
the unit cell. Inside the unit cell a highly random tetrahedral atomic structure is created and then 
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relaxed following a Monte Carlo method. The model material is called sillium and is defined by the 
following rules. 

(1) Each atom is tetrahedrally bonded to four neighbours. 

(2) The total energy of the system is calculated by using the Keating potential with only bond- 
bending and bond-stretching terms. 

(3) The only degrees of freedom in relaxing the system consists of bond transpositions, based on 
a few rules and technical considerations. 

The general Keating potential is given in equation (2.69). In their model, Wooten and Weaire used 
only the first two terms in equation (2.69). The process of randomisation and annealing considers 
bond rearrangement or ‘bond switch’ involving the exchange of two parallel bonds. This is assisted 
by requiring that the bonds switched are not members of the same five, six, or seven fold ring. To 
avoid excessive computing time in the modelling no four fold rings are allowed, which involve large 
bond distortions. 

The resulting annealed model for a-Si or a-Ge is shown in figure 12.3. In an earlier attempt 
Wooten et al (1985) modelled a slightly different version of the sillium for a-Si. For that earlier net- 
work, the calculated rpF (scaled to the bond length in Ge) shows an appealing degree of agreement 
with the experimental curve for a-Ge (figure 12.4). The correlation function shown in figure 12.4 is 
defined as t(r) = g(r)/r, where g(r) is the RDF. 


Figure 12.3 An annealed continuous random network model for tetrahedrally bonded 216-atom unit cell. For 
this model the correlation function t(r) = g(r)/r, where g(r) is the radial distribution function, is found to be in 
agreement with experiment and the intensity of the (111) peak in the structure factor remains low. (Reproduced 
from Wooten and Weaire (1987).) 
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Figure 12.4 The correlation function of the continuous random network model of a-Si (scaled to model a-Ge) 
compared with experiment. (Reproduced from Wooten et al (1985).) 


12.3.2. PHONONS 


Because of the absence of long-range order, it is no longer possible to consider the vibrational 
modes in a-solids as plane waves with well defined g-vectors. In other words, phonons are not 
well defined quasi-particles in a-solids. However, inelastic neutron scattering experiments suggest 
that an approximate description of low-frequency vibrational excitations in a-solids can be given in 
terms of phonons with wavelengths longer than some characteristic structural unit of the material 
(see section 12.3.4). Even in that limit phonon dispersion relations @(q) are not well defined and 
the phonon density of states g(@) is regarded as the main quantity of interest. In our discussion 
of a-solids, however, we shall use the term phonons sometimes only for low-frequency vibrational 
modes, and sometimes for vibrational modes in general. 


12.3.3 TUNNELLING STATES 


It was proposed independently by Phillips (1972) and Anderson et al (1972) that many low- 
temperature thermal properties of certain types of a-solids, e.g. glasses, can be explained by con- 
sidering scattering of Debye-like phonons by additional excitations. Such excitations can be repre- 
sented most simply by two-level systems, or more generally by highly anharmonic oscillators. The 
two-level model leads to the concept of tunnelling states, similar to that discussed in section 6.7 
in connection with impurity states in alkali halides. Consider a double-well potential with a barrier 
height Vo and energy separation A between the two minima (figure 12.5). Certain atoms or groups 
of atoms can perform coupled rotation in such a double well via quantum mechanical tunnelling. 
The resulting states are called tunnelling modes and have frequencies in the range of low-frequency 
vibrational modes (phonons). The density of states of tunnelling modes is considered to be a con- 
stant. It should be emphasized that the model of tunnelling states in a-solids is phenomenological 
and lacks a firm theoretical or experimental foundation. 


12.3.4 FRACTAL STRUCTURE AND FRACTONS 


Certain aspects of the static geometrical, dynamical and transport properties of a-solids can be de- 
scribed in terms of the concept of fractal structures. There are different classes of fractal structures. 
One such class is the so-called self-similar geometry. As explained in section 12.2.2, a geometry is 
self-similar if it is indistinguishable as a function of length scale (or upon resolution). The ‘fractal’ 
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Figure 12.5 The concept of a double-well potential in open structure, with A being the energy separation 
(asymmetry) between the two minima. Vo is the barrier height between the two potential wells. 


concept, developed by Mandelbrot (1982), can be understood from a density argument. Consider 
a mass M inside a sphere of radius R. For a homogeneous (Euclidean) structure M = AR@, where 
d = 3 is the Euclidean dimension, and A is a numeric constant. For a self-similar fractal structure 
M = BR‘, where d is called the fractal (or spectral, or Hausdorff) dimension, and B is no longer a 
numeric constant but varies according to the lacunarity of the medium. In general, d < d, because 
of the open structure or inhomogeneity of a-solids. A fractal geometry is usually realised within a 
space region a <r < &, where a and & are some appropriate short and large length scales, respec- 
tively. For r > & a fractal geometry changes to the Euclidean geometry. Whereas Euclidean spaces 
posses the translational symmetry, fractal geometries show dilation symmetry (scale invariance). 
The concept of fractal geometry, therefore, is intermediate to the concepts of crystalline structures 
and disordered materials. 

A few interesting examples of objects exhibiting fractal structure are gels, the track of a Brow- 
nian particle, diffusion-limited aggregates of metal particles of clusters and colloidal particles. An 
interesting discussion on fractals can be found in the book by Cusack (1987) where further refer- 
ences on the topic are also given. The self-similarity property of a two-dimensional fractal aggregate 
is illustrated in figure 12.6. 

The vibrational quantum of a fractal network is called a fracton (or fractal phonon). Fractons are 
believed to be short wavelength (A < &), localised vibrational modes of a-solids. With decreasing 
frequency fractons change into long wavelength (A > €), propagating phonon-like modes. The 
crossover frequency @, is given by the relation 


@, « E-4/d (12.16) 


Figure 12.6 Schematic illustration of the self-similarity property of a two-dimensional disordered fractal 
aggregate. (From Jullien (1987).) 
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where d is called fracton dimension. While low-frequency vibrational modes (@ < @,) have Debye- 
like phonon dispersion relation @,),(4~!) « 2~!, it has been suggested that fractons (@ > @,) have 
a dispersion relation of the type 


wpe(A!) « AAA, (12.17) 
We know from Chapter 2 that the density of Debye-like phonon states is given by 


Sph(@) «< of! (12.18) 


where d = 3 is the Euclidean dimensionality. Alexander and Orbach (1982) showed that the density 
of vibrational states in the fracton frequency range can be written as 


gfr(@) « oF! (12.19) 


The precise shape of g(@) in the vicinity of the crossover frequency @, and the relationship between 
Zph and gy, at @, are not fully established at present. Alexander et al (1983) have suggested the 
following relationship at the crossover: 


8fr(@)/gpn(@) =d/d. (12.20) 


However, the discontinuity in the density of states at @, is somewhat controversial: other researchers 
believe that there should be a continuous transition between gp, and g fr. 

For three-dimensional Euclidean spaces d = d = d = 3. Alexander and Orbach (1982) ‘conjec- 
tured’ that d = 4/3 may be an exact relation for all site percolation networks ! of fractal nature with 
dimensions greater than or equal to 2 (d > 2). However, this result is also somewhat controversial 
and should at best be considered as an excellent approximation. 

It should be made clear that the concept of fractons is distinctly different from that of the tun- 
nelling modes. Fractons are fundamental excitations above @,, whereas tunnelling modes are con- 
sidered as low frequency excitations whose density of states is usually added to the extended phonon 
density of states. 

The wavefunction of a fracton is localised (with A < &). The extent of such localisation, however, 
is difficult to determine. It is sometimes useful to apply a scaling theory to study this problem. 
Assume that the length scale of a fractal geometry is scaled by a factor b. Then, for a self-similar 
structure, Rammal and Toulouse (1983) have suggested the following scaling behaviour for fracton 
frequency and density of states: 


a(§ /b) b°a(S) (12.21) 
SilGi) = Oo “es ee): (12.22) 


If the scale factor b is chosen to be b = o!/, then equation (12.22) reduces to the power law 


girl) « alle 
~ oft, (12.23) 


where d = d/a defines a scaled fractal (or Hausdorff, or spectral) dimensionality. Notice that for 
a = 1, the frequency scaling becomes linear and there is no change in the frequency power law for 
the density of states. This theory can therefore be used to explain a scaling behaviour for the density 
of states in a-solids. 


'We can simply understand a site percolating network as a regular lattice with some lattice sites randomly removed. 
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12.4 VIBRATIONAL PROPERTIES OF AMORPHOUS SOLIDS 


The main features of the vibrational density of states in a-solids can be extracted from neutron 
scattering, infrared absorption (or reflection) and Raman scattering measurements. 

In infrared absorption spectroscopy, the absorption coefficient @(@) is related to the vibrational 
infrared (ir) density of states g7r(@) of a-solids as 


a(@) ~ |M(o)|?gir(@), (12.24) 


where M(q@) is the dipole moment matrix element (cf equation (6.202)). In the low-frequency range 
it is assumed that M(@) « @? (Connell 1975) so that 


a(@) 


a (12.25) 


81R(@) = 

The intensity of light scattering is determined by the Raman tensor J(@) (cf section 6.9.2). For 

a-solids, the Raman tensor is related to the Raman vibrational density of states ge(@) as (Shuker 
and Gamon 1971) 

[(1+7(@,T)| 


I(@) =C(@) = 


&Rr(@), (12.26) 
where 7i(@,7) is the Bose-Einstein distribution given in equation (2.2) and C(@) measures the 
coupling of the vibrational modes of frequency @ with the light. For small @ it is assumed that 
C(@) « @” (Connell 1975) so that 


I(@) 


8R(@) & 
There is some uncertainty about the @ dependence of C(@). Shuker and Gamon (1971) assume that 
C(@) is independent of @. In any case, the reduced Raman tensor can be defined as 
o”l(@) 


F(@) = ae  gr(@) (12.28) 


with @” /C(@) =constant. 

The low-frequency vibrational density of states of a-Ge is shown in figure 12.7. There is fair 
agreement between g;r(@), gr(@) and the neutron scattering density of states. 

A comparison of the Raman spectra of vitreous and crystalline silica is made in figure 12.8. The 
discrete Raman spectrum of the crystalline phase is replaced by a continuous spectrum for the glassy 
phase. This clearly demonstrates that the vibrational modes of the glass are not plane waves. 

Theoretically it is much more difficult, at least in principle, to calculate the density of states of 
a-solids. In practice, however, various schemes have been adopted with different levels of simplifi- 
cation. These schemes can be grouped into two distinct classes: numerical methods and analytical 
methods. In such calculations both low- and high-frequency vibrational modes are treated on equal 
footing and are generally called phonons. 


12.4.1. NUMERICAL METHODS 


Numerical methods attempt to solve the dynamical matrix which is determined on the basis of 
a random-network cluster structural model and suitable interatomic forces. Most calculations re- 
ported to date have used the local structure of the corresponding crystalline situation, a large variety 
of intermediate range configurations (usually expressed in terms of rings of bonds), and a reason- 
able description of interatomic forces (such as the Born model, Keating model, or a more general 
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Figure 12.7 Low-frequency vibrational density of states of a-Ge as measured from Raman scattering, infrared 
absorption and neutron scattering data. (Reproduced from Brodsky (1983).) 
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Figure 12.8 The Raman spectra of vitreous and crystalline silica. (From Shuker and Gamon (1971).) 


valence-force-field model). The result for the vibrational density of states, g(@), from such an ap- 
proach, however, usually contains contributions from the surface of the cluster and suitable bound- 
ary conditions are required to eliminate such spurious modes from the calculated spectrum. For a 
better description of g(@) a suitably large cluster is desired. This, however, results in a large dy- 
namical matrix whose diagonalisation can be a genuine computational problem. Such a problem has 
been tackled by using efficient schemes such as the Lanczos method, or indirect methods such as the 
equation-of-motion method (Beeman and Alben 1977), or the recursion method (Meek 1976). (For 
a description of the recursion method, and the Lanczos method, and their applications, see Pettifor 
and Weaire (1985)). 


12.4.2) ANALYTICAL METHODS AND OTHER IDEAS 


Although it is important to use a proper numerical scheme employing a large cluster and a reason- 
able interatomic force model, it is nevertheless possible to extract some important features in the 
density of states spectrum of a large class of a-solids from a consideration of a small molecular 
unit cell with central forces only. For example, Sen and Thorpe (1977) have attempted to study the 
high-frequency features in the vibrational density of states of glassy AX, systems such as SiO, and 
GeS> in terms of the eigenmodes of an isolated AX, tetrahedron. 

Weaire and Alben (1972) proved an important theorem by considering only central forces (ac- 
tually from a bond-stretching potential of the Keating form) for a perfectly tetrahedral structural 
unit in an elemental solid: the spectral range of the density of states is bound between two limits (cf 
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/8 
0 < @ < Omnax = — (12.29) 


where Qx is the Keating central force constant and m is the atomic mass. The spectrum is actually 
a continuum which is bound between two delta functions at the two ends. As the two limits are 
determined by the local geometry, they are expected to be valid for crystalline and a-solids alike. 
Local distortions may broaden the delta function at the upper limit of the spectrum. 

It is also possible to use other simple structural models for which straightforward sotutions are 
possible, in particular if only short-range forces are considered. An example is an artificial pseudo 
lattice, called the Bethe lattice (an infinite Cayley tree) which maintains the same nearest-neighbour 
(e.g. tetrahedral) bonding for all atoms and generates an infinite non-periodic branching structure 
without any closed rings of bonds. (For a detailed description of Bethe lattices, see Thorpe (198 1).) 
Another example is the cluster-Bethe-lattice model in which a finite-size cluster of atoms with 
precise local atomic arrangement is considered and a Bethe lattice is ‘grafted’ on atoms at the 
surface of the cluster. The grafting of a Bethe lattice is a mathematical device to eliminate cluster 
surface modes. Further, as the density of states of a Bethe lattice is rather smooth and featureless, 
this scheme does not introduce any additional structure into the density of states of the cluster. 
However, use of finite-size models coupled with short-range potentials in general leads to a rather 
artificial situation in that the density of states does not cover the very-long-wavelength region of the 
spectrum (Thorpe 1974). 


equation (2.67) and figure 2.13) 


12.4.3 COMPARISON WITH CRYSTALLINE DENSITY OF STATES 


Figure 12.9 shows a comparison of the density of vibrational density of states for a continuous ran- 
dom network (cRN) model of a-Si with that for the diamond cubic structure (Meek 1976). Figure 
12.9(a) was calculated with Born forces and the recursion method applied to a 344-atom microcrys- 
tal. Figure 12.9(b) shows the density of states obtained by a standard method of Brillouin zone sum- 
mation. Clearly the calculation based on the finite-size microcrystallite shows the essential features 
of the density of states, albeit with somewhat broadened peaks. Figure 12.9(c) shows the results of 
calculation, using the same method as used for the crystalline case, for the cRN model of Steinhardt 
et al (1974) containing 201 atoms. 

Strictly speaking, there are no analogues of acoustic and optical phonon modes in a-solids. How- 
ever, it is instructive to study the spectrum of the density of states in a-solids in terms of features 
which are TA-, TO-, LA- and LO-like. The spectrum in figure 12.9(c) shows the same basic distri- 
bution of modes as in figure 12.9(a), but differs in detail. The theoretical curve also has reasonable 
similarity with the infrared absorption and Raman spectra for a-Si which are shown in figure 12.9(d). 
From his calculations using different cRN models, Meek showed that the shape of the TO-like peak 
of the spectrum broadens, which seems to depend on both the topology and bond-angle distortion 
of the network. The shape of the TA-like peak seems to depend more directly on the topology of the 
network and can give some information on the statistics of odd vs even numbered rings. The most 
significant difference between the crystalline and a crN model is the virtual wash out of the LA and 
LO peaks due to the disorder present in the crn. The dip between the LA and LO bands in the g(@) 
of diamond cubic solids such as Si and Ge is considered to be a consequence of the presence of 
six-fold rings of bonds. An inspection of that part of the spectrum has been used to infer details of 
the ring statistics for a-Si or a-Ge. 

However, questions like LO-TO splittings in a-solids remain unclear. Further, although a realistic 
calculation is likely to yield both extended (phonon-like) and localised (fracton-like) states in a a- 
solid, it is not easy to make a clear cut distinction between such states. These questions remain open 
for experimental studies as well. 
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Figure 12.9 Comparison of the density of vibrational modes of a continuous random network model for a-Si 
with that for the diamond cubic structure: (a) result for a 344-atom microcrystal with Born forces using the 
recursion method, (b) result for crystalline Si using a standard Brillouin zone summation method, (c) result 
using the recursion method for the continuous random network model of Steinhardt containing 201 atoms, (d) 
Raman spectrum for a-Si. ((a)-(c) reproduced from Meek (1976), (d) reproduced from Weaire (1981), after 
Smith Jr et al (1971) and Brodsky and Lurio (1974).) 


12.5 LOW-TEMPERATURE PROPERTIES OF AMORPHOUS SOLIDS 
12.5.1 SPECIFIC HEAT 


At high temperatures the specific heat of an a-solid is nearly the same as that of the crystalline 
phase of the same material. At low temperatures, however, the specific heat is in general larger for 
the amorphous phase. Also, whereas the low-temperature specific heat of crystalline (non-metallic) 
solids varies as C, = B.T? (see section 2.7), the specific heat of almost all known a-solids below 
about 1 K shows the behaviour C, = AT +B, T°, with B, being larger than B,. The excess specific 
heat of a-solids is referred to as the anomalous specific heat. Another universal feature is that be- 
tween 2 and 10 K there is a bump in the C,/T? vs T curve. It should be emphasised that the linear 
term in C, is not the electronic contribution, but is believed to be a purely vibrational effect. Figure 
12.10 shows a comparison of the specific heat of SiO» in its crystalline and amorphous phases. 

The origin of the general phenomenon of the temperature dependence of C, in a-solids is consid- 
ered to be a puzzle. Several different explanations have been put forward to explain the results. The 
linear behaviour of C, vs T curve below about | K is usually explained in terms of contributions 
from tunnelling modes with a constant density of states. It has been suggested that the specific heat 
between | and 10 K can be explained in terms of contributions from both phonons and fractons. 
However, it is very difficult, if not impossible, to draw conclusions about details of phonon and 
fracton densities of states from experimental data on the specific heat of a-solids. 


12.5.2) THERMAL CONDUCTIVITY 


There is a marked difference in the thermal conductivity of an amorphous solid and its crystalline 
phase, both in magnitude and in temperature dependence. There are three main differences: (i) a- 
solids do not exhibit a peak in the .% vs T curve which is characteristic of all crystalline solids, (ii) 
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Figure 12.10 Variation of the specific heat of vitreous silica and crystalline silica (a@-quartz) with tempera- 
ture. Note that the specific heat of the glass decreases much more slowly with temperature. (Reproduced from 
Zeller and Pohl (1971).) 


at low temperatures the thermal conductivity of all a-solids drops considerably and shows, roughly 
between 1-10 K, a near zero slope or a plateau, or even a dip, and (iii) below about | K the con- 
ductivity shows a temperature dependence 7”, with n ~ 1.8 or n ~ 2, thus dropping less strongly 
than the T? behaviour observed for crystalline solids (Zeller and Pohl 1971). These three differences 
are highlighted by regions A, B and C, respectively, in figure 12.11 where the thermal conductivity 
of fused-quartz is compared with that of crystalline quartz. The plateau in the ”% vs T curve of 
a-solids may be correlated with the bump in the C,,/ T? vs T curve which also appears in the same 
temperature range. What is intriguing to note is that the magnitude and temperature dependence of 
the thermal conductivity of all a-solids is very similar. Figure 12.12 shows the results for a few a- 
solids. Freeman and Anderson (1986) have shown that the thermal conductivity of different a-solids 
can be scaled onto one universal curve both below and above the plateau. 
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Figure 12.11 Thermal conductivity of crystalline and fused quartz. Regions A, B and C highlight the differ- 
ence in the conductivity of the two phases. (Reproduced from Zeller and Pohl (1971).) 
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Figure 12.12 Thermal conductivity of a variety of glasses showing similar magnitude and temperature vari- 
ation. (Reproduced from Zeller and Pohl (1971).) 


Various mechanisms have been proposed to explain the temperature dependence of the con- 
ductivity of a-solids, but there is as yet no universal agreement on any particular model. Here we 
describe some recent viewpoints, which are open to scrutiny. 

In order to explain the thermal conductivity of a-solids, let us consider the kinetic theory expres- 
sion (see equation (5.64)) 


i oer 
a Zor, (12.30) 


where A is the mean free path of heat carriers. In keeping up with section 12.3, this expression 
must be contributed by the vibrational excitations with velocity c, namely low-frequency (long 
A) phonons and high-frequency (short A) fractons. In our discussion we will concentrate on the 
temperature dependence, rather than the magnitude of .%. 


12.5.2.1_ Below the plateau temperature (< 1 K, or T/Op < 10-2) 


At low temperatures, below | K, the main heat carriers are believed to be low-energy phonons. 
The main source of phonon scattering in this temperature range is the presence of tunnelling states. 
Resonant scattering of phonons takes place between two lowest energy levels of the anharmonic 
double-well potential of the type shown in figure 12.5. The mean free path of phonons participating 
in such scattering events has the temperature variation of the form (Jackle 1972) 


h 
Ace coth ( is 


12.31 
a), (12.31) 


which for low frequencies, iw < kpT, reduces to A « T. This, together with the linear temperature 
variation of C, of such phonons, leads to .% « T* which is in good agreement with experimental 
observation. 


12.5.2.2 The plateau region (10-7 < T/@p < 107!) 


Within the tunnelling state model, it can be shown (see Anderson (1981)) that apart from the res- 
onant phonon scattering there can also be a non-resonant phonon scattering mechanism in a-solids 
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characterised by a mean free path Ax T~>. This, together with the T* contribution for C, in equation 
(12.30), would lead to a temperature independent .% (plateau behaviour). 

As an alternative treatment, Karpov and Parshin (1985) have suggested that the plateau behaviour 
can be explained on the basis of the resonant scattering of thermal phonons (#@ ~ kgT) by anhar- 
monic oscillators, the density of states of which exhibits a van Hove singularity. Thermal phonons 
are also scattered resonantly and elastically by quasilocal harmonic oscillators which arise due to an 
atom or a group of atoms being weakly bound to the neighbouring atoms. (The quasilocalised har- 
monic oscillators are considered as additional excitations whose existence is related to the existence 
of the tunnelling states.) Such scatterings also lead to a temperature independent resistivity. 

Orbach and co-workers (Alexander et al 1986) have suggested a different explanation. As dis- 
cussed in the previous section, the picture of thermally excited vibrational excitations in a-solids 
changes from low-frequency propagating phonons (A@ < kgT) to high-frequency spatially localised 
fractons at a temperature T ~ i@,/kg. Fractons cannot carry any appreciable amount of heat cur- 
rent, owing to their space localisation. Therefore, phonons are still the sole heat carriers, with a 
constant heat capacity (C, = constant, the Dulong—Petit limit, since kgT > fio in the plateau re- 
gion). This means that the temperature variation of .~(T) is controlled by the mean free path of 
phonons A(T). In the plateau region the main phonon scattering process is the cubic anharmonic 
interaction between fractons and phonons of the type 


phonon + phonon = fracton. (12.32) 


The inverse relaxation times of phonons and fractons taking part in such a scattering process can 
be calculated from the theory described in section 6.4.1. Orbach and co-workers used a localised 
fracton wavefunction, together with the phonon and fracton densities of states as described in the 
previous section, and argued that in the plateau region the phonon mean free path can be temperature 
independent. This would then explain .% (T) = plateau = constant. 


12.5.2.3. Above the plateau temperature (T/@p > 10~') 


Karpov and Parshin (1985) suggested that the thermal conductivity of a-solids above the plateau 
region is due to the low-frequency or prethermal phonons (4@ < kgT) which are scattered off the 
two-level system (tunnelling states). At temperatures above the plateau region, the relative popu- 
lation of the two-level system decreases as T~! with increasing temperatures. Thus the mean free 
path of prethermal phonons increases linearly with temperature: A « T. Since at these temperatures 
C, = constant, it follows that .#~ « T. Any departure from the .# « T behaviour at T > 100 K may 
be associated with the anharmonic interaction of prethermal phonons with thermal phonons. 

A different prescription has been given by Orbach and co-workers (Alexander et al 1986), ac- 
cording to which heat conduction at temperatures above the plateau region is due to phonon-assisted 
fracton hopping. Consider the following anharmonic interaction: 


fracton + phonon = fracton. (12.33) 


The energy conservation requirement can be satisfied by considering @py << @s,. One can then 
consider the initial- and final-state fracton energies to be nearly the same, and refer to the interaction 
process as phonon-assisted fracton hopping. For this process to take place it is necessary that the 
final state fracton be within a distance R(@), the fracton ‘hop’ distance, from the initial fracton 
position. It is estimated that the hopping distance is greater than the fracton localisation distance & 


R(@)/E ~ (@/@e)!/4 > 1. (12.34) 
A lengthy calculation suggests that the fracton hopping lifetime increases linearly with temperature 


te eer: (12.35) 
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The fracton hopping conductivity is given by a slight modification of equation (12.30) 
Hy = [ deogn(@)C%,(@)D(0), (12.36) 


where gf; is the fracton density of states, C*" 


\ fr 18 the fracton specific heat, D is the diffusion constant 
for fracton hopping given by 


D(@) ~ 7;,'(@)R*(@) (12.37) 
and the sum over the fracton polarisation modes has been carried out. As g¢, and c are temperature 
independent, it is clearly demonstrated that %, « T. 


Considering fracton hopping as an extra mechanism for heat conduction we can express, at tem- 
peratures above the plateau region, 


HO = Aon + Hy 
= Aplateau AL T> Tplateau ; (12.38) 


where A is a constant for a particular material. The fractons which contribute most to .%%, are those 
which hop the greatest distance for a given fracton—fracton overlap and have energies much less 
than kp7T. 


12.5.3 ACOUSTIC AND DIELECTRIC PROPERTIES 


As with the specific heat and thermal conductivity, the low-temperature acoustic and dielectric prop- 
erties of amorphous solids are also fundamentally different from those of their crystalline counter- 
parts. Futhermore, in glasses the acoustic and dielectric absorption are qualitatively very similar. 
Good reviews of a wide range of acoustic and dielectric experiments are given in Hunklinger and 
Arnold (1976), Hunklinger and Schickfus (1981), and Golding and Graebner (1981). In brief the 
experimental results can be summarised as follows. 

In the liquid nitrogen temperature range, a pronounced peak, or a broad shoulder, is observed in 
the ultrasonic absorption in amorphous solids. In many amorphous solids, a second absorption peak 
is observed at liquid helium temperatures. At temperatures below | K, the absorption rises again, 
but can be saturated at higher intensities. Figures 12.13 and 12.14 show these behaviours in vitreous 
silica. 
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Figure 12.13 Temperature variation of the ultrasonic absorption in vitreous silica for longitudinal waves at 
(a) 930 MHz and (b) 507 MHz. Curve (c) represents the absorption in crystalline quartz at 1000 MHz for 
comparison. (Reproduced from Hunklinger and Arnold (1976).) 
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Figure 12.14 Same as in figure 12.13 below 2 K for longitudinal waves of 1 GHz. The absorption in a quartz 
crystal is shown for comparison. (Reproduced from Hunklinger (1977).) 
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Figure 12.15 Relative variations of sound velocity with temperature in borosilicate glass. The upper and 
lower panels show the results for longitudinal and transverse polarisations, respectively. Below 1 K the tem- 
perature dependence becomes logarithmic. (Reproduced from Hunklinger and Arnold (1976).) 


The temperature variations of sound velocity and dielectric constant in glasses are large com- 
pared with those in crystalline solids. Below 50 K the sound velocity increases with decreasing 
temperature until a frequency-dependent maximum is reached (typically between 1.5 and 6 K, see 
figure 12.15). At temperatures lower than | K, a logarithmic temperature dependence of the sound 
velocity is observed. When the temperature is reduced to T ~ i@/2kg (below 0.1 K) a shallow min- 
imum is reached (see figure 12.16). An analogous behaviour is found for the temperature variation 
of the dielectric constant of glasses. With decreasing temperature, the dielectric constant decreases 
steeply, and below a few kelvin at GHz frequencies a logarithmic increase is observed (figure 12.17). 

The tunnelling model offers a phenomenologically microscopic explanation for the acoustic and 
dielectric measurements in glasses. 


12.5.4 AN INTERACTIVE DEFECT MODEL 


In acritical review of the low-temperature properties of a-solids, Yu and Leggett (1988) have pointed 
out that while the observed effects are mostly consistent with the two-level system model, they do 
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Figure 12.16 Same as figure 12.15 in vitreous silica at very low temperatures. The minimum is observed at 
h@ ~ 2kgT. (Reproduced from Golding et al (1976).) 
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Figure 12.17 Temperature variation of dielectric constant in vitreous silica and vitreous As2S3 at 10 GHz. 
(Reproduced from Hunklinger and Schickfus (1981).) 


not uniquely establish it. Furthermore, the model cannot explain the dramatic quantitative univer- 
sality in the low-temperature behaviour of a-materials. 

These authors have proposed to assume that glasses contain some sort of defects which have 
some low lying excitations for all energy range. Interaction between such defects via the elastic 
strain field is assumed to give rise to collective modes of vibration. These modes can be consid- 
ered as many-body states representing a band of energies. The generalised dispersion relation for 
collective modes is of the form @ « gB(q), where B(q) is a function of the wavevector q (March 
and Paranjape 1987). Bulk phonons can couple resonantly to induce transition between pairs of 
collective modes. Unlike the two-level system model, this model entails long-range interactions 
and results into a logarithmic density of states which can be helpful in explaining low-temperature 
specific heat, thermal conductivity and ultrasonic measurements. 

In a further investigation of the model of strongly interacting defects via the elastic strain field, 
Yu (1989) noted that the dominant interactions are oscillatory at short distances and crossover to 
1/r? interactions at long length scales. She futher argued that this crossover can be associated with 
the plateau in the thermal conductivity and the bump in C/T?. 

Recent modelling work (Scalliet et al 2019) finds that the energy and temperature scales associ- 
ated with defects in amorphous solids can be sensitively tuned by changing density. 
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7 ‘3 Phonon Spectroscopy 


13.1. INTRODUCTION 


In Chapters 6—12 we have discussed various phonon interaction mechanisms in connection with the 
theory of lattice thermal conductivity. Indeed for many years, thermal conductivity was the only 
technique for studying phonon interactions in solids. In essence thermal conductivity studies pro- 
vide an integrated picture for phonon interactions. However, many techniques have now become 
available which provide a wealth of new information regarding details of these interactions. Rather 
than establishing a steady-state heat current across the sample under study (as is done in thermal 
conductivity experiments), techniques of phonon spectroscopy are based on generation and detec- 
tion of non-equilibrium phonon distributions. Such techniques involve generating beams of phonons 
in the energy range 10 GHz to 1 THz and monitoring their transport and interaction within crystals. 
Also, new techniques are capable of providing increased resolution in phonon energy, polarisation, 
or wave vector. The best energy resolutions reported to date lie in the range of a few MHz to a 
few GHz. Thus phonon spectroscopy has become a clearly defined and valuable tool in solid state 
physics. Of particular interest is phonon spectroscopy in the frequency range between the upper 
limit of microwaves and the lower end of far infrared for which there are almost no other suitable 
spectroscopic techniques. Phonon spectroscopy is also valuable for studying many neutral defects 
and excitations which strongly couple to phonons but not at all to photons. However, it should 
be remarked that although the new phonon spectroscopic techniques are analogous to the various 
methods of photon spectroscopy, so far it has not been possible to develop an analogue to the optical 
absorption or emission spectroscopy. 

A very brief discussion of one of the phonon spectroscopies, namely, Raman scattering of light 
from phonons, was presented in section 6.9.2. In this chapter we provide a brief discussion on some 
selected topics in phonon spectroscopy. A detailed account of some of the earlier topics is given in 
review articles by Bron (1980) and Wybourne and Wigmore (1988) and references therein. 


13.2 HEAT PULSE TECHNIQUES 


In the heat pulse technique, originally introduced by von Gutfeld and Nethercot (1964), a short- 
duration (1 to 100 ns) electrical voltage or optical excitation is applied to a thin metallic film (~ 
10 to 100 nm) evaporated on one face of the crystal under investigation. The heat pulse sequence 
generates a non-equilibrium distribution of phonons in the sample. A thin-film bolometer is evap- 
orated on the opposite face of the sample to detect the pulses. Figure 13.1 shows a typical sample 
arrangement in a heat pulse experiment. If the pulse duration is shorter than the phonon transit time 
across the sample and if the phonon mean free path is longer than the distance between the pulse 
generator and detector, the phonon propagation takes place without suffering any scattering and is 
called ‘ballistic’. Measurement of the ‘time of flight’ for phonons across the sample directly gives 
information on the group velocity c, for longitudinal and transverse phonons. More important is the 
fact that since c, is normally different for longitudinal and transverse phonons, different signals are 
detected for different phonon polarisation branches. This fact, therefore, permits measurements of 
the phonon dispersion relation. Furthermore, this technique also provides measurements of scatter- 
ing of different polarisation branches of phonons. 

This technique has been used to study the ratio of TA/LA scattering by magnetic ions (e.g. V>* in 
Al,O3, Narayanamurti (1969)) and by free electrons/holes (e.g. n- and p-InSb, Maneval et al (1971), 
and Ladan and Maneval (1976)). 
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Figure 13.1 A typical set up for a heat pulse experiment. 
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Figure 13.2 Detected heat pulses in InSb after propagation along the [110] direction at liquid helium tem- 
peratures. The horizontal and vertical scales are arbitrary. Notice that while longitudinal phonons are strongly 
scattered, transverse phonons are practically unattenuated from doping concentrations of the order of 10!7 
electrons cm~?. (Reproduced from Maneval et al (1971).) 


Figure 13.2 shows the bolometer signal corresponding to heat pulse propagation along the [110] 
direction in n-InSb samples (Maneval et al 1971). The upper trace is for a pure sample (with 1.9 x 
10!4 electrons cm~*) and shows three distinct peaks: with increasing elapsed time these are for 
longitudinal (L), fast transverse (FT) and slow transverse (ST). In the [110] direction the FT and 
ST modes are non-degenerate. The difference in the amplitude of the three peaks results from the 
phonon focusing effect discussed in section 11.6. The lower trace is for a doped sample containing 
6.5 x 10!” electrons cm~?. (Both the upper and lower traces were taken at the same heater input 
power.) A comparison of the two traces reveals that while the FT/ST ratio is unaffected by doping, 
the L/FT ratio in the doped sample is smaller by a factor of eight compared to that in the pure 
sample. These observations can be explained by pointing out that in heavily doped semiconductors 
the coupling of electrons with transverse phonons is not permitted (cf section 6.5.1). Indeed, this 
experiment provides the first verification of the absence of interaction between purely transverse 
thermal phonons and free electrons in a material with an isotropic Fermi surface. However, in p- 
InSb in which the hole states are anisotropic, hole-phonon interaction has been observed to take 
place for both longitudinal and transverse phonon modes (Ladan and Maneval 1976). 


13.3. SUPERCONDUCTING TUNNEL JUNCTION TECHNIQUE 


Another phonon spectroscopic method is provided by the use of superconducting tunnel junc- 
tions. Such a technique is commonly used to generate and detect phonons in the frequency range 
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0.1-0.5 THz, with a resolution of several GHz. In exceptional applications (Josephson tunnelling, 
see below), resolutions of a few MHz have also been reported (Berberich et al 1982). 

Simple tunnel junctions have the structure S-I-S, where S is a thin-film (< 1000 A) supercon- 
ductor (usually Al, Sn or Pb) and I is a thin insulating layer (~ 10 A). In most phonon spectro- 
scopic studies in the He temperature range a Sn-I-Sn tunnel junction is mounted to generate non- 
equilibrium (or, non-thermal) distribution of phonons on one face of the crystal, and a Al-I-Al 
junction is mounted to detect phonons on the opposite face of the crystal. The phonon generating 
junction is biased with a Dc voltage and the current through it is modulated with a relatively small Ac 
voltage. The detector junction is also voltage biased and observation of a modulated signal indicates 
the detection of the absorbed phonon. 

It is useful to recall the Bardeen-Cooper-Schrieffer (Bcs) theory of superconductivity (Bardeen 
et al 1957). According to this theory, an attractive interaction between a pair of electrons (called 
Cooper pairs), mediated by phonons, leads to an energy gap E, = 2A between the superconducting 
ground state and the first excited state (the Fermi level Ey at T = 0 being at energy A). The energy 
levels close to Ey are occupied by Cooper pairs, while excited states can be occupied by single 
particles or quasi-particles. The energy gap 2A is 290 GHz for the Sn superconductor and 100 GHz 
for the Al superconductor. 

At zero bias voltage (Vo = 0), only Cooper pairs may tunnel through a tunnel junction. This is 
called Josephson tunnelling. Consider that a bias voltage Vo lifts all electronic states on the left-hand 
side of the barrier by an amount eVo greater than the corresponding states in the superconductor on 
the right-hand side. If Vo < 2A/e then a small current can flow due to the thermally excited quasi- 
particles. At a bias Vy > 2A/e some Cooper pairs are broken into single particles or quasi-particles, 
which are promoted into the excited states. These single particles can tunnel across the insulat- 
ing barrier into states above the energy gap in the second superconducting film. Both Cooper pair 
tunnelling and single-particle tunnelling give rise to an increase in the current through the junc- 
tion. Josephson tunnelling has been used by Berberich et al (1982) in high-resolution spectroscopy. 
However, most tunnel spectrometers are only concerned with the current—voltage characteristics 
in single-particle tunnelling. The use of single-particle tunnel junctions for phonon generation and 
detection was first made by Eisenmenger and Dayem (1967). 

Phonon generation and detection by single-particle tunnel junctions can be explained as follows. 
Within the generating tunnel junction, the excited single particles, which have tunnelled through the 
barrier, are in non-equilibrium distribution and decay back into Cooper pair equilibrium states by 
a two-stage process. Firstly, the excited single particles ‘relax’, by emitting phonons, into the first 
excited state (the upper edge of the energy gap) of the second superconducting film. Typical phonon 
energies in the ‘relaxation’ process lie in the range 0 and eVo — 2AG (here the subscript G indicates 
the generating tunnel junction). In the second step the relaxed single particles ‘recombine’ to form 
de-excited Cooper pair states below the gap. The ‘recombination’ process emits phonons of energy 
2G. If the bias energy eVo is larger than 2AG, then a broad energy spectrum of ‘relaxation’ phonons 
and a narrow energy spectrum of ‘recombination’ phonons is generated. Figure 13.3 illustrates the 
origin of phonon generation from a single particle tunnel junction. 

Phonons generated from the tunnel junction which travel ballistically through the crystal are 
detected by the second tunnel junction which is biased at 0 < eVo < 2Ap (here the subscript D 
indicates the detecting tunnel junction). The arriving phonons with energy i@ > 2Ap can break 
Cooper pairs in the detector junction, thus causing an increase in the single-particle current. Because 
of the threshold #@ = 2Ap detector tunnel junctions can be used to spectrally separate phonons 
into two groups fiw < 2Ap and fi@ > 2Ap. If the generator junction bias lies in the range 2Ag < 
eVo < 4AG, only recombination phonons of energy i@ = 2Ag and relaxation phonons of energy 
h@ < 2AG are produced in the generator. For this range of generator bias, therefore, only the flux 
of phonons generated in the recombination process in the generator junction and travelling to the 
detector junction is responsible for the current increase in the detector junction. By increasing the 
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Figure 13.3 Schematic illustration of the origin of relaxation and recombination phonons generated from a 
single particle tunnel junction biased with Vo at T = 0. 


generator bias to eVo > 4AG, an additional increase in the detector current due to relaxation phonons 
(generated by the generator junction) with energies fiw > 2AG can be observed. By increasing the 
bias voltage of the generator junction to eVo > 6AG it is possible to detect relaxation phonons with 
h@ > 4AG, together with secondary relaxation phonons with i@ > 2Ag. 

By superimposing a small ac voltage or pulse 6Vc to the pc voltage Vo it is possible to detect 
only those (nearly monochromatic) phonons which lie in the energy range eVo < @ < e(Vo + dVac). 
This is known as modulated tunnel-junction spectroscopy. This technique was first introduced 
by Kinder (1972) to study resonant phonon scattering at V>+ and V** impurity ions in sapphire 
(Al,O3). 

There are many other applications of the tunnel junction technique including studies of tunnelling 
levels (e.g. OH~ in NaCl), phonon propagation in solid and liquid *He, and the dependence of the 
Kapitza conductance (cf section 14.5) on helium film thickness. Dietsche et al (1981) have used an 
extended tunnel junction method to study focusing of high-frequency phonons in Ge. 


13.4 OPTICAL TECHNIQUES 


Optical techniques can offer useful advantages over other phonon spectroscopies. For example, in 
optical techniques phonons are generated or detected completely within the sample, so that no in- 
fluence of surface or any outside agent is encountered. Additionally, optical techniques can generate 
a wide range of phonon frequencies (up to many THz) including both optic and acoustic branches. 
Reviews of this topic are given by Narayanamurti (1981), Renk (1985) and Ulbrich (1985). 

The principle of phonon generation by optical techniques can be explained with the help of 
figure 13.4. Consider a direct band gap semiconductor in which an electron has been photoexcited 
to a higher unoccupied energy level. This electron can lose its energy in several ways, some of 
which include phonon emission. Here we consider some of the phonon emission processes. First, 
the excited electron will quickly de-excite towards the bottom of the conduction band, emitting 
‘relaxation’ phonons. The energy of such phonons will depend on the ‘electron temperature’ and 
can include the range of acoustic as well as optical branches. Secondly, electrons at the bottom 
of the conduction band can lose their energy non-radiatively, emitting ‘recombination’ phonons. 
Non-radiative recombinations of electrons and holes often take place at shallow or deep impurity 
and/or crystal defect levels between the conduction and valence bands of the host. Recombination 
at shallow donors or acceptors takes place via resonant phonon emission. In such a process the 
energy of the phonon emitted is equal to the ionisation energy of the impurity, as shown in figure 
13.4. When an electron is captured by a deep level, a sequential relaxation of the lattice takes place 
near the impurity (or defect). As the lattice vibrates, the deep level moves up and down within the 
energy gap of the semiconductor and a number of phonons are emitted during the damping of lattice 
vibrations. This is thus a non-radiative, multiphonon emission process. The range of ‘recombination’ 
phonon energies can also include both acoustic and optical branches. There is a third mechanism 
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Figure 13.4 Principle of relaxation and recombination phonon generation in a direct band gap semiconductor. 


for phonon emission in solids, the Auger process, although with rather small recombination cross 
section. 

Optically generated LO phonons quickly decay via the processes LO > LA+ TA and LO + TA+TA 
(see sections 6.4 and 7.3, although as discussed in section 7.3.2 other processes can also contribute). 
Similarly LA phonons can also decay into TA phonons. However, in the absence of impurity scatter- 
ing (i.e. in pure sample) TA phonons can be quite long lived: these phonons can propagate through 
the sample and can be detected at the opposite face of the sample. 

Photoexcitation experiments combined with tunnel junction detectors should provide some ad- 
vantage over heat pulse and conventional tunnel junction spectroscopies in that generation, propa- 
gation and detection of TA phonons well up to the Brillouin zone boundary (~ 10 A wavelength) 
can be studied. 


13.5 PHONONS FROM LANDAU LEVELS IN 2DEG 


As discussed in section 9.10, electrons can be confined to quasi two dimensions in suitably grown 
heterojunctions or multi-quantum wells. At low temperatures when a strong external magnetic field 
is applied perpendicular to the plane of the two-dimensional electron gas (2pDEG), the electron motion 
in the plane is completely quantised: the energy spectrum consists of Landau levels (v + 5)h@-, 
where v = 0,1,2,... and Aa, is the cyclotron energy. (This leads to the quantum Hall effect (see von 
Klitzing (1986) for a discussion on this effect).) In the ideal case the Landau levels are sharp as a 
delta function. However, in a real system the Landau levels are broadened by impurities, phonons, 
or other scattering mechanisms. A schematic view of the density of states in a 2DEG is presented in 
figure 13.5. 

Of particular interest is the modulation doped GaAs/Ga,_,Al,As system. The formation of the 
2DEG is achieved by considering a geometry similar to that shown in figure 13.6. Typically a few 
micron (1—4 ym) thick undoped GaAs is deposited on a semi-insulating GaAs substrate, and a n- 
doped Ga;_,Al,As (x < 0.4 for direct band gap) thin film (10-100 nm) is grown on the top of the 
GaAs layers. If this heterostructure is grown by the MBE or the mocvp method, an almost lattice- 
matched single crystal interface can be generated. The modulation doping technique minimises 
the effect of electron scattering by impurities. Furthermore, at low temperatures (e.g. liquid He 
temperature), there is very little scattering due to phonons. Thus the system GaAs/Ga;_,Al,As 
(x < 0.4) provides a high mobility interface whose Landau levels should be quite narrow. 

When an electric current is applied, or an optical excitation is provided, electrons from the highest 
occupied Landau level in a GaAs/Ga,_,Al,As heterostructure will be excited to a higher unoccu- 
pied Landau level. These excited electrons will eventually be de-excited, giving rise to ‘relaxation 
phonons’ with energy equal to the Landau level separation i@,. The monochromatic phonons thus 
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Figure 13.5 A schematic view of the density of states in a 2DEG in the presence of a strong magnetic field: 
(a) ideal case, (b) real case with the Landau levels broadened due to scattering mechanisms. 
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Figure 13.6 A typical GaAs—Ga,_,Al,As heterostructure used for the quantum Hall effect measurements. 


generated evidently have potential in phonon spectroscopy (Kent et al 1988). Further, this system 
can also be used for monochromatic phonon detection. 


13.6 PHONON FOCUSING AND IMAGING 


Low-frequency sound waves propagate through a solid without scattering (i.e. ballistically) with the 
speed v = (C/p)!/2, where p is the density and C is the elastic constant of the solid (cf section 
2.8). In contrast, heat propagation in a crystal is a slow diffusive process which involves frequent 
scattering of phonons (cf chapters 5—7). However, high-frequency phonons generated by a heat pulse 
in single crystals at low temperatures (e.g. liquid He range) can propagate ballistically. In such a 
situation anharmonic phonon interactions will be negligible because at very low temperatures there 
will be very low ambient population of thermal phonons in the crystal. As the waves generated in 
a typical heat pulse experiment have an average wavelength which is much longer than the crystal 
lattice constant, the propagation of such waves can be described by the elastic wave equation as 
described in section 2.8. 

The propagation of incoherent phonons (as generated in a heat pulse experiment) is in the direc- 
tion of the group velocity cg = V@(q), which for a given wave vector g is normal to the @ = con- 
stant energy surface (also called the slowness surface). As real crystals are elastically anisotropic, 
the group velocity cg is not collinear with the wave vector q (and hence phase velocity) in all direc- 
tions. In fact for regions with nearly zero curvature, |V@| ~ 0, a large number of q-states contribute 
to phonons with the same group velocity. Such a strong angular dependence of ballistic phonon 
energy flux in elastically anisotropic crystals is called ‘phonon focusing’ or ‘phonon channeling’. 
And we see that regions of strong curvature in @ —q space lead to phonon ‘defocusing’. Figure 
13.7 demonstrates the phonon focusing effect for a transverse phonon mode along [100] in a cubic 
crystal. 
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Figure 13.7 Illustration of a constant energy surface for a TA mode and the phonon focusing effect in a cubic 
crystal. 


Figure 13.8 Phonon focusing image of the [100] slow transverse mode in Ge. Bright regions show high 
phonon flux. (From Northrup and Wolfe (1980).) 


The intensity of ballistically propagating phonons in a heat pulse experiment can be recorded or 
‘imaged’ by computer-aided techniques (Northrup and Wolfe 1980, Wolfe 1980). Figure 13.8 shows 
a high-resolution phonon focusing image of the (100) slow transverse mode in Ge. 

A different technique for phonon imaging has been developed by Eisenmenger (1980). In this 
technique, ballistically propagating phonons in a Si crystal were absorbed in superfluid He film cov- 
ering the crystal surface. Along the focusing directions, the rise in temperature leads to an increase 
in the He-film thickness by the fountain pressure in the superfluid +He. This effect is recorded or 
imaged by a camera. 

The phonon focusing effect is caused by the elastic anisotropy of the crystal (Taylor et al 1969). 
A quantitative explanation of the effect can be provided by a focusing or energy-flux enhancement 
factor (Maris 1971) 

A = dQ, /dQ,, (13.1) 


which is the ratio of the solid angles in the g-space and the group-velocity (or energy flux) space. 
For isotropic solids A = 1, while for anisotropic solids A varies over a wide range of values and 
indicates the phonon focusing effect in the limit A + -, 

Several alternative expressions for the focusing factor A can be derived (Maris 1986) and here 
we mention the approach of Philip and Viswanathan (1978). By expressing g and the group velocity 
Cg in spherical polar coordinates 
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we can express 
_;  sin6,d6,d@, 


= ——_—__. 13.3 
sin 0,d0,do, oe 
From the Cartesian components in equation (13.2), we note that 
tan@, = Com + ey) re 
tang, = Cgy/Cex (13.4) 


which means that 0, and @, are independent of the magnitude of the wave vector g and depend only 
on the angles @, and @,. With this in mind, we can express equation (13.3) as 


—1 sin 0, 
= 13.5 
sin Oy ” oa 
where 
T= d6,d¢, 
d6,d¢, 
00,00, 006,090, 
= vee wee (13.6) 


0, 0b, bq 00, 


is the Jacobian of the transformation between the variables (6,,@,) and (0,,,). Philip and 
Viswanathan have described the calculation of the Jacobian J in terms of the solutions of the Green— 
Christoffel determinant in equation (2.143) for cubic solids. 

Numerical calculations of phonon focusing have also been presented by Northrup and Wolfe 
(1980) and McCurdy (1982). The effect of phonon dispersion on the phonon focusing factor has 
been studied by Dietsche et al (1981), Northrup (1982) and Tamura (1982, 1983a, 1983b). 


13.7 FREQUENCY CROSSING PHONON SPECTROSCOPY 


Although in general the thermal conductivity technique provides an average picture for phonon scat- 
tering in solids, in appropriate conditions it can be used to carry out phonon spectroscopy. Consider 
the thermal conductivity expression 


1 : 
a= ; | doc" (@)cA(o) = [20x (0), (13.7) 


where the summation over polarisation indices is implicit. The quantity .~(q@) represents the 
conductivity due to phonons of frequency @. At low temperatures where the mean free path A 
is independent of frequency @, the spectrum of .#(q@) is essentially that of the specific heat 
Cy?(@) and has the form shown in figure 13.9(a), with a maximum at the dominant phonon en- 
ergy hWgom X 3.8kpT. If the crystal contains a two-level impurity or defect with the energy levels 
separated by fi@,, then the spectrum .#(@) will show a ‘dip’ or ‘hole’ due to resonant scattering 
of phonons with frequency @ = @ as shown in figure 13.9(b). Consider that a second resonant fre- 
quency @p is also present in the crystal (either due to a second pair of levels of the same impurity, or 
due to a second type of impurity). If @; and @2 are well separated, the total scattering of a phonon 
beam is the sum of the two resonant scatterings. Suppose that the frequency @) can be changed 
(keeping @» fixed), or that both @; and @ can be changed, then when @, becomes close to @) (or, 
when ‘frequency crossing’ occurs) the two scattering events ‘interfere’ with each other and give 
rise to a ‘dip’ or ‘minimum’ in the thermal resistivity. Another interesting situation occurs when 
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two levels either cross or anticross (repel). Phonon scattering between two anticrossing levels and 
a third level, referred to as ‘anticrossing effect’, gives rise to a Lorentzian maximum in the thermal 
resistivity. These effects can, thus, give spectroscopic information on the impurity ion(s) present in 
the crystal. A detailed discussion on the frequency crossing and level anticrossing effects is given 
by Challis and de G6er (1984) and Challis (1987) where original references can also be found. 
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Figure 13.9 Illustration of the phonon conductivity spectrum .%(q@) at low temperatures: (a) a pure crystal, 
(b) a crystal containing a two-level impurity ion, (c) a crystal containing two two-level centres. 


The situations described above can be realised in magnetothermal conductivity measurements 
of an insulator with paramagnetic impurities. An example is Fe*+ ions in Al,O3. The ground state 
has a singlet |0) and a doublet |+ 1) energy level as shown in figure 13.10. When a magnetic 
field is applied parallel to the z axis, the doublet state splits and at a field B = By = 0.8 T the 
transition energies @, and @ become equal. For this field, the frequency crossing effect produces a 
minimum in the low-temperature resistivity (figure 13.11(a)). With increasing magnetic field, there 
is a maximum in the resistivity at B = 2.4 T. This particular maximum (anti-crossing effect) has 
a frequency crossing effect (a minimum) superimposed onto its peak. In general the anti-crossing 
effect takes place because of coupling between two approaching levels due to off-axis fields, strains, 
etc. This is clearly seen in figure 13.11(b), where the truncated anti-crossing, or maximum, signal 
at @ = 0° changes into a clear Lorentzian shape at 0 = 2°. 
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Figure 13.10 The energy levels of the ground state of Fe?+ in Al,O3 as a function of magnetic field at 
different angles @ relative to the z axis. When @, = @ a frequency crossing effect takes place. The levels 


|— 1) and |0) anticross as @ increases from @ = 0°, (From Anderson and Challis (1973). Reproduced from 
Challis (1987).) 
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Figure 13.11 The reduced magnetothermal resistivity of Al,03:Fe?+. Wo represents the resistivity of pure 
AlyO3. (a) A frequency crossing effect at B = 0.8 T, and a weak frequency crossing superimposed to a level 
anticrossing effect at B = 2.4 T; (b) the angular dependence of the anti-crossing effect. (From Challis (1987), 
after Anderson and Challis (1973).) 


V3+ ions in Al)O3 also show a frequency crossing signal. In fact for V** the states | — 1) and 
|+ 1) each split into eight levels due to hyperfine interaction. As a result, hyperfine structure is 
observed in the frequency crossing signal. So, in summary, this technique allows the determination 
of the parameters of a spin Hamiltonian with reasonably high precision. 


13.8 PHONON ECHOES 


Consider a phonon pulse of frequency @ and decay time constant T at time 0 propagating in a cer- 
tain direction in a crystal. If a second non-propagating pulse of frequency @ or 2@ is applied at 
time t (< T) which interacts non-linearly with the forward phonon pulse, then a backward, time- 
reversed, phonon pulse of frequency @ is generated at time 27. This phenomenon is called a two- 
pulse “phonon echo’ or ‘polarisation echo’. The echo is labelled an (@, @)-echo ((@,2@)-echo) if 
the frequency of the second pulse is @ (2m). Higher-order echoes may also be observed at times 
T=mT,m = 2,3,4,.... Ifa subsequent phonon pulse of frequency @ is applied at time fr, then there 
results a ‘stimulated phonon echo’ at time t+ t. When t >> T (the decay time of the first pulse) the 
decay time 7; of the stimulated echo is called the storage time. The second, non-propagating, pulse 
can be an acoustic or electromagnetic (RF or microwave) pulse. Phonon echoes have been observed 
in many bulk solids such as piezoelectric crystals, paramagnets, glasses and doped semiconductors, 
and in powered samples of piezoelectric, magnetoelastic, normal metallic and superconducting ma- 
terials. (For observing echoes in powders the wavelength of the phonon mode must be of the order 
of or smaller than the particle diameter.) 

In general, the non-linear interaction of the forward phonon pulse can arise from the intrinsic 
anharmonicity of the crystal lattice potential, or from a crystal defect centre. For example, in doped 
semiconductors the non-linearity can arise through an electric field ionisation of trapped electrons, 
resulting into interaction of the forward phonon pulse with the space and time modulated free (or 
trapped) electron charge distribution. Examples of echo-active semiconducting materials include 
CdS, CdSe, CdTe and p-Si (e.g. Si:In). 

Phonon echo studies have emerged as a powerful experimental technique for studying phase 
transitions and other phenomena in solids. Some useful references on phonon echoes are Golding 
and Graebner (1976, 1981), Fossheim et al (1978), Fossheim and Holt (1980, 1982), Kajimura 
(1982) and Melcher and Shiren (1982). 
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13.9 TIME- AND FREQUENCY-RESOLVED PHONON SPECTROSCOPIES 


There are several variants of time- and frequency-resolved phonon spectroscopies. We provide a 
brief discussion on some of the methods. 


13.9.1 TIME-RESOLVED COHERENT ANTI-STOKES RAMAN SCATTERING 


The time-resolved coherent anti-Stokes Raman scattering (CARS) technique is used to study non- 
equilibrium phonon dynamics of long wavelength LO (Bron et al 1986) and TO modes (Ganikhanov 
and Vallee 1997). In section 7.3 we have presented some discussion on the role of crystal anhar- 
monicity in controlling the lifetimes of these modes. 


13.9.2. ULTRAFAST PUMP-PROBE TECHNIQUES 


One of the first pump-probe techniques for thermal conductivity measurements was developed by 
Capinski et al (1999). Using a picosecond optical pump-probe technique, Capinski et al presented 
measurements of the cross-plane lattice thermal conductivity of short-period GaAs/AlAs planar 
superlattices (PSLs). A schematic illustration of their experiment and sample structre is shown in 
figure 13.12. A thin metallic film is deposited on the sample layer and a pump light pulse is focussed 
on a small spot on the surface of the metallic film. Change in the film temperature produces a propor- 
tional change in the optical reflectivity, which is measured by means of a time-delayed probe light 
pulse focussed to overlap with the pump pulse, Cross-plane thermal conductivity is determined by 
comparing the measured change in the reflectivity as a function of delay time to a change calculated 
from a numerical simulation of the heat flow. Capinski et al (1999) reported a typical error margin 
of +10% in the measured value of the conductivity. 


Coherent optical phonon spectroscopy 


An ultrafast pump-probe technique has grown as coherent optical phonon spectroscopy (COPS). In 
this, the system is excited with an ultrafast pump laser pulse and the absorption of a second probe 
pulse is measured as a function of the pump frequency, the probe frequency, and their relative delay. 
The requirement in CARS measurements is that the pulse duration must be larger than the phonon 
period (Dekorsy et al 2000). This is to ensure that the detection of the Raman shifted intensity is not 
aggravated. In time-resolved Raman spectroscopies, therefore, resolution of the coherent phonon 
phase sensitivity is not guaranteed. Use of ultrafast Laser pulses, of duration shorter than the inverse 
of a fundamental phonon frequency, allows excitation of a large number of phonons in one mode 
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Figure 13.12 Pump-and-probe experimental set up for measuring cross-plane thermal conductivity of planar 
superlattices (PSLs). (From Capinski et al (1999). 
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with constant phase relation. Different from Raman spectroscopy, in the time-resolved COPS gen- 
eration and detection of coherent optical phonons can be separated. A deeper understanding of the 
physics underlying generation and detection of coherent optical phonons can be found in Dekorsy 
et al (2000). 

Several excitation mechanisms have been discussed, including impulsive stimulated Raman scat- 
tering (ISRS) (Yan and Nelson 1987), displacive excitation mechanisms (DECP) (Cheng et al 1991) 
and field screening mechanism (Cho et al 1990, Scholz and Stahl 1991). In the ISRS mechanism 
the pump impulsively generates coherent optical phonon modes through real or virtual electronic 
transitions (Hase et al 2009). In the DECP mechanism phonons are generated during the process 
of interband excitation from bonding to antibonding electron orbitals (Dekorsy et al 2000). In the 
field screening mechanism LO phonons are generated via ultrafast screening of longitudinal surface 
space-charge fields (Cho et al 1990, Scholz and Stahl 1991). 


Generation and detection of coherent acoustic waves 


Ultrafast ultrasonics pump-probe technique can be used to generate and detect coherent acoustic 
phonons. Irradiation of thin films by ultrafast laser pulses generates coherent acoustic waves. Such 
waves can be detected at the other side of the sample (transmission mode) or the same side of the 
sample (reflection mode). Bartels et al (1999) and Ezzahri et al (2007) generated and detected LA 
phonons in semiconductor superlattices. 


Time- and frequency-domain thermoreflectance spectroscopies 


Another ultrafast pump-probe spectroscopy uses time-domain thermoreflectance (TDTR) measure- 
ments (Jiang et al 2018). In this thermal properties of bulk as well as thin films can be measured 
through the reflectance change with temperature. Surface reflectance of a thin metal film, which 
is coated on samples, is measured under the exposure of pico- and femtosecond pulsed laser. The 
technique can be implemented as the TDTR method (Cahill 2004) as well as the frequency-domain 
thermoreflectance (FDTR) method (Schmidt et al 2009). Hangyo et al (2005) have reviewed the 
principle and variations of the terahertz time domain spectroscopy (THz-TDS) and its applications 
to solids. 


1 4 Phonons in Liquid Helium 


14.1. INTRODUCTION 


So far in this book we have discussed the physics of phonons in crystalline and non-crystalline 
solids. The crystalline solids referred to in earlier chapters are classified as classical solids. Crystals 
with large zero-point energy, such as solid He, are called quantum solids. A study of the vibra- 
tional properties of quantum solids requires a knowledge of the concept of self-consistent harmonic 
approximation. We will not endeavour to discuss such a theory here, and the interested reader is 
referred to the articles by Horner (1974) and Eckstein et al (1970), and references therein. In this 
chapter our chief interest will be to provide an elementary discussion on some properties of liquid 
helium, although occassionally we shall refer to solid helium as well. 

Helium exists in two stable isotopes: He and *He. Natural helium contains mainly “He, with the 
lighter isotope *He in only about | part in 107. 

At atmospheric pressure, *He is a liquid below 4.2 K and is called He 1. When cooled further, 
it undergoes a second-order phase transition, becoming superfluid below 2.17 K (known as the A- 
point) and is called He m. It remains a liquid down to 0 K unless a pressure of about 25 atm is 
applied when it solidifies into the hexagonal close packed (Hcp) structure and at a much higher 
pressure into the face-centred cubic (Fcc) structure. Below the A-point liquid +He is considered to 
have undergone a Bose condensation, with its atoms having a spin of zero and therefore obeying 
Bose-Einstein statistics (equation (2.2)). 

3He is liquid below 3.2 K at atmospheric pressure and becomes superfluid at a much lower 
temperature than “He (below around 3 mK). Below its A-point liquid He becomes a degenerate 
Fermi liquid, with its atoms having a spin of 5 and obeying Fermi—Dirac statistics. He solidifies 
into the Bcc structure above 33 atm. 

Below the A-point the properties of the quantum or superfluid He are interpreted in terms of 
elementary excitations. Above the A-point the properties of the liquid can be studied by using the 
laws of ordinary classical hydrodynamics. 


14.2. DISPERSION CURVE AND ELEMENTARY EXCITATIONS 


Vibrational excitations in liquid He are considered in terms of density fluctuations and the dispersion 
curve for liquid He 11, measured by using neutron inelastic scattering, is shown in figure 14.1. The 
dispersion curve, which has only one branch instead of three branches for solids, shows a prominant 
dip at q ~ 2 A~!. It is interesting to mention that such a spectrum was originally proposed by Landau 
(1947) to account for the temperature dependence of the specific heat. 

Excitations with wave vector up to about 1 A~! (part A to B of the curve in figure 14.1) are 
regarded as longitudinal phonons with the dispersion curve approximately represented as 


o@ =cq(1+7q"), (14.1) 


where c is the long-wavelength limit of sound velocity and y is a constant. In the long-wavelength 
limit, this relation reduces to the simple form @ = cq. An interesting property of liquid He 1 is that 
its dispersion curve can be modified sustantially by the application of pressure (Narayanamurti et 
al 1973, Wyatt et al 1974). At the saturated vapour pressure (svp), the phonon dispersion curve is 
anomalous in that it bends upwards (making y positive in equation (14.1)) initially before bending 
downwards at point B. The upward dispersion at low pressures has a dramatic effect on phonon 
lifetimes. In particular, energy and wave vector conservation laws do not permit phonons above a 
critical frequency @, to take part in three-phonon processes. At pressures above about 19 Bar the 
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Figure 14.1 The experimental excitation spectrum of liquid He u (from Woods and Cowley (1973)). Quasi- 
particles in the regions A-B, B-C and C_D are phonons, R™ rotons and Rt rotons, respectively. The horizontal 
line at E = 7.16 K represents the binding energy per atom in the liquid. 


dispersion curve bends downwards from the origin (making y negative in equation (14.1)). This 
dispersion curve does not allow for three-phonon interactions to take place at all. 

Excitations representing the part B—C—D of the dispersion curve are called ‘rotons’. Near the 
minimum at C the roton dispersion curve can be expressed by the relation 


(p —po)” 


E=A 
eR 


, (14.2) 


where p = hq, E = ha, A/kg ~ 8.7 K at C with qo = 1.91 A7! and L =~ 0.16mye is the effective 
mass of the roton. The part C—D of the curve is represented by R* rotons which possess positive 
group velocity c,. The part B—C is represented by R™ rotons which possess negative group velocity 
with Cg || —q. 

The superfluidity of liquid He only occurs for flow velocities below a critical value. Landau 
showed that this corresponds to the minimum possible phase velocity which is given by the line 
joining the origin A to a point near the minimum C. This has been confirmed for ion motion. How- 
ever, for flow in a capillary, the critical velocity is much smaller and is due to the generation of 
quantum vortices. 


14.3. SPECIFIC HEAT 


Thermodynamic properties of liquid He 11 are contributed by both phonons and rotons. The equilib- 
rium distribution function for phonons with frequency @ is given by the Bose—Einstein form (see 
equation (2.2)) 

fipn = (ePO/KBT — 1-1, (14.3) 


For rotons h@ >> kpT and the distribution function reduces to the Maxwell—Boltzmann form 
Trot ~ @ NO/ KBE (14.4) 


The following results for the specific heat per unit volume of liquid He 1 due to phonons and 
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rotons can be evaluated (see, e.g., Khalatnikov 1965): 


GT 
Ci. = co (14.5) 
2p l/2qea? cri ee A a 
Cot = 1 Pore Aer. 14.6 
rot (22)32hkp 1/2 + A 4 r e ( ) 


In general above about | K, the roton contribution is higher than the phonon contribution. As the 
temperature decreases the roton contribution decreases exponentially with temperature, whereas 
the phonon contribution decreases as T>. Thus at very low temperatures Con > Crot- This is indeed 
confirmed by experimental measurements, reporting that the main contribution to the specific heat 
of liquid *He for T < 600 mK is due to phonons. 


14.4 INTERACTIONS BETWEEN THE EXCITATIONS 


At very low temperatures, phonons in liquid He 1 may be regarded as non-interacting quasi-particles 
characterised by a harmonic Hamiltonian Hp. In general, however, the Hamiltonian of liquid He can 
be expressed as (Landau 1941) 


1 
H= far (5: pr +E(0)). (14.7) 


where p and v are the liquid density and its velocity, respectively, and E(p) is the internal energy 
density. It is instructive to express H as 


H = Ho +Hpp + Hpr + Arr, (14.8) 


where 
Hpp = 434+%M4+... (14.9) 


contains anharmonic terms (cubic, quartic, ...) of the phonon Hamiltonian, Hpr represents the 
phonon-roton interaction Hamiltonian, and Hrr represents the roton—roton interaction Hamilto- 
nian. 

Below about 600 mK only phonon-phonon interactions are important. Above about 600 mK the 
roton population starts to increase and so three types of interactions involving phonon and rotons 
must be considered. We will briefly describe these interactions. 


14.4.1 ANHARMONIC INTERACTION BELOW ABOUT 600 mK 


Because of the naturally pure nature of liquid *He, at very low temperatures phonons in general have 
very long lifetimes. The effect of the cubic anharmonicity % is to switch weak interaction between 
phonons, which can be treated by first-order perturbation theory. Because of liquid state W3 cannot 
be expressed in terms of elastic constants as was done in chapter 4. Instead % can be expressed as 


(Khalatnikov 1965) 
wy Davfe\ 2 
p= 14.1 
4 +535 (5) e” (14.10) 


where p’ is the density variation with respect to its value in the liquid at rest: 9 = Po +p’. The first 
term represents the extra kinetic energy due to the perturbed density, and the second term is change 
in the potential due to the perturbed density. The quantities p’ and v can be expressed in terms of 
second quantised notation introduced in chapter 4. However, we do not attempt to do this here. 
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Because of the nature of the dispersion relation in equation (14.1), three-phonon interaction 
above a critical frequency @, is not allowed by the energy conservation requirement. At low pres- 
sures (P < 19 Bar) and below the critical frequency @, we can expect three-phonon processes of the 
following types to take place: 

qt+q =q" o+o' =a" (14.11) 


q=qd+q" = @=0' +0". (14.12) 


Consider injecting a high-frequncy phonon into pure +He (liquid or solid phase) at T = 0. Such a 
phonon is expected to take part in the process (14.12), with its spontaneous decay rate following the 
frequency dependence t~! « @° (see equation (6.91)). Next consider injecting an ultrasonic wave 
(a low-frequency phonon wave) in pure “He at a finite temperature (TJ > 0). Such an ultrasonic 
phonon (@,q) will interact with thermal phonons (@’,g’) within the system via the process (14.11). 
Consider ultrasonic waves with @ < 100 MHz << @’ so that |g| << |q’|. The frequency @ of an 
ultrasonic wave is expected to satisfy @t,;, > 1, with 7), as the lifetime of thermal phonons in liquid 
He below 600 mK. Thus first-order perturbation theory can be used to calculate the lifetime of the 
ultrasonic wave. The dominant process is the Landau—Rumer type process which has the behaviour 
(Abraham et al 1969, Wehner and Klein 1969) (also see equation (6.92)) 


Toh x oT", (14.13) 


14.4.2) ANHARMONIC INTERACTION ABOVE ABOUT 600 mK 


Interaction processes responsible for attenuation of quasi-particles in liquid He m above 0.6 K are 
quite complicated. In general three-phonon processes are not allowed and one must consider four- 
phonon, five-phonon, phonon-roton and roton-roton interactions. As described in section 14.2 there 
are two kinds of rotons: Rt and R~, and care must be taken to consider them separately. However, 
here we consider a few straight forward interaction mechanisms without distinguishing between RT 
and R-. 


14.4.2.1 Four-phonon processes 


As discussed in section 6.4.2 four-phonon processes can arise from second-order terms in “3 and 
first-order terms in % of the Hamiltonian. Consider the four-phonon process 


q+ =F +41 (14.14) 
Using perturbation theory the transtition probability for such a process is expressed as 


(q.ai'\Ala") a" \“Ala.a) 


/ ‘A 
9591 \Appl4.91) = 
(141'Hoola:) = dag?) —na(g)— hola) 
+(q',4)'|Valq.ai)- (14.15) 
Landau and Khalatnikov (1949) (also see Khalatnikov (1965)) considered the following fourth-order 
anharmonic potential: 
1 (ce 4 
V,- — ~_ ) 9". 14.16 


With equations (14.10) and (14.14)-(14.16) and by considering energy and momentum conservation 
laws, Landau and Khalatnikov derived the following results: 


Tiph |< @T® = (h@ <<kpT) (14.17) 


Tiph i < @*T? ~~ (i@ >> kpT). (14.18) 
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Eckstein showed (see Eckstein et al (1970)) that for those four-phonon processes which do not 
strictly conserve energy the attenuation varies as 


Tiph |< @T* — (h@ <<kgT) (14.19) 


Tiph |< @°T?  — (i@ >> kgT). (14.20) 


From equations (14.17)-(14.20), we notice that the attenuation varies as wT", with m+n =7. 
Notice the contrast with the attenuation rates for three-phonon processes which vary as @”T” with 
m-+n=5 (ef section 6.4). 


14.4.2.2 Roton-roton scattering 
The momenta and energies of interacting rotons can be considered to be centred around (pp,A). The 
energy and momentum conservation laws lead to the most effective roton—roton interaction as 


R, +R. = R3+Ra. (14.21) 


Such an interaction may be described by a 6-function of the distance between a pair of rotons at rj 
and r 
ARR =Vd(r; —r2), (14.22) 


where Vo is the coupling constant. The resulting roton relaxation time shows the following temper- 
ature dependence: 
TrR! « T!/2e7A/kBr (14.23) 


which just comes from the thermal density of rotons. 


14.4.2.3. Phonon-roton scattering 


A low-energy phonon can collide with a roton to produce another phonon and another roton 
P+R=P'+R. (14.24) 


Another possibility is that an energetic phonon can be absorbed (or emitted) in a four-particle inter- 
action of the type 
P+R=R'+R". (14.25) 


However, processes of the types P+ R — R’ and R — R’ + P, with roton energies close to the mini- 
mum A, are not allowed as they do not satisfy the energy and momentum conservation requirements 
simultaneously. (There is a small possibility for these processes to be allowed for high-energy Rt 
rotons, provided the slope of the dispersion equals that of low-energy phonons.) 

The Hamiltonian relevant for the phonon-roton interaction of the type in equation (14.24) can be 


written as (Khalatnikov 1965) 
A 1 (Apo\"| 
: 14.2 
seta (ae) ° ae 


1 
2 


1 
Vph—rot = —5 (Pv +¥-p) + 


The process in equation (14.25) can be described by a 6-function interaction of the form in equation 
(14.22). 
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Figure 14.2 Mode decay and second sound measurements for heat pulses in solid 3He. (From Narayanamurti 
and Dynes (1976).) 


14.4.3 SECOND SOUND 


Phonon-phonon interactions in liquid He u are strongest when the wave vectors of phonons in- 
volved are nearly parallel (NV processes). As discussed in section 5.5, for wt < 1 the situation can 
be described by a temperature wave which propagates undamped with a second-sound velocity 
Css = c/V3, where c is the ordinary or first-sound velocity of phonons. Roton second sound is 
similar to phonon second sound but involves only excitations from the roton part of the dispersion 
curve. 

Maris (1974) and Benin (1975) have calculated the dispersion relation and attenuation of phonon 
second-sound waves in superfluid *He at saturated vapour pressure (svp). 

Narayanamurti and Dynes (1976) have reported a study of a low-temperature (between 0.05 and 
0.5 K) heat pulse propagation in solid *He (with molar volume between 24.5 and 23.7 cm? mole~!) 
in the [110] direction. As seen in figure 14.2 the L and FT (fast transverse) modes decay rapidly 
between 0.15 and 0.2 K. However, the ST (slow transverse) mode picks up in intensity around 
0.2 K, follows a rapid decay and then reaches a second peak at about 0.3 K. This second peak is 


interpreted as the collective second-sound mode with a velocity of 101 ms7!. 


14.5 KAPITZA RESISTANCE 


When heat flows from one material to another, a small temperature difference 6T develops across 
the interface and the ratio of ST and the heat current density Q/A is called thermal boundary resis- 


tance Wx! 
oT 


Actually this effect was first observed by Kapitza (1941) for heat flow from a solid into superfluid 


He: historically, in this case the thermal boundary resistance is called the Kapitza resistance. In 
general, it is found that Wx « T~”, where n lies between 3 and 4. 


Wk (14.27) 


'Note that we have defined a thermal boundary resistance, and not a thermal boundary resistivity, in equation (14.27). The 
word ‘resistance’ is used for historical reasons, because resistivity usually describes a bulk (geometry-independent) property. 
Further, note that we consider only interfaces in which the thermal transport on at least one side is mainly due to phonons. 
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In section 9.6 we noted that for solid-solid interfaces Kapitza resistance is also known as thermal 
boundary resistance. In that section it was pointed out that there are two limiting models of the 
resistance: the acoustic mismatch model, and the diffuse mismatch model. 


Acoustic mismatch model 


Applying the laws of classical acoustics, the transmission coefficient for a longitudinal phonon beam 
incident normal to solid—liquid He interfaces is given by (Khalatnikov 1952, 1965) 


42122 
= ey 14.28 
(z1 +22)? ea 
where z; are the acoustical impedances 
Zi = Pili i=1,2 (14.29) 


and p; and c; are the densities and sound velocities, respectively, in the two materials. Using Debye’s 
isotropic continuum model of section 2.7 the following result for the Kapitza conductance Wy "can 
be derived (Wyatt 1981, Swartz and Pohl 1989): 


At os. 
Wri = qgor’eor (14.30) 
21,4 73 
a kpT° a 
= ar 14.31 
30 c2 ( ) 


where Cy? is the low-temperature Debye specific heat (equation (14.5)) and c is the Debye phonon 
speed. (Note that when dealing with thermal boundary resistance between two solids the result in 
equation (14.31) should be multiplied by 3 to account for 3 phonon acoustic polarisation branches.) 


The diffuse mismatch model 


The acoustic mismatch model assumes complete specularity at the interface. The diffuse mismatch 
model considers the extreme opposite view and assumes that all the phonons are diffusely scattered 
at the interface (analogous to Casimir’s model for boundary scattering, discussed in section 6.1). 
If the acoustic impedances of the two media in contact are very different, then the scattering at the 
interface will reduce the boundary resistance. This reduction can be typically over two orders of 
magnitude in the limiting case of diffuse mismatch (Swartz and Pohl 1989). 

The acoustic mismatch model and the diffuse mismatch model provide, respectively, an upper 
limit and a lower limit to the Kapitza resistance. The observed Kapitza resistances have been found 
to lie between these two limits (Swartz and Pohl 1989). 

For solid—liquid He interfaces the acoustic mismatch theory predicts @ ~ 0.01 which is much 
smaller than experimental results which lie in the range 0.1—0.5. This disagreement can be qualita- 
tively understood when account is taken of the sample temperature and the nature of the interface. 
At low temperatures (below 0.1 K), at smooth (polished, or defect-free) metal surfaces, phonons 
are not scattered and the acoustic mismatch model can explain the Kapitza resistance provided the 
effect of conduction electrons on phonon attenuation is taken into account. At temperatures above 
a few tenths of a kelvin, the effects of the helium boundary layer, and of imperfections at or near 
the interface, become important. At temperatures above | K and at sufficiently imperfect interfaces, 
phonons will scatter and the diffuse mismatch theory is likely to give a more realistic description of 
experimental measurements. 

Making refined theoretical calculations, and by taking into account the nature of interface, Maris 
(1979) suggested that @ is a function of phonon energy, and estimated that for low-frequency 
phonons across a solid—liquid He interface the transmission coefficient is of the order a < 0.1, 
which is in much better agreement with experiment. Attempts to deal with different situations have 
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been made by several theoreticians by considering the role of other excitations within the liquid He 
layers at the interface. These include surfons (surface phonons) in thin layers of He which eventu- 
ally decay into He bulk phonons, vacancy waves in the He surface layer and their scattering from 
bulk phonons and tunnelling states which arise in the He layer due to an inhomogeneous crystal 
surface. However, mathematical modelling of these situations is extremely difficult, as very little is 
known about the surface in most experiments. Thus, at present it is generally recognised that our 
understanding, both theoretical and experimental, of the Kapitza resistance at solid—liquid He inter- 
faces is far from being satisfactory. For detailed experimental and theoretical reviews of this subject 
the reader is referred to the works of Pollack (1969), Challis (1974), Wyatt (1981), and Swartz and 
Pohl (1989). 

It was pointed out in section 9.6.3 that while an accurate description of thermal boundary re- 
sistance is a challenging problem, existing theories for solid-solid interfaces favour consideration 
of the sum of weighted diffuse (DMM) and specular (AMM) contributions. It was also shown 
that consideration of surface roughness and inelastic scattering may produce significant changes 
to the numerical estimate for Kapitza resistance. In the context of a solid/superfluid interface, im- 
portant contributions of interface roughness (Adamenko and Fuks 1970), defects (Khalatnikov and 
Adamenko 1972) and inealstic scattering (Adamenko and Nemchenko 2013) have been theoretically 
proposed and explained. From their theoretical work Adamenko and Nemchenko (2013) showed 
that the largest inelastic contribution comes from the process in which a phonon from the solid 
is converted into two phonons in the superfluid. Adamenko and Fuks (1970) showed that a reso- 
nant phonon scattering mechanism is set up when the interface roughness becomes comparable to 
phonon wavelengths. Ramiere et al (2016) have corroborated Adamenko-Fuks’s model of resonant 
phonon scattering due to nanoscale surface roughness by analysing their Si sample for the Si/liquid 
He interface. 


14.6 QUANTUM EVAPORATION 


Using the heat pulse technique at low temperatures, it has been shown (Wyatt 1984) that a phonon 
and/or a roton in liquid *He can be annihilated at the interface between the liquid and vacuum, 
resulting in the ejection of a free atom. To successfully observe this quantum evaporation process, it 
is necessary to work at low temperatures ( T < 0.1 K) so that (4) the mean free path of the injected 
excitations (phonons or rotons) is long enough for scattering by thermal excitations of the liquid to 
be ignored and (ii) the evaporated atom travels ballistically to a bolometer detector. The energy of 
the injected excitation must be above the threshold of atomic binding energy in the liquid to meet 
the energy requirement for the process. 

Anderson (1969) suggested that the simplest dynamical process which dominates the evaporation 
is the elastic single-atom emission across the liquid surface by the annihilation of a single elemen- 
tary excitation in the liquid. This picture is analogous to thermionic or field emission. There is a 
similarity between the Bogoliubov theory (Bogoliubov 1947, 1958) for superconductivity and su- 
perfluidity. Thus one can see that the quantum evaporation is also analogous to the coupling between 
electrons at a superconducting and normal metal interface. 

Widom (1969), Hyman et al (1969) and Cole (1972) have developed a simple theory of evap- 
oration from liquid He um. In this theory the elementary excitations of liquid He are represented 
by a gas of non-interacting quasi-particles. By considering the flux of quasi-particles incident upon 
the liquid interface with vacuum, the rate of evaporation of atoms from the surface is determined 
in terms of a phenomenological parameter. The theory assumes that the Hamiltonian of the liquid- 
vacuum system can be divided into three terms 


H =H, +H, + Ven, (14.32) 


where Hy is the Hamiltonian of the liquid, H, is the free-particle Hamiltonian of the evaporated 
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atoms, and ¥,; weakly couples the liquid with the vacuum via a transfer of atoms. In the second- 
quantised notation, one can express 


Vint = YY (Tigcybq + Teqeet), (14.33) 
k q 


where at (cx) creates (annihilates) an atom of momentum /ik in the vapour, and bh (bq) is an operator 
which acts only on the states of the liquid. In particular, we assume that bg describes the removal of 
an atom from the liquid. The matrix element Tig relates atomic wavefunctions in the liquid to those 
in the vacuum. This method of formulating the Hamiltonian of an interface system is similar to that 
of Cohen et al (1962) for the electron tunnelling between normal and superconducting metals. 

The rate of evaporation of liquid atoms is given by 


R=) Wem(k,0), (14.34) 
k 


where W.,(k,0), the emission rate for an atom of momentum hk, can be expressed as 


Wem(k, nk) = Yi PWi+p(k.nx), (14.35) 
if 


with P; as the occupation probability of the initial state |i) of the liquid. From the golden rule formula 


we Can express 
2 


20 ; 
Wisp (k,n) = oa (mq +1, f|Vine|nx,t)| 6(Ex + €¢ — &), (14.36) 


where |nx,i) and |n, +1, f) are, respectively, the initial and final states of the total system, ¢;(€,) is 
the energy of the initial (final) state of the liquid, E;, = hk /2mue is the energy of a free (evaporated) 
atom, and nx is the occupation factor of the free atom. An evaluation of the matrix element (nz + 
1, f|Yint|nx, 1) is complicated, and has not been achieved so far. We will therefore not discuss it here. 

The momentum fk and energy Ex, of an atom evaporated from the liquid surface are uniquely 
determined by the momentum fg and energy fi@g of the incident quasi-particle. In order to match 
the quasi-particle wavefunction to the evaporated-atom wavefunction at the interface, the matrix 
element |(ng+, f|Yint|ng, i)|* must contain the parallel momentum conserving condition 


qy =k. (14.37) 
Further, for one phonon (or roton) of energy h@g evaporating one atom of energy Ex, the energy 
conservation in equation (14.36) reads 


242 
h@y = Ep+ 


‘ (14.38) 
2myHe 
where Ez is the binding energy of an atom in the liquid. 

Thus the evaporation as a single elastic emission process is subject to the momentum and energy 
conservation rules in equations (14.37) and (14.38), and its intensity is governed by the matrix 
element |(ng +1, f|%nt|ng,i)|*. Let us examine the effect of the selection rules in a little detail. 

From bulk latent heat measurements it is established that the atomic binding energy in liquid 
4He is Eg = 7.16 K. This means that only rotons and high-frequency phonons can contribute to the 
evaporation process. The momentum conservation condition can be used to differentiate between 
the roton and phonon contributions. Equation (14.37) can be expressed as 


qsin0 =ksing, (14.39) 


where @ and @ are the angles the surface normal makes with the directions of the excitation in the 
liquid and the free atom, respectively. For a given q and @ the angle @ can be easily calculated 
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Figure 14.3 A plot of the angle of ejection @ of a free He atom as a function of wave vector of the liquid 


excitations for various angles of incidence 0. (From Wyatt (1984).) 
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Figure 14.4 Calculated total signal times for phonon—atom and roton—atom as a function of the angle of atom 


evaporation @. The angle of incidence for excitations is @ = 15°. (From Wyatt (1984).) 
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Figure 14.5 The signal intensity, integrated over the first 12 j1s, of the evaporated helium atom as a function 
of the angle of ejection @. The angle of excitation angle is @ = 13°. (From Wyatt (1984).) 


with the help of equations (14.37)-(14.38) and the dispersion relations in equations (14.1)—(14.2). 
As shown in figure 14.3 for some q values there is only a limited range of @ which meets @ < 90°. 
There is a critical angle of incidence 0, beyond which liquid excitations will be totally reflected from 
the surface and there will be no evaporation. The distinction between phonon—atom and roton—atom 
evaporation is clearly seen in figure 14.4 where the signal times are plotted against @ for excita- 
tion angle @ = 15°. Whereas phonons evaporate atoms at @ ~ 10°, roton—atom evaporation occurs 
over a wide range of @ centred around 35°. Figure 14.5 shows time-integrated signal intensities of 
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phonon-—atom and roton—atom evaporations and the clear angular separation of the signals is appar- 
ent. The roton—atom signal has a larger angular width because of the greater range of qg-values for 
the rotons compared to the phonons generated in a heat pulse. More conclusive measurements of 
phonon — atom and roton — atom evaporations, with conclusions similar to that shown in figure 
14.5, have been made by Brown and Wyatt (1990). 
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A Pensity Functional 
Formalism 


THOMAS-FERMI-DIRAC-WIGNER FORMALISM 


The density functional formalism has been established for a long time. The first attempt was made in 
the late 1920s and early 1930s and is known as the Thomas-Fermi-Dirac-Wigner formalism. Good 
reviews of this scheme can be found in the book by March (1983) and the review article by Jones 
and Gunnarsson (1989). 

In the Thomas-Fermi approximation, the electrons are treated as independent particles. Their 
kinetic energy is expressed in terms of the kinetic energy density of a system of non-interacting 
electrons with density n of the Fermi gas: 


T™ (n= f ar tin(r) (A.1) 


with 


242 
Wao | oe (A.2) 
Qn Iatcke 2m 


where kr is the Fermi wavenumber and the factor of 2 accounts for spin degeneracy of electron 
states. Combining equations (A.1) and (A.2), and using 2(47/3)k}./(2)? =n, we can express 


Tn] == f arin(ry°*. (A.3) 


Also, in the Thomas-Fermi approximation, the electron-electron interaction energy is considered as 


solely electrostatic 
2 / 
Fein) = | [ara MO (A.4) 
2 lr—r’| 


The total electronic energy, in the presence of the ionic external potential Vex:(r), 
EX (oJ =7™ n+ [ drVeu(r)n(r) + Besln (A5) 
is minimized subject to a fixed number of electrons 
[orne)=n. (A.6) 
Application of the Euler-Lagrange variational principle 5[E} {n] — AN] = 0 results in the Thomas- 


Fermi equation 


2 / 
F(3n2)*n(p)9 462 far OM) sv wie) =0, (A.7) 
2m lr—r’| 
where A is a Lagrange multiplier. 

The Thomas-Fermi model has several shortcomings. Firstly, this model ignores the shell structure 
of atoms and assumes that the external potential V.x, is slowly varying in space over a distance 
comparable to the de Broglie wavelengths of the electrons so that all the electrons can be localised 
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within the Fermi sphere in momentum space. With this consideration, the kinetic energy is expressed 
as the kinetic energy of a system of non-interacting electrons with a spatially slowly varying density 
n(r). Also, the model does not accommodate the Fermi-Dirac statistics for electrons. However, 
improvements were made by Dirac (1930) and Wigner (1934). Dirac (1930) included an exchange 
term in the form 


EDirac — ij dr &([n(r)], (A.8) 


where &,[n] is the exchange energy per particle of a homogeneous electron gas of density n. Wigner 
(1934) included a correlation term using &.|n] as the correlation energy per particle of a homoge- 
neous electron gas of density n. We will discuss €,[n] and €,[n] later in this appendix. 


HOHENBERG-KOHN-SHAM FORMALISM 


An exact formulation of the density functional theory (DFT) of many-body systems was laid down 
in mid 1960s by Kohn and co-workers in two seminal research papers (Hohenberg and Kohn (1964) 
and Kohn and Sham (1965)). This has evolved as a conceptually and practically useful method for 
studying the ground-state properties of many-electron systems. This theory has been described in 
a very large number of books and review articles. Here we will describe the DFT at a level that 
serves the purpose of developing the main subject of this book, the physics of phonons. We provide 
a brief discussion of the main points of the formalism for non-spin-polarised electronic systems. For 
a rigorous description of the theory we refer the reader to the book by Martin (2004). 

The Hohenberg-Kohn-Sham density functional formalism is based on two theorems (Hohenberg 
and Kohn 1964, Kohn and Sham 1965) which are stated and proven below. 


BASIC THEOREMS AND ELECTRONIC ENERGY FUNCTIONAL 


Theorem 1: The density as basic variable The complete many-body ground-state wavefunction P 
of an electronic system is a unique functional Y[p (r)]| of the electronic charge density p(r). 


Proof. 

The proof proceeds by reductio ad absurdum (see Hohenberg and Kohn 1964, Kohn and Vashista 
1983). Consider a system of N electrons which is subjected to some external potential Vext(r) and 
which has density p(r) corresponding to a non-degenerate ground state W = W(r,,ro,...,ry). Let 
H be the Hamiltonian and £,; the total electronic energy of the system. Also, consider a different 
external potential V’.,(r), with ground state ’ which gives rise to the same density p(r). Clearly 
(unless V/..(r) — Vext(r) = constant) YW’ ¢ W, since these states are eigenstates of different Hamilto- 
nians. Let H' and E‘, be the Hamiltonian and the electronic energy associated with Ww’. Then, since 
the ground-state energy is the minimum energy and as ®’ is not an eigenstate of H, we have 


Eg. = (OAD) (PAY) 
(2, (A + Vext — Vent) P') 


or 
Ba < Eg | dr(Veu(t) —Voul))P) (A9) 


as W’ is assumed to have the same density as W. Similarly, interchanging primed and unprimed 
quantities, we find 


El, <Eat / dr(Vie(r) —Vexe(r))p(r). (A.10) 
Adding equations (A.9) and (A.10), we get 


Fa +El, < E+E). (A.11) 
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Thus we conclude that Vex:(r) is (to within a constant) a unique functional of p(r). Now, since 
Vext(r) defines the Hamiltonian H, it can further be concluded that the full many-body ground state 
is also a unique functional of p(r), i.e. YW = ¥[p(r)]. This proves the theorem. 

Before discussing the second theorem, we note that since p(r) determines Vex(r) and W, 
it also determines all other electronic properties of the system. In particular, we can express 
Ea = Ea [Vext; P| =Ea [p]- 

For a general density n(r) the functional W[n(r)] is not known. Hohenberg and Kohn defined 
another functional F'[n] (also see Levy (1979)): 


F[n\ = (W,(T +Vee)®), (A.12) 


where n(r) is a density which can be obtained from some antisymmetrised wavefunction 
Wir),ro,...,rn), and T and V,, are, respectively, the kinetic and electron—electron interaction en- 
ergy operators of the many-body system. The functional F [n] is universal in the sense that it refers 
neither to a specific system nor to the external potential Vex:(r). With the help of F[n] Hohenberg 
and Kohn further defined, for a given Vex:(r), the electronic energy functional 


Ee [Vext, 1] = [ dVeir)p( Fin | (A.13) 


which must also be a unique functional of n(r). 


Theorem 2: The energy variational principle 
The functional E.)|Vext,] in equation (A.5) obeys a variational principle in the charge density n. 

In other words, the functional E.i[Vext,] assumes its minimum value (the ground-state energy) 
for the correct density (n(r) = p(r)) than for any other density distribution, n(r), with the same total 
number of electrons N. 


Proof. 
Because of the assumed non-degeneracy of W, it is well known that the conventional Rayleigh-Ritz 
functional of B’, 

Ea] = (0, AP’) (A.14) 


has a lower value for the correct ground state W than for any other W’ with the same number of 
particles (see also chapter 5). Let W’ be the ground state associated with some other admissible 
density n(r). Then 


EW) = / ArVexe(r)n(r) + F [nl] 
> EM) = | drVou(r)p(r) +Flpl. (A.15) 
This proves the minimum principle for E.)|Vext, 7], 


Eei[Vext; P| < Eei[Vext; nj, (A.16) 


where E,i[Vext, P| is the correct ground-state energy associated with Vex:(r) and N. 
Having stated and proven the two basic theorems of the density functional formalism, we note 
that it is convenient to separate out from F'[p] the classical Coulomb energy and write 


=5 f ferw2@ee) Pree) 9p) (A.17) 
so that the ground-state energy functional becomes 
2 / 


where 4 |p] is a universal functional of p, as F[p] is 
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Kohn and Sham (1965) proposed conveniently dividing Y[p] into two parts, 
Gp] = To[p] + Excl] (A.19) 


where 7Jo[p] is the kinetic energy of a system of non-interacting particles with density p(r), and 
Ex<[p] is another universal functional of p which represents all corrections to the independent- 
electron model, i.e. the non-classical many-body effects of exchange and correlation (xc), but which 
still remains unknown. With equations (A.18) and (A.19) we thus write 


2 / 
FalVoxsP] = TolP]+ f drVoulryor) +5 [ | arar PT + Exe[p]. (A.20) 
There are three major difficulties in evaluating the energy functional in equation (A.20): (i) one 
needs a method to determine the ground-state electronic charge density p(r) which minimises E.,, 
(ii) evaluation of To[p], given only p(r), cannot be done straightforwardly as there is no information 
on wavefunctions, and (iii) the functional E,.[9] remains unknown, except for a few simple systems, 
and must therefore be represented in some approximate way. 
The first two difficulties are resolved by following the proposal of Kohn and Sham (1965) which 
we describe below. 


Self-consistent Kohn—Sham equations 
Consider the minimisation of the energy functional 


2 r)n(r' 
E,a(n] = To[n] + / drVeu(rn(r) +5 / / aay MMC} + Exeln] (A21) 


with respect to the density n(r). Although this problem was originally considered by Kohn and 
Sham, here we follow the derivation of Kohn and Vashishta (1983). Let Vyiai(r) be a trial single- 
particle potential which gives rise to an electron density n(r) defined as 


Occ 


n(r) = ¥ |@;(r)/’, (A.22) 


j=l 


where the summation is done over the occupied states, and @;(r) are wavefunctions of fictitious 
non-interacting electrons which satisfy the Schrodinger equation 


Rh 
(- ike + Virial ) 0;(r) = €;9;(r). (A.23) 
From a solution of this equation we can express 


Lei =} (9, (-Ev +Vuin(")) é) 


= Ton + / drViriai (r)n(r) (A.24) 


so that equation (A.21) becomes 


Ealn| = Le / drVirial (7 )n(r) + / drVext(r)n(r) 
3 r)n(r’ 


We need to minimise this quantity with respect to Viia(r), with n(r) regarded as a functional of 
Virial (7), or equivalently with respect to n(r), with Viriai(r) regarded as a functional of n(r). 
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Taking the variation with respect to n(r) we see that the Viia(r) which minimises Eg|[n] must 
satisfy the condition 


= , nr’) OE x(n] 
Viial(7) = Vou(r) +e far Ir—r'| © Sn(r) 


= Vxgs(r) + constant. (A.26) 


+ constant 


Here Vxs(r) is an effective potential, known as the Kohn—Sham potential, 


= , nr") GE xc|n] 
Vis(r) = Veulr) +e? far lr—r’| be dn(r) 


= Vext (r + Vu (r) + Vyxe (r) (A.27) 


NS 


with Vy as the Coulomb potential and the functional derivative! 


— OE xe |n] 


V, = A.28 
xc (r) Snir) ( ) 
defining an effective one-electron exchange-correlation potential. 
In the ground state equations (A.23) and (A.22) become, respectively, 
gee 
(-Fv +Vs ©) 9; (r) = £9; (r) (A.29) 
and 
Occ 2 
P(r) = Yiloi(r)| (A.30) 
J 


and must be solved self-consistently. These are known as the self-consistent Kohn—Sham equations. 
Having obtained the self-consistent charge density p(r) from a solution of equations (A.29)-— 
(A.30), the kinetic energy Tp[p] is evaluated as 


T[p] = )°(0;,(€;—V«s(r))¢;) 


= Lei [drvesir)ocr. (A31) 
i) 


The local-density approximation 


Kohn and Sham (1965) suggested circumventing the third difficulty, namely evaluation of Fx<[p], 
by applying the local density approximation (LDA). In this approximation it is assumed that the 
electronic charge density in the system corresponds to that of a homogeneous electron gas, so that 
p(r) is slowly varying and it is possible to approximate 


Exclp]~ f drp(r)exclo() (A.32) 


with &,.[p(r)] as the exchange-correlation energy per electron of a uniform electron gas of density 
p(r). The corresponding exchange-correlation potential is given by 


Vac(r) = wp ltelP (r)|P(r)} = Mxcle()], (A.33) 


'The functional derivative Seas of Ex<{n(r)] with respect to n(r) is defined using the equation dE x.(n] = Exc[n + dn] — 


Exe|n| = f aes Sn(r)dr. 
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where [x-[p] is the exchange-correlation contribution to the chemical potential of a uniform system. 
Expressing 


41 
— a (A.34) 
with rs as an average interelectron distance, we can write equation (A.25) as 
rs d€ 
Vxc = Uxe = Exe — ~~. (A.35) 
3 drs 


Using equations (A.20) (A.27), and (A.31)-(A.33), we can finally express the total ground-state 
electronic energy within the Lpa as 


e /p(r)p(r’ 
+ [ dr{ec(P(r)) ~ bel) 000. (A.36) 


A number of prescriptions for €- are available in the literature. Some of these are given below. 
Wigner (1938) (in Ryd units) 


Exe = E& +E 
~0.9164 
eo ee 
ls 
~0.88 
&y gs A37 
Es 7841,) (est) 


Hedin and Lundqvist (1971) (in Ryd units) 


Exe = & +€& 
—0.9164 
qk = — 
rs 
1 Xx 1 ls 
E& = —0.045 c +23) In (145) +5-2-5| F x= 5 (A.38) 
Ceperley and Alder (1980), as parametrised by Perdew and Zunger (1981): 
For an unpolarised electron gas (in Hartrees, | Hartree = 2 Ryd) 
Exe = & +€& 
—0.4582 
= 
rs 
es —0.1423/(1 + 1.9529,/r, + 0.3334r,) forr,; > 1 
fare —0.0480 + 0.0311 Inv, — 0.01167; +0.0020r;Inr; for rs < 1. 
(A.39) 
Xq method (Slater 1974) 
9e* 1/3 
Exe = =a (3m) (p(r)) f 
—0.68725¢” 2 
us, HEU RRTOE <a<l (A.40) 


ls 3c 


i.e. & is regarded as an adjustable parameter between 2/3 and 1. For @ = 2/3 equation (A.40) 
reduces to & as given in equations (A.37)-(A.39). (Note that e* =2in Ryd units.) 
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Generalized gradient approximation 


As mentioned above, application of the LDA is suitable for extended systems with slowly varying 
electron density. Several attepmts have been made to modify the LDA for incorporating inhomoge- 
neous nature of electron density distribution in solids. One approach is to include gradient-type cor- 
rection to the LDA exchange-correlation energy (see Hohenberg and Kohn (1964), Kohn and Sham 
(1965), Martin (2004)). In the so-called generalized gradient approximation (GGA) the change 
OEx.|P] is expressed to linear order in 6p and 6Vp = Vép: 


re) XC re) XC 
SExc= | ar Exc +p - +0) 39 “Val 50(r). (A.41) 


The corresponding local potential can be expressed as (Martin 2004) 


Vel) = [Exe-+ 0 ae Ys (exe). (A.42) 


One of the most popular GGA schemes is due to Perdew, Burke and Ernzerhof (1996). Their 
expression, routinely referred to as the PBE expression, for the exchange part of the energy is 


EGOAPBE — f ar p(rexlp(r)Fu(s); (A.43) 


where, in the Hartree atomic units, 


Vpn) mais 


K 
Rates = 
meee ieee * Dkep(r) 


with k=0.804 and n=0.21951. The correlation energy expression is 
Ee / dr pléc(rs) +H (rs,t)], (A.45) 


where, in the Hartree atomic units, 


2 
In< 14 B a2 renal : 
y | 1+At? +A2t4 


1 
pe RO pe (=) ‘ (A.46) 


with y=0.031091 and B=0.066725. 
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The Pseudopotential 
Method 


The fundamental concepts of the pseudopotential method are well described in the book by Harrison 
(1966) and in the research article by Cohen and Heine (1970). Here we present a brief discussion 
of some of the points of the method. Let us consider a solid as a collection of ion cores and va- 
lence electrons, with the valence electron wavefunctions orthogonal to core electron wavefunctions. 
In the pseudopotential approach it is assumed that ion cores do not play any role in determining 
electronic properties of molecules or solids. This means that both ionic core states and the strong 
potentials responsible for binding them can be dropped out of consideration in electronic structure 
calculations. 
To understand this consider the one-electron Schrédinger equation 


Hy = ey, (B.1) 


where the Hamiltonian H is the sum of the kinetic energy T and an effective potential V4. Let us 
expand the actual electronic wavefunction y as 


y=6+) d6,, (B.2) 


where @ is a smooth part, @, is a core function corresponding to one of the bound states in the ion 
core, and b, is determined from the condition that y and @, are orthogonal to each other 


(W| bc) =0. (B.3) 
With the help of equations (B.2)-(B.3), equation (B.1) can be manipulated to take the form 
Hg + Le ~ Fe) |e) (Geld = €9, (B.4) 
where E, is a core-state eigenvalue. This equation can be expressed as 
(A +Vk)o =e (B.5) 
or 
(T +Vps)@ = 6, (B.6) 


where Vp, defined by equation (B.4), is a repulsive potential operator. Phillips and Kleinman (1959), 
and Antoncik (1959) showed that the operator 


Vps = Va + Vr (B.7) 


represents a weakly attractive potential as a consequence of the cancellation between the attractive 
term V4 and the repulsive term Ve. Cohen and Heine (1970) showed that the cancellation between 
Va and Vr can be almost complete in the core region. This is known as the ‘cancellation theorem’. 
We term Vps a pseudopotential! and the smooth wavefunction @ a pseudo-wavefunction. 


'The use of the word ‘pseudopotential’ in the literature is rather unfortunate. It should be referred to as ‘pseudopotential 
energy’. 
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There are many alternative prescriptions for defining a weak equivalent pseudopotential. Several 
categories of pseudopotentials have been applied to the study of electronic structure and ground- 
state properties of solids: (i) model pseudopotentials (Abarenkov and Heine 1965); (ii) empiri- 
cal pseudopotential (Cohen and Bergstresser 1966, Chelikowsky and Cohen 1976, Schliiter et al 
1975, Chelikowsky and Cohen 1979); and (iii) first-principles pseudopotentials (Hamann et al 1979, 
Kerker 1980, Bachelet et al 1982, Hamann 1989, Bléchl 1990, Vanderbilt 1990, Troullier and Mar- 
tins 1991). The state-of-art first-principles pseudopotentials can be constructed to maintain ‘norm- 
conservation’ and ‘transferability’ from one atomic configuration to another, and thus can be used 
to calculate electronic and ground-state properties of atoms, molecules, or solids (Bachelet et al 
1982, Troullier and Martins 1991). First-principles schemes of generating ‘ultra-soft psudopoten- 
tials’ (Bléchl 1990, Vanderbilt 1990) do not maintain the requirement of norm conservation but 
generate pseudofunctions that are much ‘smoother’ than the norm-conserving schemes provide. 

Here we will discuss some aspects of the pseudopotential theory in relation to the Kohn-Sham 
equation in momentum space, using a basis set of plane waves, as discussed in section 3.2.3. In gen- 
eral a pseudopotential is ‘non-local’, i.e. it is not simply a function |r| but can be represented as an 
angular-momentum-dependent potential. From equation (3.23) we write, for an electron wavevector 
k within the Brillouin zone and any two reciprocal translation vectors G and G’, 


Vis(kK+G,k+G') = Vps(k+G6,k +6! 
= Vos(k +G,k+G! 


4+-Va(G! — G) + Vec(G' —G) 
+Vscr(G' —G), (B.8) 


ae ee 


where Vps(k + G,k +G') and Vecr(G) are Fourier components of the crystalline ionic pseudopo- 
tential and the screening potential, respectively. Following equation (3.18) we then write a Fourier 
component of the ‘screend pseudopotential’ V(k +G,k +G’) as 


1 
V(kK+G,k+G’) = 7 y'S,(G —G') [vp (kK +G6,k +G’) + Vecr,p(G! — G)] 
b 


1 
- SG -—G)vi(k+ Gk +6), (B.9) 
b 


where M is the number of atoms per unit cell, the G are reciprocal-lattice vectors, $,(G) are the 
structure factors, and vp(k +G,k+G’), Vscrp(G) and vi'(k +G,k+G’) are the form factors of 
the ionic (i.e. unscreened) pseudopotential, the screening potential and the atomic (i.e. screened) 
pseudopotential, respectively, for the bth atom. 


Model pseudopotential method 

The concept of model pseudopotentials is well described by Abarenkov and Heine (1965). A sim- 
ple model pseudopotential is the empty core pseudopotential. In real space the empty-core ionic 
pseudopotential is considered in the form 


0 forr <r, 
Vien?) = ~ (B.10) 


ape ’ 
== Torr > 7% 


where r, is some radius around the nucleus of charge ze. Using the Thomas-Fermi screening model, 
appropriate for simple metals, the atomic (i.e. screened) potential can be expressed as 


() 0 forr<r; (B.11) 
Vat(r) = ie ; . 
7 oe forr > re 


where k, is the Thomas-Fermi screening length 


ks = 6mze? /Er (B.12) 
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and Ep is the Fermi energy. The Fourier transform of the atomic potential is 


1 —42ze? 
Vat(G) = On Gk cos(Gr-), (B.13) 


where QQ, is the the atomic volume. Note that at G = 0 the atomic pseudopotential approaches the 
screening limit — 3 Ep for metals. 


Empirical pseudopotential method 

The earliest application of the pseudopotential method for the electronic band structure of semi- 
conductors was made by Cohen and co-workers in 1960s and 1970s (Cohen and Bergstresser 
1966, Chelikowsky and Cohen 1976). In their approach, known as the ‘empirical pseuodpoten- 
tial method’ (EPM) the atomic (i.e. screened) pseudopoential form factors v}'(k +G,k + G’) are 
chosen as adjustable parameters to obtain experimentally measured electronic band gap values for 
semiconductors of diamond and zincblend structures. Both ‘local’ and ‘non-local’ types of form 
factors, respectively v}'({G|) (Cohen and Bergstresser 1966) and angular momentum dependent 
vit (|k + G,k + G'|) (Chelikowsky and Cohen 1976) were employed. Values of such form factors 
are only required for G vectors for which the structure factor S; (G) is non-zero. 

For extending the electronic structure calculations using large unit cells, such as an artifically 
periodic structure to model surfaces, it was found convenient to express the atomic and ionic pseu- 
dopotentials in analytic forms (Schliiter et al 1975, Chelikowsky and Cohen 1979). The atomic form 
factors were expressed as 


G- a2 
Vat(G) => aT gas(@—ay)’ (B.14) 
where a; are adjustable parameters. The ionic form factors were expressed as 
by —b Gt 
Vion(G) = Gz lcos(b2G) +bzje "4" , (B.15) 


where b; are adjustable parameters. With va:(G) and vio, being available, a self-consistent band 
structure calculation can be performed by starting with va(G) at iteration zero and combining it 
with Vion and v,., made from the resulting electronic wavefunction at higher iteration steps. The 
first example of this procedure appeared in the work of Schliiter et al (1975) for the electronic band 
calculations of the unconstructed (1 x 1) and reconstructed (2 x 1) model structures of Si(111) 
surfaces. 


Ab-initio pseudopotential method 
Angular-momentum-dependent pseudopotential for the bth ion in the primitive unit cell of a solid 
can be expressed as 


vor) =¥ Pryor) A, (B.16) 
L 


where Y, is the projection operator for angular momentum ¢. The ionic pseudopotential vp (r) can 
be decomposed into a local part and a non-local correction part: 


ver) = voll) +X Pelvo.el lel) — voll) Ae 
= ve (Ir) +AvNE(r). (B.17) 


The local part v’ has the —z,e*/r Coulomb tail but does not have the 1 /r singularity at the origin, 
and the non-local correction part Av is a short-ranged function of |r|. It is usual to consider only 
é=0,1 and 2 in the definition of v,(r). 
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The total crystal pseudopotential can be constructed as a sum of non-overlapping ionic pseu- 
dopotentials 


r)=)VYv,(r—p— 1), (B.18) 
Pp b 


where p is a Bravais lattice vector, and T) is the position vector of the bth ion in the primitive unit 
cell. A Fourier component of V,,.(r) is given by 


1 tel a 
Vps(k +G,k+G’) _ xe | OO Veale elt 
1 ‘ Uy / 
_ yaLr/« e k+G')-(r +P+T)y (r') 
Pp b 
5« ei(kt+G)-(r' +p+Tp) 
— (ly ieee \ ! Gey, 
= (¥ yie Q° 
xf dr eHEO ry, (phe 
1 i(G-G')-t 
_ —Ye b 
M b 
x (3 Je city (eet) 
at 


as TY Si(G-G' (kK +G.k+G)) (B.19) 
b 


In deriving the above steps we have substituted r’ = r —p — Tp. Also, here M is the number of basis 
ions in the primitive unit cell, No is the number of unit cells, Q,; is the atomic volume, and S,(q) is 
the structure factor for ion b. The ionic form factor w,(q,q’) can be expressed, following equation 
(B.17), as 


vo(q.4') = vb (\a—4'|) + LAve( 1.7) (B.20) 
with the local part as 
vk (|G|) = a |e eer (rl). (B.21) 
The Fourier transform of a non-local correction term is 
av}4(q.4) =| dr e-4!? DpAvy o( |r|) Peet” (B.22) 
Using the identity 
aT = At Y (i) joy (G7)¥eum (FY Fm, (4) (B.23) 
Lym, 


in terms of spherical Bessel functions j¢(x) and spherical harmonics Y;,,, and noting that the projec- 
tion operator Y¢ picks out only the ; = £ component, we can express 


4a a Ss 
Avy (9.4) = G— L264 VAvoe(lal la’ )P(G- 7); (B.24) 
at 


where the addition theorem 


LYim(G Win(@) = Ge Plg-@/) (B.25) 
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has been used. The Py are the Legendre polynomials, and Aw, ¢(q,q’) are the matrix elements be- 
tween the spherical Bessel functions 


Avo(q.4’) = [ dr avn ¢( |r|) ie(ar)ie(q'r) (B.26) 


which, depending on the form of Avy ¢(|r|), can be evaluated either analytically or numerically. 

If the decomposition in equation (B.17) is not preferred, then a Fourier component v;,(q,q’) of 
the total non-local pseudopotential can be directly expressed in the form of equations (B.24)-(B.26) 
after replacing Avy ¢ by vp ¢. 

Bachelet et al (1982) have generated a consistent set of ‘norm-conserving’ non-local ionic pseu- 
dopotentials for the entire periodic table. They have fitted their pseudopotentials to an analytical 
form in r-space which can conveniently be used in calculations. In particular, they have decom- 
posed wy» ¢(r) into a long-range Coulomb part (¢-independent) and a short-range ¢-dependent part: 


vp,e(r) = Vb,core(r) + Avy e(r). (B.27) 


The core potential is considered as originating from Gaussian-type effective charges 


ae core 
Vpcore(t) =—-2— ¥ cf?*erf (a) ; (B.28) 


r i=l 


where z,e denotes the valence charge. The remaining term, Avy ¢(r), is expanded in Gaussian-type 


functions 
3 


Avpe(r) = ¥ (Ai +PAinsje%, (B.29) 
i=l 
For easy tabulation and reproduction, Bachelet et al transformed the coefficients A; into a set of 
coefficients C;. There are various ways of obtaining A; from the set {C;}. One approach is described 
in Srivastava (1999). 

Hartwigsen et al (1998) have presented analytic expressions for norm-conserving relativistic 
LDA pseudopotentials for all elements from H to Rn. Their pseudopotentials require significantly 
fewer parameters that those tabulated by Bachelet et al (1982). 

Another popular method of generating norm-conserving pseudopotentials is due to Troullier and 
Martins (1991). This method generates softer, smoother and fully non-local (both in radial and 
angular coordinates) pseudopotentials. 

For further discussion of the pseudopotential concept and methods, including ultrasoft pesudopo- 
tentials and projected augmented waves (PAWS), we refer the reader to the book by Martin (2004). 
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The 2n+ 1 Theorem of 
Perturbation Theory 


In section 4.9.2 of Chapter 4, the ab initio third-order density functional perturbation theory (third- 
order DFPT) was discussed for calculating third-order anharmonic force constants. That formalism 
is based on the use of the so-called 27 + 1 theorem of the perturbation theory. In that section we 
provided several useful references for the 2n + 1 theorem. In this Appendix we provide a proof of 
this theorem for a single particle system. Our approach follows Dalgarno and Stewart (1956), and 
Bransden and Joachain (2000). 

Let us consider the one-electron Schrédinger equation for an unperturbed and non-degenerate 
system 


foo) =e) 9)”, (C.1) 


where the Hamiltonian Hp is the sum of the kinetic energy T and an effective potential V, 6”) is the 


eigenvalue and 9 is the orthonormal eigenfunction of the jth state. 
Let us now consider the eigenvalue problem 


(Hp + AV"); = £70; (C2) 


for the system when it has been perturbed by a small amount of potential AV’. Here A is a real 
parameter which will be used to distinguish between different orders of the perturbation. 

Following the time-independent non-degerate perturbation theory, we expand the eigenvalues €; 
and the eigenfunction @ ; in powers of the parameter A: 


e = yaArel” (C.3) 
r=0 

o = Yael”. (C4) 
r=0 


Equation (C.2), with these substitutions, now reads 


(Fp +av') Fare!” = Yves Yate) eo (C.5) 


Equating terms of equal powers of A from both sides of this equation, we obtain the following set 
of equations 


foo) = €\9\ (C.6) 
Aoi? + vio = eo +419 (C7) 
Aino 4 vig? _ Be eg eePg” (C.8) 
Bog +vige ) = eg seg VeeMar 4 reg, (C.9) 
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Premultiplying each of the equations (C.6)-(C.8) and making use of the orthonormality relation 
< 9;|0; >= 6; we obtain expressions for the orders r = 1,2,3 of the energy correction 


gs) = ae o> (C.10) 
By =. (1) g (0) 

gv 19 >. (C.11) 
e) = caf vel 19) > 2) < 919M >. (C.12) 


Taking the inner product of equation (C.7) with @ i and the inner product of equation (C.8) with 


gh”, and taking the difference of these two we obtain 


1 1) .( 2 0)) ,(1 
Oy — 619 sa< oy — 9) > —e) < 9/9 >. (C.13) 
Substitute equation (C.13) in equation (C.12) to obtain 
Da gv — el) |p) > —2€?) < gph? (C.14) 


From equations (C.10), (C.11) and (C.14), we note that while the first-order correction energy ae 
requires knowledge of the unperturbed wave-function 9, the second- and third-order energy cor- 


(2) (3) 


rection terms €;" and €; ’ require knowledge of the unperturbed wave-function g\ and the first- 


: : 1 Itt a 
order correction to the wave-function o| ). Proceeding in a similar manner we can show that the 


fourth-order and fifth-order energy corrections gy” and e\) 


(2) 
oj. 
A generalisation of equations (C.12) and (C.14) is 


require knowledge of @ ae gi? and 
n—2 
af =< gy —eM)19) > —F el) gM pr > @>d. (C.15) 


Dalgarno and Stewart (1956) derived a further generalisation of the nth-order energy correction, as 
follows 


7 es a ae 
be tf Gee) > 4 <9 pe YP > 4 < Goh? >} 
ger s4 <P )g St. (C.16) 


() 


The above process can be continued until the ee for €; contains the highest order wave- 
function of the (57)th order if n is even or of the 5(n — 1))th order if n is odd. 

From the results presented above we can faa the statement that if the wavefunctions 
OOo are known, then the energy el oy) 
of the (2n + 1)th order energy only requires the si Stunietion up to the nth order. This is the essence 
of the (2n + 1) order perturbation theory. 


can be obtained. In other words, evaluation 


D Derivation of Tensor 
Expression for Thermal 
Conductivity 

The Fourier heat current equation in (5.19) is 


O=—HVT. (D.1) 


Regarding the vectors Q and VT as (3 x 1) matrices, and the transpose vector (VT)! as a (1 x 3) 
matrix, we express the above equation as 


Q(VT)’ = —H#VT(VT) 
Q(VT)'(VT(VT)"]"! = -X#VT(VT)'(VT(VT)" |! 
ea Ue = —K#|VT(VT)'|[VT(VT)"]"! 
T 
wre 
QIVT)"  _ 
wre -H, (D.2) 


where I is the (3 x 3) unit matrix, and we have used the results A7B =A -B and (VT)(VT)! = 
((VT)")"(VT)? =(VT)? -(VT)? = |VT|*. Equation (D.2) can be expressed in terms of the con- 
ductivity tensor elements as 


1 


ei ~~ VTP 


O:V jT i,j =X,y,Z, (D.3) 


which is equation (5.21). Here Q; is the ith row element of the column matrix Q and V; is the jth 
column element of the row matrix (V7 )’. The isotropic reduction of the above equation is 


1 


= “wre? YF (D.4) 


which is equation (5.23). 
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Evaluation of Integrals in 
Section 6.4.1.4 


Consider the integral 


u 
ry d6' sin 0’xx'x"5{x" — (Cx+ Dx')}. (E.1) 
0 
Let 
Ay, = x” —(Cx+Dx’) (E.2) 
= (1—€)+e|x+x'|— (Cx+Dzx’). (E.3) 


The +(—) sign corresponds to three-phonon class 1(2) events. From this 


élx+x'| dA = Fexx' sin6'd6’, (E.4) 


where cos 0’ = £.%". The integral J can now be expressed as 


Ao 
= dA, x" (Fe|x £x'|)5(Ax), (E.5) 
A 
where 
A; = Axy(0'=0)=(1—e€)+e|x—x'| —(Cx+Dyx) 
Ay = Axy(O'=2)=(1—€)+e|x=x'|—(Cx+Dzx’). 


It can be verified that Ay > A, for class 1 U-processes and class 2 N-processes, and A; > Ad for class 
1 N-processes and class 2 U-processes. Using the property of the Dirac delta function the integral / 
can be evaluated: the result is 


I= (Cx +Dx'){1 —€E +e€(Cx+Dx')}, (E.6) 


where the first factor comes from setting Ay = 0 in equation (E.2) and the second factor comes from 
setting Az = 0 in equation (E.3). 
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Negative-definiteness of 
the Phonon Off-diagonal 
Operator A 


In the case of three-phonon interaction, we can express, from equations (6.52)—(6.54), 


(P@)q =Vgbq+ Y Nga! qs (Fl) 


q'#q 


where @ belongs to a subspace of odd distribution functions and g = qs. The diagonal part I of P is 
positive-definite and possesses an inverse. The off-diagonal part can be expressed as 


(Mu = YL [PO Oy) —ZPH Oy +—)]- (F2) 


d 44.444 


In general it is not easy to prove the positive- or negative-definite property of A (Simons 1972). 
However, in the case of our assumed trial function @, = q -u (equation (5.90)), it can be shown that 


101 oll 7 
io. +J on —J i 
sl! sll sl Ss Is 


(9,A9) a y : ssl! 


gs! sl! 


7 ; (F.3) 


where we can express, following the scheme and notation in section 6.4.1.4 (also see Hamilton and 
Parrott (1969), Srivastava (1977d) and Mikhail (1985)), 


J ent = constant )° / dx / dx! xf +24!" +2 (Cx de Dx’)"t! 
sss € 
xia! (al! + 1)e™ Gm (F4) 
with 
G!10 = w'[1—e+e(Cx+Dx’)| 
Gil _ (x+x'n’) 
Goll (xp! +x’) 
x=q/qn C=es/ew D=cy/ey pb =cos8! = 4G. (5) 


and € = +1(—1) for N (U) processes. 
With the help of equation (F.4), we can express equation (F.3) as 


(6.49) =L@.Ad)e=L | | DeOedray’ (F6) 


where Dg is a positive quantity for both N and U processes. The quantity Q, which determines the 
sign of (@,A@)¢ can be worked out to be 


Oe = —exx"G!! — gx'y/GO"! 4 9/Gl 
= Ex" [x(xtxy’) +x (¢ +xp')) +2x'p'[1 —e + ex"), (F.7) 
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where x” = Cx+ Dy’. 
For N processes with finite x and x’ 


On = Qe= = —x"[(x—x/)? + (2+ p')xx’] < 0. (F8) 
Thus the operator Ay is negative-definite. For U processes 
Qu = Qe=—1 = x" [(x—')? +324 (2+ p1')) + Dery, (F9) 


Clearly Qy is positive when py’ is positive. However, both positive and negative values of p’ are 
possible. The most negative value of 1’ comes for the critical case in which qg,q’, and q+’ form an 
equilateral triangle (Mikhail 1985). In this case u’ = —1/2. Furthermore, from equation (6.88) we 
note that for U processes x’ > [2—(1+C)x]/(1+D), so that x” = Cx+ Dx’ > |(C—D)x+2D]/(1+ 
D). Assuming that c. < 2c7 for most solids, it can be shown that for all allowed U processes 
within the isotropic continuum model x” > 2r/(1 +r) > 2/3, where r=ct/cc. For uw’ = —1/2 and 
x"! = 2/3, Oy = }(x—2’)? > 0. Thus the operator Ay is non-negative. Therefore, the sign of A will 
be negative (positive) if N (U) processes dominate the three-phonon interaction. 

The use of the trial function @, = q-u is only justified when N processes dominate over U 
processes. Therefore, we conclude that in the development of the theory of the complementary 
variational principles in Chapters 5 and 7, where we have used the decomposition P = P* =I'+A, 
the off-diagonal part A is a negative-definite operator. 


Geometry-dependent 
Depolarization Tensor 


In Chapter 9 we derived an expression for the effective thermal conductivity of a structure comprised 
of periodically positioned inserts in a matrix, with either or both of these being an anisotropic 
thermal conductivity material. In order to correctly evaluate the effective thermal conductivity of the 
insert and its surface together an affine transformation must be performed that restores the isotropy 
of the surface (Sihvola 1997a, 1997b, 1999, Levy and Cherkaev 2013, Kushch et al 2017, Thomas 
and Srivastava 201 8a). 

Consider an isotropic sphere inserted in an anisotropic medium. The thermal conductivity of 
the anisotropic medium can be diagonalized by fixing the Cartesian x,y,z coordinate system along 
the eigenaxes of the conductivity. The corresponding scalar potential obeys the equation V- kK”. 
V(r) = 0. This equation can be transformed into the familiar Laplace equation Vv’ o(r’ ) =0 by 
the affine coordinate transformation r’ = N,»r, where N,, is an appropriate transformation matrix (a 
scale factor tensor or a structure-dependent depolarization tensor). The medium can now be treated 
as isotropic. But in the primed coordinate system the sphere will be transformed into an ellipsoid. 
However, the Laplace equation can be solved for the ellipsoid with the help of an ‘depolarization’ 
matrix N, containing three depolarization factors as eigenvalues (Sihvola 1997a, 1997b, 1999). A 
similar consideration can be made even when the inserted sphere is anisotropic. 

Consider the volume insertion factor v = a*/(a+6)* ~ 1 —36/a, where a is the radius of a 
spherical insert and 6 is the thickness of the (thin) surface layer. Further consider a prolate spheroid 
with the z-semiaxis being larger than the x- and y-semiaxes: a), > a), = aj, where 1 = s,m 
for the surface and matrix, respectively. For the thermal conductivity problem, we have to define 
two affine transformations. Following Sihvola (1997a), Thomas and Srivastava (2018a) defined the 
insert+surface-related affine transformations as 


asx = RK a, as y= 


where R* is the thermal boundary resistance tensor. The matrix related affine transformations are 
considered as 


d, =a, (G.1) 


Za, Omz =a, (G.2) 


am,x = 


where k* is the thermal conductivity tensor for the surface region. Assuming that both «* and x” 
are diagonal for the respective mixing steps, the depolarization tensors for the surface and matrix, 
N; and N,,, will be diagonal matrices with components (Sihvola 1999) 


(G.3) 


for 1 = s,m. 
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The anisotropic Kapitza resistance matrix is defined as 


lim 5-40 (3) 0 0 
Kt, 30 B+ 
ee 0 lim 540 (2) 0 (G4) 
Ky0 S 
0 0 lim 5_,9 (3 ) 
K-30 \ 


where we assume that the system is oriented such that «* is diagonal and take the limits 6 — 0 and 
k* — 0 such that 


4 K 
RK ; KS Ry oy: KS, 
a = lim | ~}, —7 = lim {| — }. (G.5) 
RA 3.30 \ KE, RA K,30 ky : 
2S % 7 ZZ a YY 
Ky 0 Ky 0 


To ensure that the effective medium approximation (EMA) remains valid, in the above we have in- 
voked the reasonable assumption that the relative scale of boundary resistance in different directions 
resembles that of the different thermal conductivities in the boundary shell. 

With these considerations, k* in equation (9.67) in Chapter 9 can be expressed as 


a 


M=ctv(c—e)L, 


l2 


; -1 
«| lim L] 
5-0 
K>0 


(G.6) 
=«! [r+ “Ni xiR*] aa 


which is equation (9.69). 
For isotropic spherical insterts in an isotropic matrix, RE. = RX, = RX =Rrpg, Ns =Nn = 51, 


yy 
! L be . 
and kK, = Ky = K,, with | =i, s,m. 
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